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he principal experimental method for the recording 
of force-time curves in elastic impacts so far has been that of the 
Hopkinson pressure bar. The impact, as from another bar, a 
bullet, or collapse of a cavitation bubble, occurs directly on the 
end of the pressure bar, and the longitudinal wave in the latter 
is recorded as it passes a pickup on the surface of the bar. 

Davies {1|* has found, experimentally and_ theoretically, 
moderate effects of dispersion in waves from short impacts, and 
Ripperger [2) has found extreme effects in the impact of small ball 
bearings. The pressure bar cannot be used therefore for such 
short impacts. The method proposed here to replace it for such 
impacts is based on the generation of Rayleigh surface waves on 
the plane surface of a solid block. These waves are not affected 
by dispersion however short the impact. The method has been 
used successfully to record the ball-bearing impacts which gave 
extreme dispersion effects in Ripperger’s experiments. The 
shortest durations were 4.4 X 10~* sec. 

A method for obtaining nondispersive impact records by means 
of torsional waves in a rod has been described by Owen and 
Davies 


Theory of the Method 


When an impact occurs on the plane surface of a semi-infinite 
elastic solid, as by dropping a ball bearing on it, a circular ripple 
spreads out over the surface. The motion was investigated 
analytically by Lamb [3], who showed that it is of a complicated 
nature in the initial stage, when the ripple has not gone far, but 
becomes simpler as the ripple spreads out. At sufficiently large 
radial distances r it becomes predominantly a Rayleigh surface- 
wave motion, the ripple traveling nondispersively at the fixed 

‘A report of results obtained in the course of research under a 
contract between the Office of Naval Research and Stanford Uni- 
versity (N6onr-251-TO 12; NR-064-241). 

? Numbers in brackets designate References at end of paper. 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, November 30-December 5, 1958, New York, 
N. Y., of Tae AmMeRiIcAN Society oF MECHANICAL ENGINEERS 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 10, 1959, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Norte: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, September 4, 1956; final draft received April 25, 1958. 
Paper No. 58—A-51. 
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Hopkinson pressure bar is no longer possible when the impact is very brief, on account 
of dispersive effects. 
block is nondispersive. A method is given for deducing the force-time curve of the im- 
pact from the oscilloscope record of the surface wave, and applied to impacts of small 
steel balls on a block. 


The Rayleigh surface wave generated on the plane surface of a 


Rayleigh velocity. The magnitude of the displacement in the 
ripple is found to diminish according to r~'/? by asymptotic 
formulas for Bessel functions of large argument. 

This simplicity at sufficiently large radius suggested the possible 
use of this surface motion as a method for obtaining force-time 
curves free of limitations due to dispersion. 

Lamb obtained integral expressions for the surface displace- 
ments of a semi-infinite body caused by a concentrated force R(t) 
at a point (r = 0) on the surface (z = 0). His asymptotic result 
for the radial displacement qo(r, ¢) at sufficiently large dis- 


tances is 
H 
go(r, 0) : R(t — er cosh u)du (1) 
mG Or f 
Here H is a function of the elastic constants given by Lamb, c~ is 
the Rayleigh wave velocity, and G is the shear modulus. The de- 
termination of R(t) involves the solution of Equation (1), or a 
derived form, as an integral equation. This is easily carried out 
numerically by the process outlined in a later section 

In the tests of the feasibility of this method reported here, the 
barium-titanate transducers recorded not qo itself, but the sum 
of the two principal strains in the surface 


It may be shown from Equation (1) (see Appendix) that 


He? 
a(r, = — er cosh u)du (3) 
0 


where the upper limit U is given any fixed value exceeding 
cosh~'(t/er) for the largest value of t/cr occurring. This is de- 
termined by the position of the gage (r), and the duration of the 
impact. The numerical solution of Equation (3) yields R”(t), 
then R(t) by integration, with R(t) = 0 at the beginning and end 
of the impact. The latter becomes evident as the calculation 
proceeds. 

This method assumes of course that the integral equation (3) 
has a unique solution R’(t) when €o(r, is given——or physically 
that a given Rayleigh motion can arise from only one 2” (t) curve 
The assumption fails if there are any forms of R"(t) which pro- 
duce no Rayleigh wave motion. It has in fact been shown by 
Saté [4] that there are types of surface loading which generate no 
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Rayleigh motion, but these involve tangential in combination 
with normal loading. 


Experimental Verification of Lamb’s Theory 


Lamb’s theory, and in particular its asymptotic result, being 
the basis of the experimental method proposed, it is necessary to 
have experimental verification of its main features. Ewing, 
Jardetzky, and Press [6] cite several reports of partial confirma- 
tions, and reproduce vertical motion records by Tatel [7]. In the 
present series of experiments with 1/16-in. and 3/32-in-diam ball 
bearings dropped on a large steel block,* confirmation of other 
aspects was obtained as follows. 

(a) Form of Record and Velocity of Propagation. Fig. 1(a, b,c) shows 
typical oscillograph time base records of € [Equation (2)] from 
small transducers (measuring 0.1 in. in the radial dimension) at — gig.1  Strain-time records of surface wave on plane surface of solid steel 


distances r = 1.5 in., 3 in., and 6 in., respectively. The pulse block, following direct impact of 1/16-in-diam steel ball. Timing intervals 
10° sec. (a) 1.5 in. from impact; (b) 3 in.; (c) 6 in. 


preserves its form as it travels. The measured velocity of propa- 

gation ranged from 9600 to 9800 fps. The calculated Rayleigh 

velocity is 9600 fps, based on the velocity of longitudinal waves in 

bars, (E/p)'/*, as 16,800 fps, and Poisson’s ratio vy = 0.3. 
A computed displacement-time curve, for large r, for an impact (a) —-> f 


force 


(4) 


is given by Lamb. This is a pulse of width 26 at the half-peak 
ordinate. The curve, reproduced in Fig. 2(a), represents the com- ia A ; 
plete component qo, not merely the part due to Rayleigh surface (b) —— } -- 

waves. The latter, however, the ‘main shock,’ predominates. 
It is accompanied by a “minor tremor’’ represented by the small 
hump on the left, which arrives with the velocity of distortional 


Fig. 2. Theoretical results of Lamb | 3) 


waves. 

A comparison with the present experimental records can be 
made approximately. If the main shock in Fig. 2(a) is treated as 
a ripple of small radial extent traveling at the Rayleigh velocity 
and changing amplitude only slowly, it may be treated approxi- 
mately as a simple one-dimensional wave, and then will have a 
derivative Oqo/Or of the same form as the derivative Ogo/Ot. 
The latter is sketched in Fig. 2(b) from Fig. 2(a). The former 
occurs in €, and is the predominant part for large r when the 
ripple is of small radial extent. The main shock in Fig. 2(b) bears 
an obvious resemblance in form to the main shock of Fig. Ia, 6, 
). 

To distinguish the small humps of the minor tremor, the records 
of Fig. 3(a, b) atr = 3 in, andr = 6in., respectively, were taken 
with an amplification so great as to drive the main shock (repre- 
sented by the faint traces on the right) beyond the face of the 
oscilloscope. A small initial hump appears at the left of Fig. 3(a), 
and a much smaller one, indicated by an arrow, in Fig. 3(6). The 
increasing separation from the main shock, comparing Fig. 3(b) 


(a) 


(b) 


Fig. 3 Surface-wave records amplified to exhibit minor tremor 


with Fig. 3(a), is just what is to be expected if these small humps | 
correspond to the part of Lamb’s minor tremor traveling with the go} 4 
dilatational velocity (19,500 fps). The hump in Fig. 3(b) just sot 
preceding the main shock probably corresponds to the part of : 

Lamb’s minor tremor traveling with the distortional velocity 
(10,400 fps). If so, this part in Fig. 3(a@) would be so close to the 60OF : 
main shock as to run into it without interruption, and this iscon- 59} 4 
sistent with what appears in Fig. 3(a). A more detailed account aot | 7 
is given in [5). 

* The block used here was a cylinder of 6-in. diam 8-in. depth. A 20} , 
slab 12 in. square and 1.5 in. deep also was used where it was known 
that this depth was adequate. An investigation of the size of block 10F 4 
sufficient for performance as a semi-infinite solid, and related ques- 


i iL iL 
tions, is reported separately in a Brief Note, ‘Response of a Slab to 1 1 
Impact. Transition from Surface Wave to Flexural Behavior,”’ by 30 
J. N. Goodier and E. A. Ripperger, in this issue of the JourNAL, 
page 146. 


r (inches) 
Fig.4 Decrease of amplitude of surface wave with distance from impact 
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(b) Decrease of Amplitude. Fig. 4 shows total amplitudes (from 
crest to succeeding trough in Fig. 1) recorded by a single fixed 
transducer for successive impacts at increasing distances r, from 
1.5 in. to 12 in. According to Lamb’s asymptotic result these 
should diminish as r~'/*. With the exception of r = 4.5 in., the 
experimental amplitudes conform to this law fairly well. Two 
curves of the form €) = Cr~'/? are drawn in Fig. 4 for comparison. 
The full line is for C averaged from the values of €r'/? omitting 
r = 4.5 in. The broken line is for C averaged from the five 
positions r > 6 in. 

From this evidence it appears reasonable to conclude that in 
these experiments the main shock is adequately accounted for by 
Lamb’s asymptotic theory, even when, as in Fig. 1(a), the trans- 
ducer is at a radial distance of only 1.5 in. from the point of 
impact. 


Calculation of Force-Time Curve 


To obtain the force-time curve of an impact from a surface- 
wave record we have to solve Equation (3) as an integral equation 
for R"(t). This can be done numerically,‘ a smooth R(t) curve 
being approximated by a succession of steps of height 1, ¢2, ¢s, 
ete., as in Fig. 5(a), beginning at ¢ = 0, Ar, 2Ar, and so on. 

The response €(r, t) due to a single step defined by (Fig. 5b) 


R’(t) = fort > 0 
We have 


R(t) = O fort < 0; 
can be found from Equation (3). 


— er cosh u) = O for u > cosh™'(t/er) 


— cr cosh u) = for 0 < u < cosh™'(t/er) 


and the calculated response is therefore 


cosh ~'(t/er) 
e(r,) = vf edu, > cr 
0 


= log + = y t>er (5) 


The form of this re- 
By super- 


where y is He?/#G, a material constant. 
It begins at ¢ = er. 
position the response to the succession of steps shown in Fig. 5(a) 


sponse is indicated in Fig. 5(c). 
is €;, and so on, as follows: 
After time Ar: = ant 


where 


Ar 
an = log 'y + + 


After time 2Ar: An; + Ant: 
After time iAr: 


where 


Rit) (b) 


012345, 


Art 


Fig. 5 Step method for calculation of force-time curve from surface 


In application to a particular record, r is known from the position 
of the transducer, and when Ar is selected as a suitable fraction 
of the duration of the record, the coefficients a,;; of Equations (6) 
can be computed from Equation (7). The values of €,, €, and so 
on, are read from the record of €(r, 0), as for instance one of the 
records in Fig. 1. The first of Equations (6) now gives c, the 
second ¢, and so on, The steps of Fig. 5(a) can then be drawn 
using these values of ¢, ¢:, and so forth, and the step diagram 
finally replaced by a smooth curve for 2"({). The diagram should 
of course show this derivative remaining at 
the duration of the impact. Two integrations lead to R(t), The 
arbitrary linear function of ¢ so introduced is determined by the 
zero initial and final values of R(d). 

The curves in Fig. 6 were determined by this method from 
records of the kind shown in Fig. I(a, 6, c). They represent the 
force-time curves of impacts of small ball bearings on a steel 
block. 


section. 


zero beyond 


Their significance is considered further in the following 


Impact of Small Steel Spheres on a Steel Block 


Experimental force-time curves of numerous impacts of small 
ball bearings on a large steel block have been obtained by the 
method described, from oscilloscope records of the surface wave 
of the kind shown in Fig. I(a, 6, or ¢). 
pear in Fig. 6. They are plotted in terms of dimensionless groups 
The di- 
mensional analysis governing these experiments is that of the 
problem of finding (4) in the direct impact of a ball of radius a 
at velocity V on the plane surface of « semi-infinite body of the 
sume material v, p). 
quantities 


Several such curves ap- 


which idealiv would reduce them all to a single curve. 


The single relation between the seven 


R, t,a, V, E, v, p 


must be expressible as a relation between four dimensionless 


Eat p 


Accordingly, if R/Ea? is plotted against (E/p)'/*(t/a), the groups 
V/(E/p)' * and v are parameters, and if these parameters are kept 


groups, as 


unchanged in the range of experiments, the same curve should re- 
sult from all the experiments. This was provided for by using the 
one material, steel, and by keeping the velocity V the same (11.2 
fps). 1/16 in., 
3/32 in., are represented in the cluster of curves in Fig. 6, plotted 
The distance of 


The ball radius a can be varied. Two sizes, 2a = 


on a modified basis explained in the following. 


A 2 


4 Dr. Julian Cole has drawn the authors’ attention to the almost 
identical mathematical problem occurring in von Karman and 
Moore's investigation of supersonic flow along a projectile [8], solved 
by a similar step method. 
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Fig.6 Force-time curves for impacts of steel balls, 
1/16 in. and 3/32-in. diam, obtained by surface- 
wave method 


the transducer from the impact should of course have no effect on 
the result provided it is sufficient for the asymptotic conditions 
of Lamb’s theory. Two distances are represented in Fig. 6, r = 
1.5in., 3 in. It will be observed that the eight curves cluster to- 
gether with a fair degree of agreement. The curve marked 
“Hertz” above the cluster represents the Hertz theory of impact 
of two elastic spheres. The maximum force Rua, and the dura- 
tion 7’ are given by this theory as 


Riax = Ea® - 3 (1 — [ E/p)' (9) 
(E/p)'’? 


7 * 2,943 (il — (10) 
(E/p)'* 2 


These quantities were used in a modification of Equation (8) for 
easier comparison with the Hertz theory, in the form 


T’ (E/p)'”’ 
In Fig. 6, P = R/Rmax is plotted against r = ¢/T. It will be 
observed that the durations of the main humps of the experi- 
mental cluster agree well with the Hertzian duration represented 
by the unit range of rt. The peak ordinates of the experimental 
curves are, however, well below the Hertzian Rmas. 


Connection With Hertz Theory 


The force seale for the experimental curves was determined by 
measuring the free fall and (smaller) rebound of the ball, deducing 
the momentum change at impact, and equating this to the im- 
pulse represented by the area under the main hump of force-time 
curve. The negative tails of the curves were ignored. If valid, 
rather than merely the effect of cumulative errors of computation, 
the negative tails would represent adhesion, already observed by 
Crook [7] in impact experiments with indium. So taken, their 
inclusion in the momentum-impulse calculation would raise the 
main humps. 

The Hertz theory, with its assumption of quasi-statical con- 
ditions in each of the colliding bodies, requires equality of re- 
bound and striking velocities. Previous experiments (see, for 
instance, [11]) with steel balls on steel blocks, like the present 
ones, consistently show a loss. The assumptions of the Hertz 
theory are not met when one body is very large, since quasi- 
statical conditions are established by successive wave reflections 


6 MARCH 1959 


at boundaries, and the impact is over before the first reflection 
begins.© Hunter [11], however, has shown that the amount of 
wave energy remaining in the large block, after rise and fall of a 
force such as the Hertzian, is not sufficient to account for the 
energy lost by the ball. He suggests, in view of the high rates of 
strain involved, that dissipation in the metal is the cause. Ad- 
hesion—welding followed by fracture—appears to present another 
possibility. 

The free fall in the present experiments was 24 in., much 
ith elastic Hertzian behavior (Davies 
ined the same through re- 
at elastic conditions 
free falls, as 2.84 
form, but of 


greater than is consie 
{10}). The surface-wave records 
peated impacts. It is probable therefo 
were established by work-hardening. Sma 
in., gave records with a close correspondence 


course longer duration 


Comparison With a Direct-Impact Record 


Since the Hertz theory does not provide an adequate basis for 
judging the validity of the surface-wave method, an experimental 
check was made as indicated in Fig. 7(a). The ball, instead of 
striking the block directly, strikes a steel hemisphere separated 

‘In the present experiments the duration, for the '/1-in. ball, was 
4.4 X 10~* see. In this period a dilational wave in steel traVels | 
in., and there is not time for a single reflection in the experimental 
block, 6-in. diam, 8-in. depth 


Fig.7 Experimental check of surface-wave method 
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Fig. 8 Oscilloscope records from three tr 
Fig. 7(a) 


from the block by a barium-titanate wafer (0.25-in. diam, 0.015- 
in. thickness). The oscilloscope record of this transducer is taken 
to represent the force-time curve of the force communicated to 
the block. Such a record is reproduced in Fig. 8(a). The records 
in Figs. 8(+) and (c) are from the two transducers at r = 1.5 in. 
Force-time curves were calculated from these 
by the method of this paper (using 30 steps Ar of 10~* see each), 
and the results appear in Fig. 7 as the broken-line curves. The 
The curves are normal- 
ized to the same first peak ordinate, no momentum measure- 
ment being available here. Also there is no clear-cut duration, 
the force being oscillatory, and thus no second condition for the 
two constants introduced by integrating 2"(t). The second con- 
dition imposed was to make the ratio of first crest to first trough 
amplitudes in /?(t) the same as they are in the direct record (full- 
line curve). The test consequently rests on agreement of the 
curves at other points. It may be seen that the agreement is 
good up to about 18 X 10~* sec, then the curves diverge. Reflec- 
tion disturbances should begin at about 25 X 10~* sec, and would 
account for the difference of form of the oscilloscope records, Fig. 
8(b, c), at the right-hand ends. The experiment indicates that 
the method can vield satisfactory results over a limited period. 


and r = 2.25 in. 


full-line curve is the direct-force record. 
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APPENDIX 
Derivation of Equation (3) 


For an impact beginning at ¢ = 0, the foree R(t) and the 
derivative R"(t) are zero for i < 0. It follows that R’(t — er 
cosh u), the integrand in Equation (1), has nonzero values only for 
0 <u < cosh”! (t/er) when ¢ > cr. The infinite upper limit of the 
integral can therefore be replaced by cosh~! (t/er) or any greater 
quantity. '(t/er) 
for the largest value of ¢ to occur in any subsequent evaluation or 
We have then from Equation (1) 


We choose some fixed value U’, to exceed cosh 


measurement of €o(r, ¢). 


He 
ei, = --—— R'(t — er cosh u) cosh udu 
mG Jy 


where the prime means differentiation with respect to the argu- 


Then 
He? 
R°(t — er cosh u) cosh? u du 13) 
0 


ment. 


By partial integration the integral in Equation (12) becomes 


[R’(t — er cosh u) sinh 


+ or ff — cr cosh u) sinh? udu (14) 
0 


Then Equation (3) 
follows when these results are used in Equation (2). 


The square bracket vanishes at both limits, 
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With Distributed Mass and Internal 
and External Damping 


This analysis extends similar results previously obtained in a paper by Den Hartog and 
Li,* where the remainder torque is calculated at one end of a homogeneous system. 


Comparative computations made there with complex Holzer tables show excellent agree- 
ment with results obtained from the theory of distributed systems. The general boundary- 
value problem, including the response to an externally applied torque at any section, is 


solved in this paper. 


The special case of a homogeneous engine system with a flywheel 


at one end is analyzed in detail. The theory is illustrated with comparative computa- 
tions using complex Holzer tables for such a system with external torque applied at a 
section remote from the ends. Again, numerical results obtained by both methods are in 


excellent agre. ment. 


F.. 1 is the free-body diagram from which the partial 
differential equation of motion is derived for any shaft cross sec- 
tion where no external torque acts. 

Let x be measured positively to the left along the shaft axis 
as shown. Angles and torques are reckoned in the usual right- 
hand sense. 


General Theory 


The internal damping is assumed to be viscous, in which case the 
increment of damping torque is inversely proportional to the in- 
finitesimal distance between neighboring cross sections of the bar, 
and directly proportional to the increment of relative velocity. 
The application of Taylor's theorem to increments of the internal 
couples at x and « + dr of Fig. 1, and appeal to Newton's second 
law of moiion for rotation gives* 


'This paper was prepared while the author was Professor of 
Mechanics at the Hartford Graduate Center of Rensselaer Polytech- 
nie Institute, East Windsor Hill, Conn. 

2 J. P. Den Hartog and J. P. Li, “Forced Torsional Vibrations 
With Damping: An Extension of Holzer’s Method,”’ JournNaAL or Ap- 
PLIED Mecuanics, vol. 13, Trans. ASME, vol. 68, 1946, pp. 276-280. 
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the Annual Meeting, New York, N. Y., November 30-December 5, 
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(x,t) 


Glp xx dx)+ [erm +2dx)- Oy (x *dx)] 


Fig. 1 Free-body diagram of shaft element 


After dividing this expression through by p/,, the basic differen- 
tial equation becomes 


+ 10, — — = 0 (1) 


Frequently, only the steady-state response of the system is re- 
quired, in which case the corresponding solution of Equation (1) 
takes the form 


Discussion of this paper should be addressed to the Secretary 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 10, 1959, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, September 11, 1957. Paper No. 58——A-8. 


Nomenciature- 


ma/pl,, sec 


angle of twist at any 
tion x (rad) 

twisting’ moment at 
section z, in-lb 

mass density of shaft ma- 
terial (constant), Ib sec? 
in.~4 

polar area moment of iner- 
tia of shaft cross section 
(constant), in.‘ 

concentrated (flywheel) in- 
ertia, in-lb sec? 
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external damping factor for 
distributed systems, 
sec /rad 

internal damping factor for 
distributed systems, in.* 
Ib sec/rad 

external damping factor for 
discrete systems, in-lb 
sec/rad 

internal damping factor for 
discrete systems, in-lb 
sec /rad 


Nea/pl,, in.?/sec 

section at which external 
torque is applied, in. 

normal component of ex- 
ternal torque, in-lb 

damping component of ex- 
ternal torque, in-lb 

phase velocity of external 
torque, rad/sec 


(Continued on next page) 
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| 
| 
‘ 
| 
| ) Ox 
/ 
| 
a 
{ 
| ha = 
| 
Mm = 
I, = Q = 
| 
1. 
| 


A(z, t) = u(x) cos wt + v(x) sin wt (2) 


Here u(z) and v(z) are the spatial distributions of the normal and 
damping components, respectively, of the motion, and w is the 
phase velocity of the driving torque, or any external torque re- 
quired to maintain a steady state of motion with frequency w. 
The substitution of Equation (2) into Equation (1) shows that 
u(x) and v(x) satisfy the following relations which determine a 
valid solution of Equation (1) for all values of ¢: 


atu"(x) + + (rz) — = 0 
a*y" (x) + — + wKu(r) = 0 
The elimination of v(x) from Equations (3) leads to 


(a* + (x) + 2w*(a? — 
+ w*(w? + «,*)u(zr) = 0 (4) 


If the differential operator be denoted symbolically by D, one 


readily obtains 
w? 
ta*w | + Ke 
a’? 


a*w? — Ke (5) 
at + w*k,? 


D? = — 
at + 
so that the roots of Equation (4) are z, —z, 2, —Z where z = q + ip 
and p and q are positive real quantities. Furthermore, Equa- 
tion (5) shows that 
w*(a? - KiKe) 
at + w*k,? 


Only positive values of p* and q?, obtained from these equations, 
are permissible, hence 


KiK, K, Wke 


1 


w? a? a’? 


(7) 
Equations (3) and (6) furnish the required relations between 
the arbitrary constants of u(x) and »(z) which both satisfy Equa- 
tion (4). Therefore Equations (3) are satisfied by 
u(r) = C, cosh gx cos pr + C, sinh gx cos pr 
+ C; sinh gz sin pr + C, cosh gx sin pr (8a) 
v(x) = C; cosh gz cos pr + Cy sinh gx cos pz 


— (, sinh gz sin pr — C; cosh gx sin pr (8b) 


These equations represent the general solution of the problem 
for those values of z where no external torques are applied. The 
arbitrary constants, however, do provide for the application of 
such torques at either end of the shaft, and in fact, some torque is 
required to maintain any vibration even at “resonance,” since the 
system steadily dissipates energy as the motion proceeds when 
#0. 


Boundary Conditions 


The objective of this analysis is to find the influence function, 
so that the effect of any distribution of driving torques can be 
valculated. The problem then reduces either to one of finite 
summations, or one of quadratures, so that in any case there is a 
formal solution. The first step is to obtain expressions for the C,, 
in terms of the most general boundary values. This result also 
makes it possible to apply the theory to the solution of problems 
where the boundary values depend on w such as would occur when 
the distributed system is an internal component of a mixed sys- 
tem. The methods of incorporating such results into a complex 
Holzer table should suggest themselves for any particular prob- 
lem. A case in point is an arrangement of machinery driven by 
an internal-combustion engine fitted with a viscous damper. 

The most general boundary conditions at 2 = | are obtained by 
prescribing the corresponding moment M(/) = M, and displace- 
ment @(/) = @,. Each of these quantities has two components so 
that 


M() = P, cos wt + Q, sin wt 


= u, cos wt + sin wt 


The components of torque at any section are 


Wke 
P(z) = Gl, [wn + ve | | 
a? 


(10) 


Q(z) = Gl, [ow vo] | 
a 


* = du/dz, ete. 


Hence the boundary conditions at 2 = / appear as 


Whe 
al, = Py =u 
a 
(11) 
Gl, & a? = vl) = 


In anticipation of results to follow, it is convenient to denote 
the arbitrary constants by (,,’ for § < 2 < /, where / is the 
length of the shaft and & is the section where some new boundary 
condition (such as an external torque) is to be imposed. Aeccord- 


——No menclature 


p,q = argument factors Pep + Qe 
spatial distribution of vi- GI, (p? + 
bration, in.~! wx: \? 

Pa — Qep ( 
u(x), v(z) = normal and damping com- we = a’ 


ponents of spatial dis- 


G1 ,(p? + 


G1,/l, = stiffness factor, 


tribution of vibration, in-lb/rad 
(O) Ag + am G = shear modulus, psi 
- 2 A;* = a = VG/p wave velocity, ips 
= GI,/Iw* g same \? VG/p Vv, 
1+ i = time, (sec) 
8 = i 
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(3) 
2 
. 4 : 
(9) ~ 
‘ee 
w? (6) 
a? 
21/2 
4 
2a? WK. \? KiKe 
+( ) | i-— 
a’ a? 
Th 
a id 


ingly, C, (without primes) will denote the arbitrary constants of 
Equations (8) for 0 < < &. 
The reduction of Equations (11) gives for 1 > x > 
Cy! = —A,* cosh qi sin pl — yu;,* sinh qi cos pl 
+ u,cosh ql cos pl + v, sinh gl sin pl (12a) 
= \,* sinh qi sin pl + g,* cosh ql cos pl 
— u, sinh ql cos pl — v, cosh qi sin pl (12h) 
—A,* sinh gl cos pl + y,* cosh qi sin pl 
— u, sinh ql sin pl + v, cosh qi cos pl (12e) 
Cy’ = X,* cosh gl cos pl — p,* sinh ql sin pl 
+ u, cosh ql sin pl — v, sinh ql cos pl (12d) 
It is to be observed that A,* and u,*, respectively, reduce to Ar 
and gw, when the internal damping k2 vanishes. 

The influence function for an external torque M¢ now can be 
deduced at once from Equations (12). One first observes that 
the quantities (,, — C,’ depend only on Mg, since u(r) and v(z) 
are continuous for every x and in particular forz = &. In fact, 
C,, — C,/ are the arbitrary constants for a shaft of length & with 
an external torque M¢ and zero displacement at z = &. These 
quantities can be obtained easily from Equations (12) by setting 
u, = % = Oand replacing | by € in the remaining terms. Hence 
when 0 <x < Eit follows that 


Cy = — Ag* cosh g& sin p& — sinh cos pE (13a) 


Cy = Cy! + Ag* sinh gE sin pE + cosh g& cos pE 


= — Ag* sinh cos pE + cosh g& sin (13e) 


Cy = Cy + Ag* cosh gE cos pE — wg* sinh g& sin p& (13d) 

Since the quantities C, — C,,’ depend only on the external 
(known) torque at z = &, four relations among the eight constants 
are immediately available. The influence function then is ob- 
tained by substituting the appropriate values of C,, and C,,’ into 
Equations (8). 

Iquations (12) and (13) give the general solution for the 
steady forced vibration of any distributed system. For example, 
if one wished to analyze an engine, flywheel, and damper system, 
connected to an arrangement of machinery, it would only be 
necessary to take the values of u,, P;,Q, from a complex Holzer 
table and compute vo, v%, Po, and Q) in terms of the two unknown 
umplitude components at the free end of the extended system on 
the left of the flywheel. The condition, that the two components 
of torque applied to the damper vanish, then would furnish 
enough information to determine the amplitudes and torques 
everywhere by the method of superposition since all of the 
equations are linear. Elaborations and refinements of the tech- 
nique indicated here no doubt will occur to those skilled in the 
art of torsional-vibration analysis of internal-combustion engines. 


A Special Case 


An interesting special case of the general solution, Equations 
(12), (13) is provided by a homogeneous engine system and fly- 
wheel atc = 1. If the mass moment of inertia of the flywheel be 
denoted by 7, the appropriate boundary conditions at x = / are 


seen to be 
u, — ‘au,’ — 


v, — av,’ + Bu,’ = 


(14) 


These equations establish two relations between u,, 2), A,*, and 
u,*, which after substitution into Equations (12) lead to 
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Cy’ = + 
= + gC,’ 
where 
[1 + (a? + B*)(p? + q?)] sinh 2ql — 2(aq — Bp) cosh 2q/ 
(16) 
7 [1 — (a? + 6%)(p* + q*)] sin 2pl — 2(ap + Bq) cos 2pl 
2A 
(17) 


—2A = cosh 2ql + cos 2pl + 
(a® + + q?) (cosh — cos 2pl) 


— 2(aq — Bp) sinh 2ql + 2(ap + Bq) sin 2pl (18) 


The C, and (,’ are connected through Equations (13) so that 
two more relations are required for a complete determination of all 
These remaining two relations arise from the 
For example, if the end at r = 0 


eight constants. 
boundary conditions at z = 0. 
is free, mm’ = vw’ = Osothat C. = C, = 0. 

Before proceeding with an illustrative example it is interesting 
to examine the consequences of setting A = 0 with m = kK. = 0. 
In this case 


l 


—-A= (1 + cos 2pl) + 


— cos 2pl) + ap sin 2pl 


= (cos pl + ap sin pl)? = 0 


Hence 


pl tan pi = —l/a (19) 


is the undamped frequeney equation. This result reduces to a 
more recognizable form by introducing the following relations and 
notation: 

GI 


Gl, 
Let = ply: = 


then Equation (19) becomes 
dw tan dw 


tun @w 
ow 


which is the result given by Lewis.' 


Illustrative Example 


This example will be solved first by the method of complex 
Holzer tables as explained elsewhere.?- The following system 


parameters apply. 


= 5in.; b = |; 10 in 


GI, = 422.5 X 10%; m. = 1500; . = 4000 
w = 650; P, = 10; Q, = 0; P, = Q, = 0,n #5 
The first step is to construct Table | with # = 1. 
‘ See footnote 2. 
‘For purposes of illustrating the theory, the values of m,- and n- 


were selected to make the normal and damping phases of the motion 
have the same order of magnitude. 
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| 
{ 
4 
| 
| 
‘ 
| 
{ » = @e a = (G/p 
| 
| 
| or 
| I 
| 
I, = 9; =]; =...21; =6 
4 
=0 
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Tw? + iwnic + iwnic 
Mass no. 108 108 0 
38 .025 1.00000 38.025 
535 + 0.975% 0.55170 0.027591 1.42546 + 0.46797: 
+ 0.975% —0.37784 0.09587: —0.86435 — 0.611427 
0.975% —1.28788 0.14848i —3.12001 — 1.63208: 
0.9751 —2.12672 0.15808: —5.23711 2.474281 
0.9751 —2.84567 0.101762 —7.11456 — 3.032497 
0.9751 —3.40126 0.036411 —8. 65769 3.223937 


totem 


Mass no. = 
— Wx 

0.44830 + 0.0275% 
92954 + 0.068287 
91004 + 0.05261: 
83884 + 0.009607 
71895 — 0.05632: 
55559 — 0.13817: 


38.025 

39.45046 + 0.467977 
38 58611 0. 143457 
35. 46610 77553¢ 
30. 22899 249817 
23. 11443 7.282307 
14. 45674 506237 


NOD 
to bo bo be 


* The internal damping factor is doubled when the step length is halved. 


The second step is to commence again with 6, = 1 and construct Table 2 with an external 
torque of 10° acting on mass 5. 


Table 2 


+ + wri 
Mass no. 108 6 108 
5 + 0.9751 —2.12672 — 0.15808) —5.23711 — 2.47428: 
6 + 0.975% —2.86925 — 0.10319 —7.17294 — 3.059117 
7 + 0.9751 —3.44708 + 0.034244 —8.77173 — 3.27410: 
ass 
Mass no. 108 
5 31.22899 — 4.249817 2.2 2.6 0.74253 — 0 O548% 
6 24.05605 — 7.308927 2.2 2.6 0.57783 — 0.13743% 
7 28432 — 10.58302: 


A second solution ean be obtained from Table 1 through multi- —10.506234 + 14.45674B = 10.58302 
plication of the torques and displacements by 7. Tables 1 and 2 
then can be combined to determine constants A and B which Hence 


secure the vanishing of the remainder torque at mass 7 so that = —1.000087: B - ~0anTe 


(14.45674 — 10.506237)(A + 7B) 
+ 15.28432 — 10.583027 = 0 


which is equivalent to the two equations 1.000000 — 1.039987 — 0.023748: 


14.456744 + 10.50623B = —15.28432 = —0.039987 — 0.023748i 
The complete solution appears in Table 3. 


Tw? + twnic + twnic 
ass no. - 10° 


O39987 — O23748: —} 52051 — 
9751 022716 0.011990) —0.04589 — 052571 
O12832 0.012806: 0 02004 + O44971 
O4AT973 0.036522: 0.08600 + 13936: 
+> 
+ 


6 


975i OS 1288 0 0568277 0. 15066 223311 
975i OS7795 + O.O70197: 0.15412 263551 
9751 091050 + O77129 0.15561 + 284301 
— wnx 

10° c — wm 
—0. 017271 OLL749% 
0.035548 — 0248057 
-0.035141 - 0237 
—0.033315 — 0203051 
006507 O133707 
—0. 003256 - 0069327 


2 


56640 955591 
54636 VLOG 2: 
.46036 771262 
30970 
15558 284402 
00003, 


te te to 


ts 
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ine 
— 
M 
108 
1.000 
0 
0 
and 
Table 3 
10° 
1 025 0 
| 2 535 + 0 0 Be 
3 535 + 0 0 ney 
4 535 + 0 0 ae) 
5 535 + 
6 535 + 0 a 
7 535 + 0 
Mass no. 
2 
3 
4 
5 —0 i 
6 
7 —0 | 


BY HOLZER TABLE 


DISTRIBUTED 
MASS METHOD 


| 
| 


| MASS NUMBER 
-2| 

-al 
Fig. 2 Torque and displacement distribution for normal phase of motion 


The additional pertinent system parameters required for the 
solution of the example by the methods of this paper are: 


a = ILIIIIL; 8 = 0.68376; | = 60 in.; @ = 0.00226; 
& = 25 in. 


Mma = Me/lo = 1500 + 10 = 150 
Ned = Neely = 4000 K 10 = 40,000 
pl, = 6/lo = 0.6; Ky = 250; Kk, = 66,667 
The natural frequency wy ~ 792 = 126.3 vps 
dwy = 1.790; tan dw, = —4.492 
From Equation (20) 


tan @wy 
Pwy 
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BY HOLZER TABLE 


BY DISTRIBUTED 
IMASS METHOD 


MASS NUMBER 


Fig. 3 Torque and displacement distribution for damping phase of 
motion 


From Equation (7) 


p = 0.024751; ¢ = 0.005387 
and 


Ag* = 0.092527; we* = 0.014253 


From Equations (16), (17), (18) 


—24 = 0.44169; g = —1.45583; h = —1.60041 


With these quantities one computes 


C, = 0.09182; CC, =0; C; = 0.07691; 


Ci’ = 0.14754; C,’ = —0.01897; = 0.07874; = —0.07494 
Figs. 2 and 3 show a comparison of the spatial distributions of 
the normal and damping-phase components of the vibratory dis- 
placements and torques which were computed from complex 
Holzer tables and the distributed-mass method. 
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Frequencies of a Flexible Circular Plate 
Attached to the Surface of a Light 
Elastic Half-Space 


The frequencies of free vibration of a thin, flexible, circular plate stuck to the surface 
of a massless elastic half-space are solved by an application of the Rayleigh-Rits princi 
ple. The approximate fundamental frequency is considered in detail when the plate is 
clamped, free, or hinged at its periphery. The method of obtaining the higher frequen- 


* theory of the vibration of circular plates with 
various boundary conditions at the edge is well known. Such 
plates vibrate freely with both nodal circles and diameters. If 
the plate is stuck to a massless elastic half-space the frequencies 
of vibration are all increased by virtue of the increased potential 
energy of deformation. There will still be nodal circles and 
diameters. However, if the plate is unconstrained at its periph- 
ery, a further family of frequencies appears. If the half-space 
possessed mass, the situation would be much more complicated. 
The vibrations would then be damped by the propagation of elas- 
tie waves to infinity and the mass of the medium would have a 
considerable effect on determining this damped vibration. When 
the elastic medium is massless the problem may be solved by the 
Rayleigh-Ritz principle. This is of interest in that it is necessary 
to assume a shape of vibration of the plate and the medium, and 
a mixed boundary-value problem appears. Fortunately the 
dual integral equations arising have a known solution. The 
procedure is to assume a suitable mutual shape of vibration of the 
plate and the half-space, and determine the potential and kinetic 
energies involved. 


The Elastic Half-Space 


The stress distribution under the plate must be obtained for a 
general deformation of the elastic medium over the area of the 
plate. 

The equations of equilibrium of a weighitless elastic medium in 
evlindrical co-ordinates are 


oA 2 0a 
(X +> + = 0 
or r oz 


-— £ = ) 
r 06 oz or 


oA 2u 2u 0a, 
(AX + 2p) (r@e) + 
r 


' Now with Division of Building Research, National Research 
Council, Ottawa, Canada. 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, New York, N. Y., November 30-December 5, 
1958, of THe AMERICAN Society OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 10, 1959, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, October 26, 1957. Paper No. 58-——A-37. 
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cies, such as those involving nodal diameters, is indicated. 


1 A : (ru) + + 

vhere = (ru 

— r Or o6 oz 
ou Ow 1 Ow or 
244 = —- - », 20, = - 2 
oz or r 00 oz 


1 (rv) ou 
20, = rv) — 
r or 06 


The notation is that of Love.* 

The elastic half-space is considered as having the origin of co- 
ordinates in its free surface and the z-axis perpendicular to this 
surface. A solution to the foregoing equations, symmetrical 
about the z-axis, may be taken as 


u = (A + 


v = 0 
B(r? + 1) 
w=]A — + Bz} 
z(r* — 1) 
where A, B, z are arbitrary parameters, and 
r= (4 
A+ 


The stresses in the medium in terms of the displacements are 
given by 


Ow 
z2=A+ — (5 


ou Ow 


From equations (3) and (5) it follows that 


B 

z= — Ar — Brz| (7) 
(r? — 1) 

Br? 

2u[ Ar - be | (rr) (8 
( 2 
I) 


The shear stress under the plate may be neglected as having 
small effect on the vertical displacements. Put zr = 0, z = 0, and 
the relevant displacement and stress on the free surface become 


2A. E. H. Love, “Mathematical Theory of Elasticity,”” Dover 
Press, New York, N. Y., fourth edition, 1944, p. 288. 
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A 
q 
¢ 
oF 
if 
4 
4 
> 
2 
. ij 


w = A,J,(zr) (9) 
22 = 2pA,x(r? — 1)Jo(zr) 


These displacements may be generalized by considering A; as a 
function of z and integrating with respect to z from zero to in- 
finity. If the plate is of radius ro and vibrates in the shape g(r), 
when r is less than ro, then it is necessary to find A;(z) so that 


A\(x)Jo(ar)dz = g(r), r < (10) 
2u(r? — 1) = 0, r> r% (11) 
. Put p = r/ro, @ = ary and these equations become 
1 
- f AO) = gi(p), p< (12) 
Jo 
2u(r?-—1) 
= f = 0, (13) 
Ty 0 


Busbridge (1938)? gave the solution of the following pair of in- 
tegral equations: 


= g(p), (14) 


= 0, (15) 


where g(p) is given and f(@) is to be found, as 


= — 
+ a/2) 


This solution is valid for 


a> or (—v—1) < (a 1/2) << 1) 


The function g(p) must be integrable over the interval (0, 1). 
Equations (12) and (13) are a particular case of equations (14) 
and (15), and it follows that 


= COs 4 i 


2 1 
Jo 


ydy 


1 


: Plate Clamped at Periphery 


The plate is assumed to be stuck to the surface of the medium 
i and clamped at its periphery. 
A suitable form for the shape of the plate during vibration may 
be taken as 
© 


> a,(1 — p?)" 


n=2 


= = (18) 


This series is symmetrical and satisfies the boundary conditions 
at the edge of the plate; i.e., both the displacement and the slope 
- vanish there. In order to simplify the detail only one term is con- 
sidered, This will give a close approximation to the fundamental 
frequency. More terms must be considered in order to deter- 
mine the higher harmonics. 
From equation (17) 


51. W. Busbridge, ‘‘Dual Integral Equation,”’ Proceedings, London 
Mathematical Society, vol. 44, 1938, p. 115. 
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1 
Oi f, y’ — y%)*/29(y)dy 


2a2 1 yl - y?)? 
= cos 6 dy 
0 


ro 
2a 1 1 1 ; 
+ : (1 — y*a*)*a sin ada 
Jo Jo 
(19) 
2 sin 6 + l6cos@ 48 sin 
3.0 3 6 
7 128 cos 6 + 128 sin 6 
~ 
The potential energy of deformation of the medium is 
V,, = Bro? f, zzwpdp 
(20) 


1 
2ur(l — p(l — p*)*dp f, Op) 


from equations (13) and (18). 
The order of integration may be rearranged and from Sonine’s 
first finite integral, 


1 
p(l — 


= sin cos® @ sin 


4J3(0)T (3) 
= 63 


(21) 


(16) 


+ f, — a*)*/2da f, g(ya) (Oy)? 4) 4@/2(Oy)dy 


Then 


V,, = (1 2 2 sind 16 cos 


48 sin 6 128 cos 6 


This integral may be evaluated by replacing the Bessel function 
by a Hankel function and integrating around an infinite semi- 
circle in the upper half-plane, indented at the origin; i.e., 


2 sin 16 cos 48 sin 


128 cos 0 128 sin 4) 


= (23) 
| 
= 
0 
{0.401 + 0.08662 — 
1 Hs (6) 
= — f (0.401 + 0.08662 — 0.00649") +40 


The only singularity is a multiple pole at the origin. The con- 
tribution to the residue at this pole from the Hankel function 
comes from the ¥3(9) part. If ¥3(@) is expanded in a series about 


the origin we have 
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‘ 
| 
— 


wY 


= 2J;(0) [log (0/2) + y] 
m=1 


2-r 
r=0 


The last three terms are the only ones which contribute to the 
residue; i.e., to the coefficient of 0~-'. It follows that 


rif O401¢ 0.086 0.0064 X 167] 
+ 


= 0.085 


and 


V,, = — 7?) (26) 


m 


Timoshenko‘ quotes the potential energy of symmetrical bend- 
ing of a circular plate as 


Tw 1 dw \? 
V, = 7D — 
dw 


2(1 — ») —— > rdr (27) 


dr? r 


where 
D= 
12(1 — v*) 
v = Poisson’s ratio 
E = Young’s modulus 
h = plate thickness 


Substitution of the assumed deflection gives 


J (28) 


If y = density of the plate, the kinetic energy, when vibrating 
at angular frequency py, is 


re 2 \4 
ro? 10g 


If one equates the total potential energy of the system to the 
kinetic energy, the fundamental frequency becomes 


(106.7 + a) (30 
= ro? yh 4 a, 


4.37u(1 — 
D 


where 


a= 


This term a, represents the effect of the elastic medium in de- 


termining the frequency. 


Free Plate 


The plate is assumed in this case to be unconstrained, except 
for being stuck to the elastic medium. 


4S. Timoshenko, ‘Vibration Problems in Engineering,”’ D. Van 
Nostrand Company, Inc., New York, N. Y., second edition, 1937, p. 


427. 
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A Dini series in the parameter p may represent any shape of 
vibration of the plate. If the coefficients are chosen by the Ritz 
criterion of minimum frequency, this series then represents the 
shape of vibration of the plate when completely unrestrained. A 
constant term must be added to the Dini series to represent the 
finite displacement at the edge p = 1. 

The shape of vibration is taken then as 


@ 


w= b+ (31) 


n=1 
where Jo(A,,) = 0. 
In order to determine the function A,(@) given by equation 
(17), the following are to be integrated: 


1 
4 = sin Jo(X,, sin (32) 


sin 
from Sonine’s integral. 
Similarly 
1 yJdo(A,ay)dy sin (A,a) (33) 
and 


ie 
0 


sin A,, cos — A,, cos A,, sin 6] 


(34 

— 6?) 

The other integrations follow simply to give 

2wbsind 2 — sin A,, 

20 a, [Asin X, cos — X,, cos X, sin 8] 
+ (35 

(A,? — 6?) 


n=1 


From equations (13) and (35) the vertical normal stress, con- 


sidering the first two terms only, is 


0 


= Try 6 
af {sin cos — XA cos sin 
(A? — 6°) 


The potential energy of the medium is given by equation (20). 


Noting that 
1 

pJ (Ap) J o(pO)dp 
0 


1 
= — BJ (A) | 37 


where J)(A) = 0, and 


) 


J,(A 
f = (38) 
0 


we have 


se 


>, > 4 Qe 

is 

|__| 
== 

rk 
— 
4 

At 
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6 


Vn, = — 7) f 
0 


The foregoing may be integrated as before by replacing the Bessel 
function by its corresponding Hankel function and integrating 
around an infinite semicirele in the upper half plane. 


= cos 6 J,(8) 6 cos 6 Hy'(8) 


= cos A Yo(A) 


x 


(40) 


sin cos — X cos A sin 8) 
e (A? — 


Y,(A)(cos sind — (41) 


= Vy 2 
0 6 
= (X sin A cos 8 — @ cos X sin 8) sind | 


The only pole in this case is at 6 = 0 where H,'(@) is of the 
order 
Insert the root A = 2.405 and the potential energy becomes 


V,, = mwro(l — 7*)(1.590a? + 2.248ab + 4b?) (45) 
The potential energy of bending of the plate follows from equa- 
tion (27). Some of the integrals occurring may be evaluated from 


the recurring relations of Bessel functions and the rest numerically. 
The potential energy of bending is 


5.780 Da? 


ro 


(0.508 + 0.264y) (46) 


The kinetic energy is 


hp? ro 2 
k= r + ( ae dr 
0 To 


(0.1355a? + 0.433ab + 0.5b7) (47) 
quate the potential and kinetie energies and 


gD(9.21 + 4.79” + 1.5908)a? + 2.248Bab + 4Bb*) 


(48) 
+ 0.433ab + 0.56?) 


— 7?) 
= 


where B D 


This frequency is made stationary by differentiating with re- 
spect to a/b and equating to zero; i.e., 


(4.61 + 2.39 + 0.2558) + ( 


a sin cos 6 af (6 sin A cos 6 — Xcosh sin 6) 


(A? — @ 
d6 (39) 


— 6?) 


This equation gives two values of the ratio a/b of opposite sign. 
They correspond to two modes of vibration of the plate; i.e., 
when the concavity of the plate is on the same side or opposite to 
that of the medium. 

With the ratio just given, equation (48) determines the fre- 
quency. 

Equation (48) may be more conveniently written as 


(30) 
ro? yh 


where 7’ is a function of 8B and vy. Figs. 1 and 2 show a/b and 7 
for vy = 1/4 and various values of £. 
When 8 = 0 we have the case of a free plate, the second fre- 


a 
20 b 
yet 
a 
4 
10 
b 
o5 
° 20 40 60 80 100 


Fig. 1 Relation of amplitude ratio a/b to the factor 8 for vy = 1/4 


quency vanishes and 7' for the first frequency is 9.01; i.e, the co- 
efficient for a free plate when vy = 1/4. As 8 increases the second 
frequency appears. When @ tends to infinity by virtue of D 
tending to zero, we have the situation of a plate with mass but no 
rigidity oscillating on an elastic medium. There are two fre- 
quencies and they are given by 


4.72 [gure — 7?) 
= 
Pr re? yh 
1.53 — 72) 
(52) 
ro” yh 


21.2 + 5.68? + 
+ 22v + 4.768 + 


b ~(3.98 + 2.07» + 0.3838) 
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Fig. 2 Relation of Tto 3 for vy = 1/4 
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If the plate is hinged at its periphery, the fundamental fre- 
quency may be obtained from the previous case by suppressing 
the b-term in the assumed displacement. The fundamental is 


Dg 
yh 


(21.70 + 11.25y + es | (53) 


and 


7.460 — 


= 
D 


Higher Modes 


The higher symmetric modes follow by taking more terms in 
the respective series. Unsymmetrical modes involving nodal 
diameters may be obtained by introducing solutions to equations 
(1) involving J,,(2r) Sh (m@) and similar adjustments to the 


series, The analysis would be extremely tedious, however. 
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Analytical Design of Disk Cams and 
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Three-Dimensional Cams by Independent 
Position Equations 


This paper presents a method for the analytical design of cams, based upon independent 


position equations. 


From these equations, one can obtain general expressions for cam 
parameters such as the cam contour, pressure angle, radius of curvature, etc. 


This 


procedure is applicable for cam systems with any type of follower motion. The mathe- 
matical directness of this method makes it possible to investigate thoroughly even the most 
complicated cam situations, e.g., three-dimensional cams. Also, it is shown how design 
charts and procedures may be developed to facilitate the solution of particular cam design 


problems. 


0... of the first practical analytical design methods 
was developed for the disk cam with a flat-faced follower by 
Carver and Quinn.? Their method was based upon the principle 
that the cam contour is the envelope of the straight lines which 
represent the various positions of the follower face around the 
cam, Other analytical relationships for particular cam problems 
(e.g., the pressure angle for a cam with a roller follower, and the 
radius of curvature of the pitch surface) have been developed by 
various investigators.* 

In this paper a method is presented for obtaining general equa- 
tions for the cam parameters for any cam system regardless of the 
type of motion of the follower. This method of analytical cam 
design is based upon the use of independent position equations.® 
These equations completely specify the position of a point on a 
cam or its follower as a function of the geometry of the system, 
and of the desired motion. The point of most interest in the de- 
sign of a cam is the center of curvature of the follower at the point 
of contact between the cam and its follower. This point has only 
two position equations which are mathematically independent. 
As is shown in this paper, by successive differentiation of the 
independent position equations for this point, one obtains in- 


! From a dissertation presented by the author in partial fulfillment 
of the requirements for the degree of Doctor of Philosophy, Cornell 
University 

W. B. Carver and B. Quinn, Analytical Method of Cam 
Design,’ Mechanical Engineering, vol. 67, 1945, pp. 523-526. 

3H. A. Rothbart, “Cams, Design, Dynamics, and Accuracy,"’ John 
Wiley & Sons, Inc., New York, N. Y., 1956. 

* The motion of the follower is represented in equation form in the 
text of this paper. For motions which are known only pointwise, 
one must use the method of finite differences rather than calculus for 
evaluating the various terms in the general equations which are de- 
veloped in this paper. 

‘FF. H. Raven, “Velocity and Acceleration Analysis of Plane and 
Space Mechanisms by Means of Independent-Position Equations,” 
JournNAL or Mecuanics, vol. 25, Trans. ASME, vol. 80, 
1958, pp. 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, New York, N. Y., November 30-December 5, 
1958, of THe American Society OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 20 West 39th Street. New York, N. Y., and will be accepted 
until April 10, 1959, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Nore: Statenjents and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, August 9, 1957. Paper No. 58— A-t7. 
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formation from which the desired unknown cam parameters may 
be obtained. 


General Procedure 


Determining Independent Position Equations for any Cam System. 
Let point A be the center of curvature of the cam surface at 
point P, the point of contact as is shown in Figs. | and 2. The 
point C' is the center of curvature of the follower at this point of 
contact. Let p be the vector from A to P to C. Also, let O2 be 
the center of rotation of the cam. 

The first independent position equation for C, the point of in- 
terest, is obtained by writing the sum of the vectors OA and 
APCS 

The second independent position equation for point C is ob- 
tained as follows: 

1 Reciprocating Follower. Let point B be the intersection of the 
line drawn through O, parallel to the direction of motion of the 
follower and the line drawn from C perpendicular to it. The 
vector path 0,B plus BC is the second equation for point C. 

2 Oscillating Follower. Let O; be the center of rotation of the 
follower. The vector sum of 0,0, and Q,C is the second equation 
for this case. 

6 For the case of a straight-sided cam, the point A has no sig- 


nificance. Thus let point D be the intersection of the straight side 
and the line drawn through O2 perpendicular to this side. The first 


independent position equation is seen to be the vector sum of Oo.) 


plus DP plus PC. 


FOLLOWER 
CAM 


DIRECTION OF MOTION 
c OF FOLLOWER 


Fig. 1 General case of reciprocating follower 
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Fig. 2. General case of oscillating follower 


For the case of a flat-faced follower the point C has no sig- 
nificance, and thus point P becomes the point of interest. There- 
fore substitute P for C in the foregoing procedure. 

This general procedure is applicable for all cam situations in- 
cluding three-dimensional cams. 


Disk Cam With Flat-Faced Follower 


Fig. 3 shows a disk cam with a radial flat-faced follower. The 
length p is the radius of curvature of the cam surface at the point 
of contact P, and point A is the center of curvature. The length r 
is the distance from O., the center of rotation of the cam, to A. 
The distance from B, the point of intersection of the center line of 
the follower and the follower face, to the point of contact P is Ll. 
Let it be desired to determine the equation for the cam contour, 
the equation for the required length of the follower face |, and the 
equation for the radius of curvature p, such that the displacement 
of the follower from the initial position of the cam (i.e. at @ = 0), 
satisfies the following equation: 


R=C + (la) 
where C is the minimum radius of the cam, and f(@) represents the 
desired displacement of the follower as a function of the angular 
displacement 6 of the cam. 

The first independent position equation for the point of contact 
P is obtained by traveling the path from O, to A to P. Thus 
rp 2a) 
The second independent position equation is obtained by going 
from 0. to B to P. 
rp = R+il (3a) 


Equating the right-hand sides of Equations (2a) and (3a) and 
£ 


Fig. 3 Radial flat-faced follower 
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separating the result into real and imaginary parts, it follows 
that 


R=rcosa+p (4a) 
l=rsina (5a) 


Substituting R = C + f(@) into Equation (4a) and differentiating 
with respect to 8, 
dR 
dé 


d da 
= 
a0 + f(0)] = f' (8) rsin (Ga) 


For an infinitesimal rotation of the eam, p may be considered to 
remain constant. Thus point A, the center of curvature of the 
cam at the point of contact, and r may be regarded as fixed to the 
cam for an incremental rotation d@. Therefore the magnitude of 
da is equal to d@, and since @ decreases as @ increases, it follows 
that 

da 


Substituting the foregoing result into Equation (a), one finds 
that the right-hand side of Equation (6a) becomes identical with 
that of Equation (5a). Thus 


l = f'(6) (7a) 


From Fig. 3, it is seen that the equation for the cam contour 
measured from the initial position may be written as follows: 


[++ tan”! ] 
= (R? + 


1} 6+ 
= {R? + |? ¢ [ 


In order to avoid cusps, it is necessary that 


d rie) 
6 t: > 0 
al | 


Performing the differentiation indicated by the preceding expres- 
sion leads to the criterion for avoiding cusps, that 


R+f'(@)>0 (a 


The equation for p may be obtained by taking the second deriva- 
tive of Equation (4a) with respect to 6, and substituting this re- 
sult back into Equation (4a) to eliminate the cos a@ term. Thus 


p=R-+ (10a) 


To avoid cusps, p must be greater than zero. Therefore Equation 
(10a) becomes identical to Equation (9a). 

General Design Chort. An illustration of the development of a 
general design chart to facilitate the solution of a particular type 
of cam-design problem follows. 

A flat-faced follower is to be driven through a total displace- 
ment of 2 in. The follower is to move out 1 in. with constantly 
accelerated motion while the cam rotates 7/2 radians. With con- 
stant deceleration the follower then moves out another inch while 
the cam rotates another 7/2 radians. The follower dwells for the 
next 7/2 radians, and then returns with simple harmonic motion 
while the cam rotates the final w/2 radians. 

To keep the surface stresses on the cam within the allowable 
limit, assume that the minimum radius p,,,, of the cam contour 
must be at least 2 in. Determine the value of the base radius of 
the cam C such that the foregoing conditions are satisfied 

From the required motion, the following equations are obtained! 
for f(@) and f’(@) as a function of the cam rotation angle 4 

7H. H. Mabie and F. W. Ocvirk, ‘Mechanisms and Dynamics of 


Machinery,” John Wiley & Sons, Inc., New York, N. Y., 1957, p 
60. 
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Fig. 4 Design chart 


S(O) 
Constant acceleration 402/93? 8/3? 
4 
Constant deceleration 2 — — 
x? 
Dwell 2 0 


Simple harmonic 1 + cos (20 — 39) —4 cos (20 — 3m) 


From Equation (10a) it is seen that one may make a generalized 
graph, Fig. 4, of lines of constant (9 — C) with {(@) the abscissa 
and f"(@) the ordinate. Plotting values of f(@) and f"(@) for given 
values of @ on this generalized graph forms a closed path; i.e., 


S(O) = f(2m) and f"(0) = f"(2r). Because C is a constant for any 


cam the minimum value of (9 — C) will correspond to pyin. The 
closed path for the sample problem is shown in Fig. 4. The ar- 
rows on the closed path are in the direction of increasing @. 
Values of @ at transition points are marked on this graph. From 
Fig. 4 


(p = (Pein C) =2 
+ = 4 in. 


Disk Cam With Offset Roller Follower 


A disk cam with an offset roller follower is shown in Fig. 5. 
The amount of offset is measured by the distance h. The radius 
of curvature of the pitch surface is p and the pressure angle @. 
The point A is the center of curvature of the pitch surface. The 
length r is the distance from the center of rotation of the cam O, 
to the point A. The distance R is the desired displacement of the 
follower and is given by the equation 

R= Ry + (0) (1b) 
where f(@) is the desired displacement of the follower with respect 
to the reference position Ry. For the case shown R = Ry when 
6 =0. 

One independent position equation for the point C, the center 
of the roller, is obtained by going from O. to A to C. 
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CAM CONTOUR 


Fig. 5 Offset roller follower 


= + pe'® (2b) 


The other independent position equation is found by going from 
0. to B to C. (Point B lies at the intersection of the horizontal 
line drawn through QO, parallel to the direction of motion of the 
follower, and the line through C drawn perpendicular to this line.) 


ro = R+ ith (3b) 
Equating the right-hand sides of Equations (2b) and (3b), and 
separating the real and imaginary components, one finds that 
R =rcosa+ pcos @ (4b) 
h=rsina+psing (5b) 
Substituting R = Ry + f(A) into Equation (46) and differentiat- 
ing Equations (46) and (5b) with respect to @ 
dd 


d : da 
0 [Ro + f(0)] = = —rsina psin 10 


dR 
d6 


do 
+ pcos @ 40 


d 
=rcosa 
dé 
For an incremental change in @, the point A may be considered 
as a fixed point.on the cam. This leads to the result that da/d@ = 
—1. Substituting this into the foregoing equations, it follows 
that 


f'(0) =rsina — psing (6b) 
d6 

0 = —rcosa + pcos (7b) 


Eliminating d@/d@ from Equations (66) and (7b), then 
=rsina —rtan@cosa (Sb 


To solve for tan @, the unknown @ and r-terms may be elimi- 
nated from Equation (8b) by means of Equations (44) and (54), 
thus vielding 


f'(0) = (h — psin — tan @ (R — pcos 
=h—Rtang 


Therefore 


h — f'(0) (9b) 
R 


tan @ = 
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For the case of a radial roller follower, there is no offset; thus 
h becomes zero in Equation (9b). 

Having determined the pressure angle @ by means of Equation 
(96), one may evaluate the following equation for the point P. 


rp = = R+ th — rete 


To measure the point P from the reference station of the cam it 
is necessary to rotate rp through the angle 6. Thus the general 
equation for a point on the cam contour with respect to the 
reference position of the cam is 


rpe'(O+OP) = ith |e"? 
B 
, i (6+ tan” 
= (A? + BY)! (106) 
where 
A =R—r, cos@ 
B=h-—r,sing 


To determine the radius of curvature p, first differentiate Equa- 
tion (9b) with respect to 6. Thus 


R do 


cos? @ dé + tn = 


The term d@/d@ may be eliminated from the preceding expression 
by substitution from Equation (76). Then with the aid of Equa- 
tions (44) and (9b), one obtains the following expression for p: 


bth — + 


Undercutting of the cam occurs whenever the magnitude of p 
is less than the radius of the roller. 

Equation (115) may also be written in the nondimensional form 

p [tan? @ + 1]? 

= ( 12h) 


h "(0 
1 + tan [2 tan 6 4 


Equations (11b) and (126) are further simplified for the case of 
a radial roller follower in which there is no offset (i.e., 4 = 0).5 


Disk Cam With Offset Oscillating Flat-Faced Follower 


A disk cam with an offset oscillating flat-faced follower is shown 
in Fig. €. The required length of the follower is indicated by the 
variable distance /, and the offset of the follower from its center 
of rotation is designated by the fixed length h. The length p is 
the radius of curvature of the cam at P, the point of contact, and 
the point A is the center of curvature. The point 0, is the center 
of rotation of the cam, and Oy is the center of rotation of the 
follower. Let it be desired that the angular displacement of 
the follower 8 be a function of the angular displacement of the 
cam @ according to the equation 


By + S(O) 


where f(@) is the variation in the angular displacement of the 
follower from its reference position Bo. 

From Fig. 6 it is seen that the independent position equations 
for the point of contact may be written as follows: 


* It should be noted for this latter case that one can make a general- 
ized graph of lines of constant p/R from Equation (126) with tan @ = 
—f’(@) as the abscissa and f"(@)/R as the ordinate. By plotting cor- 
responding values of —/f’(@) and f"(@)/R on this generalized graph, 
values of p R and thus p at any desired cam angle may be deter- 
mined. This design procedure is similar to that which was illustrated 
for the case of the flat-faced follower. 
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Fig.6 Oscillating offset fiat-faced follower 


rp = re'® + petB-90) + ih + 4 
Separating Equation (Ic) into its real and imaginary com- 
ponents vields 
a+ lcos 8 = rcosa + (p +h) sing 
b+ /sin8 =rsina — (p +h) cos (3e) 
By differentiating Equations (2c) and (3c) with respect to @; 
and noting that 


da dp d| Bo + | 
= —! and = = 


fO) 


one finds that 
dl 
sin + cos B ig + (p + cos B (de) 


il 
cos B + sin B = —rcora + (p+ h)f'(O)sin B (5c) 


Eliminating d//d@ from Equations (4c) and (5c), one obtains 
the follow ing expression for the length of follower 


= —r{sin a@ sin + cos a cos 


The unknown sin @ and cor @ terms in the preceding equation 
may be eliminated by substitution from Equations (2c) and 


(3c), thus 
—(a cos B + bsin B) : 
l= (Ge) 
1 + 


Having evaluated | by means of Equation (6c), one may then 
determine the co-ordinates of the cam contour at the point 7’, 
which equation is 


= fa + ib + (1 4+ 


B 
tan” 
= (A? + B)'/te [ ‘1 


where 
A=a+leos 8 —hsin£g 
B=b+I/sin8 + heos Bs 
To determine the radius of curvature p, first differentiate 


equation (6c) with respect to Thus 


+ + = ia sin B — bcos 


dl 
dé 


Eliminating d//d@ from the preceding equation by means of 
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Equation (4c), and then eliminating the resulting r sin a-term by 
use of Equation (3c), one then obtains an expression which may be 
solved for p, as follows 


{1 + 2f'(8)|[a sin B — b cos — Lf’ (8) 


h_ 


Cusps oecur whenever p is less than zero. 


Disk Cam With Oscillating Roller Follower 


Fig. 7 shows a disk cam with an oscillating roller follower. The 
radius of curvature of the pitch surface is designated by p, while 
the direction is specified by @. The angular displacement of the 
follower is 8, which is given by the equation 


B = Bo + f() 


where f(@) is the desired angular displacement of the follower from 
the reference position fy. 

Referring to Fig. 7, the independent position equations for the 
point C are 


= + = a + ih + (1d) 


Thus it follows that 
(2d) 


(3d) 


rcos a+ pcos @ =a+lcosB 
rsina + psing 


Differentiating Equations (2d) and (3d) with respect to 6, and 
noting as before that 


dB 
do £O 


—1 and 


one finds 


—/f'(@) sin B (4d) 


rsina@ — psing = 


(5d) 


ip 
a 


cos B 


—rcos a + pcos 
pcos 10 
Eliminating d@/d@ from Equations (4d) and (5d), and eliminat- 
ing the a-terms by means of Equations (2d) and (3d), one obtains 
the following equation for the tan @ 


D 


tan @ = C (6d) 


where 


CAM CONTOUR 
PITCH SURFACE 


Fig. 7 Oscillating roller follower 
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C = {1+ f'(@)\lcos 8B +a 
D = [1+ f'(@ sin B + b 
From Fig. 7, it may be seen that the equation for the cam con- 
tour is as follows 


rei = fa + ib + le® — 


where 
A =a+lcosB —r,cosd 
B=b+I/sin8 —r, sing 


The radius of curvature p is obtained by differentiating Equa- 
tion (6d) with respect to @ and eliminating unknown terms. 
Thus 

[C2 + D?] 
(C2? + D*)[1 + f'(@)] — (aC + 
+ (asin 8 — cos B)lf’ (A) 


(8d) 


To avoid undercutting it is necessary that the magnitude of p 
be greater than the radius of the roller. It should be noticed that 
either a or b may be made equal to zero in the foregoing expres- 
sions by proper selection of the initial cam position. 


Three-Dimensional Cam 


A three-dimensional cam with a reciprocating spherical follower 
is shown in Fig. 8. The center of rotation of the cam is the j-axis, 
and the angle @ is the angular displacement of the cam from the 
initial position. The cam also moves axially along the j-axis, and 
the axial displacement from the initial position is designated by z. 
The desired position of the follower R is given by the equation 

R= Rk, + f(6, (le) 


To analyze this cam situation, one first investigates the varia- 


Fig. 8 Three-dimensional cam with X fixed 
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tionin R due to @ alone. With z fixed, the path of the point of 
contact between the follower and the cam is the line 1/M’ as 
shown in Fig. 8. The vector pg is the radius of curvature of this 
path plus the radius of the spherical follower, and the point A is 
the center of curvature. For an incremental rotation d@, the 
radius pe may be considered constant, and the point A as fixed 
with respect to the cam. 

The independent position equations for the center of the fol- 
lower C are obtained by going directly from O, to C and by travel- 
ing the path O.to AtoC. Thus 


iR = [rz sin + jre cos dz} 
+ [pe sin + jpe cos 


(2e) 
= (cos 6 + sin 6) + 7 cos de] 
+ pelsin ds(cos 0; + i sin 0) + j cos 


where @» is the angle between the j-axis and rs, and @, is the angle 
between the real axis and the projection of r, on the plane of the 
real and imaginary axis. 

It should be noticed that (rz sin @2) is the length of the projec- 
tion of r, on the plane of the real and imaginary axis and e' is the 
direction of this projection. Also, rz cos @» is the vertical or j- 
component of r,. Thus the position of r, is completely defined by 
the vector sum of rz sin + cos as is shown in Equation 
(2e). 

Separating Equation (2e) into its real, imaginary, and j-com- 


ponents vields 
0 = rz sin cos 6. + pe sin cos 9; ) 
R = rz sin 2 sin + pe sin ds; sin (Se 
0 = cos de + pe cos 


Taking the partial derivative of the preceding equations with re- 
spect to @, and noting that with A fixed 


08, 


one finds 


0; 


0 = resin @ sin — ps sin sin 
* 29 


+ pe cos cos 4; (4e) 


= —r, sin cos + pe sin cos 
+ pe cos 6, (Se 
0 = sin (Ge) 


Noting from Equation (6¢) that 0@;/00 = 0, and eliminating 
04;/06 from Equations (4e) and (5e), one may obtain the follow- 
ing equation for tan 0, 


; [" sin @ sin 6. + pg sin dy sin 4; R 
tan = = 
(OR/O8) oR/ob 
or 
tan (Os 90°) = R 


The radius of curvature pg is obtained by differentiating Equa- 
tion (7e) with respect to # and eliminating unknown terms. Thus 
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Fig. Three-dimensional cam with @ fixed 
ok 
R? 
( of | 
sin G + 2( 30 ) —R ( 


To determine @s, it is necessary to consider the variation of R 
due to changes in z with 6 fixed. In Fig. it is seen that 2 repre- 
sents the axial translation of the cam along the j-axis. With @ 
held constant, NN’ is the path of contact between the follower 
and the cam. For an incremental! displacement about the posi- 
tion z, the radius of curvature of this path may be considered 
constant and the point A’ the center of curvature may be re- 
garded as a fixed point with respect to the cam. The vector p, is 
the radius of curvature of this path plus the radius of the follower 

By following first the path from O, to A’ to C, and then the path 
from QO, to C directly, the independent position equations to the 
center of the follower are 


iR = rz'[sin (cos + i sin 4+ 7 cos 
+ p,|sin d;(cos 6; + i sin + j cos dy) (Me 


It should be noticed that the direction of p, and pg are the same 
since they both lie on the common norma! of the point of contact 
between the follower and the cam. 

Separating Equation (9) into real, imaginary, and j-com- 
ponents yields 

0 = ro’ sin cos 6,’ + p, sin cos 


R = re’ sin dy’ sin 6,’ + p, sin d; sin (10e) 
0 = rz’ cos do’ + p, cos dy 


Because the point A’ may be considered as fixed with respect to 
the cam, one may obtain the following relationships for an incre- 
mental displacement dz of the cam in Fig. 9: 


= SIND @e, une = COS De 
or or or 
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Differentiating Equations (10e) with respect to z and simplifying 
with the preceding relationships 


— p, sin 6; sin | 


0 = p, cos 6; cos 
or or 


R = p, sin 6; cos + p, cos 6; sin 


or 


(lle) 


0 = 1 ~ p,sin 


Kliminating 0¢;/dzr and 0@;/dzr from the foregoing equations 
yields 


tan = 
sin 6; ( on ) 
or 


Since 6; has been obtained from Equation (7e), then @; may be 
determined directly from Equation (12e). Thus knowing @; and 
4,, one may determine the pressure angle @ by the following 
spatial relationship 


cos @ = sin sin 
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where @ is the angle measured directly between the imaginary 
axis and the common normal at the point of contact. 

The equation for the radius of curvature p, is obtained by dif- 
ferentiating Equation (12e) with respect to z and eliminating un- 
known terms. Thus 


oR 
oz? 


In order to avoid undercutting it is necessary that the magni- 
tudes of both pg and p, be greater than the radius of the follower. 


where 
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Ss an ideal plastic material without strain-harden- 
ing the stress distribution in solid rotating cylinders has been de- 
scribed by Nadai [1].!. Both the addition of a central hole and 
the consideration of a strain-hardening material add to the com- 
plexity of the problem, but as a recompense both make the 
analysis more practical. The chief increase in utility arises from 
the fact that most large rotors have central holes in the vicinity 
of which it is desirable to know the stress distribution. Another 
increase comes from the fact that, when a strain-hardening ma- 
terial is considered, the analysis is not limited to one single speed 
of rotation, but a stress distribution can be obtained for any rota- 
tional speed greater than that necessary to bring the entire 
evlinder into the plastic state. 


Stress-Strain Relations 


In the present analysis two separate and distinct ideal materials 
are considered. In the first material it is assumed that the octa- 
hedral shearing stress To. above a yield value 7; is a linear function 
of the octahedral shearing strain Yoet. 


Tot = Ti + GrYoet (1) 


In the second material a similar relationship exists between the 
maximum shearing stress Tm.x and the maximum shearing strain 


Vmax. 


Tmax = Te + GeYmax (2) 


The constant G, or Gs is the slope of the stress-strain curve and 
will have a value between 0 for an ideal plastic body without 
strain-hardening and G, the elastie modulus in shear. Either of 
these relations might be justified for the problem of the rotating 
cylinder 

In the present work it is assumed that the strains are small so 
that conventional strains can be used. Thus the simple relations 
between the radial displacement p and the tangential, radial, and 
axial strains can be written 


1 Numbers in brackets designate References at end of paper. 
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Stress Distribution and Plastic 
Deformation in Rotating Cylinders 
of Strain-Hardening Material 


Equations for the stress distribution in plastic rotating cylinders are developed for both 
hollow and solid cylinders. It is assumed that the stress-strain relations may depend 
upon either the maximum shearing stress or the octahedral shearing stress and the 
corresponding shearing strain. A triaxiality factor proportional to the ratio of the hy- 
drostatic tension to the octahedral shearing stress is introduced. This factor may be 
useful in evaluating the ductility of metals under combined stress. 


p op 
= » & = » & (3) 


The negative sign is used in the expression for €, so that positive 
numbers can later be substituted for é. Since the strains are small 
and the elastic strains are neglected, the sum of the strains will 
represent the change in volume. 


= 0 (4) 


The elastic strains have been neglected and hence the whole 
problem of partial yielding has been neglected. An understanding 
of partial yielding in rotating cylinders would require a more 
complicated approach. This might be done by using the step-by- 
step flow-theory method employed by Hill, Lee, and Tupper [3] 
for the thick tube under internal pressure, or by using an iterative 
method based on a unique effective stress-effective strain diagram 
such as was suggested by Mendelson and Manson [4] for various 
types of plastic deformation, 

According to Equation (3) the present work assumes the gen- 
eral case of plane strain where the strain in the third direction is 
not zero. This limits the discussion to cylinders that are free to 
contract in the axial direction. 

The distribution of the strains is assumed to be given by the 
following equation: 


I (0 a, + 
= 


( oe + *:) 
2 


The modulus @ will depend upon the choice of either Equation 
(1) or (2) as the stress-strain relation. 


o= or (6) 
Yoet Ymax 
Since the stress will vary with the strain, @ also will vary with the 
strain and hence it may vary along the radius of the cylinder. 
If Equations (3) and (4) are combined and integrated, the 
radial displacement p becomes 


€or B 
p= + 


where the constant B must be zero for a cylinder without a central 
hole, but will be finite for a hollow eylinder. 
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The principal shearing strains and hence the principal stress 
differences can be obtained from Equations (5) and (8) 


k? 
— 6, = 
r 


k? 
a, = = 
r? 
r? + k? 


— % = 


where 
2B 
3€ 


The equilibrium equation, which may be written as 


= (10) 
r g 


is independent of the stress-strain diagram and may be used with 
either Equation (1) or (2). The quantity A/g is the specific mass 
of the cylinder material. 

It will now be possible to describe the four cases of stress 
distribution associated with either solid or hollow cylinders that 
deform according to either the octahedral shearing-stress law or 
the maximum-shearing-stress law. The hollow cylinder deform- 
ing according to the octahedral shearing-stress law will be treated 
in detail. Only the results of the other cases will be given. 


Hollow Cylinder and Octahedral Shearing-Stress Law 


In terms of the radius r and the modulus @¢, the octahedral 
shearing stress and strain as obtained from Equations (8) and 
(9) become 


(11) 


oct = * Net 
-20} =20,000 
G, =!100,000 


| 2 
Cylinder Radius (in.) 
Stress distribution in hollow cylinder; octahedral shearing-stress law 
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V2 4 (12) 
r2 


You 


and if these values are substituted in Equation (1) the modulus @ 


becomes 
7, + 30; (13) 
V 2 & + 
This value and the first of Equations (9) can now be substituted 
in the equilibrium equation and the resulting expression integrated 
to determine the radial stress ¢,. 


+ + (3k4)'? 


r? 


= T, In 
2 


3 


29 


+C, (14) 
After o, is determined, o@ and ¢, can be obtained from Equations 
(9) and (13). 

+ 3k4)'/2 r? 


3ri(r? — k*) 


3Gi€0(r? — k?) 
V2 + 


(16) 


Since o, must be zero at the inside radius a and at the outside 
radius b, two expressions for C; can be obtained from Equation 
(14). If these two expressions are added we get for the constant 
C; 

V3 (at + 3k*)'/* + (3k4)'/2 
T In 
2 


a’? 
Bei, k? fa? + 
2 a*h? 


+ 5?) 


+ 3k4)'/2 + 


(17) 


If the two expressions for C; are subtracted we get the following 
relationship involving unknowns, @, €, and k. 


13 + 3k4)'/2 + (3k4) (b? — a’) 
2 a*[(b4 + 3k4)'/? 4+ 


Aw? 


29 


ath? 


— a?) = 0 (18) 


74510 
002 
(€,= 001) 
3555(€,*0) for vanes 
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Inside 
Rodius 
Fig. 2 Effect of rotational speed on tangential stress in rotating cylinder 
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In a rotating cylinder that is free to contract in the axial direc- 
tion, the resultant force due to the axial stress o, must be zero. 


b 
on o,rdr = 0 (19) 
a 


The integration of this expression yields an equation relating € 


andk 
b2[(at + 3k*)'/2 + (3k4)'72] 


(a? + 6?) In 
a*[(b* + + (3k4)'/*] 


— 2/3 [(b4 + (at + 


—a') 


— 2(b? — a*)| = 0 (20) 
4 (6 «| ( 


a*h? 


The essential expressions for determining the stress distribution 
then are Equations (14), (15), (16), (17), (18), and (20). Because 
of the complexity of the terms involved, and because it will be de- 
sirable to start with an assumed value for €, it is necessary to re- 
sort to trial-and-error methods for solving Equation (20). Some 
insight into the proper value to be assumed for the constant k can 
be obtained from Equation (16), where it will be noted that for r 
= k the axial stress a, is equal to the radial stress ¢,. From the 
known distribution in the solid cylinder described in [1], it is 
apparent that & will be equal to r at some radius near the inside 
radius a. 

The curves in Fig. 1 show the radial, tangential, and axial 
stresses in a long rotating cylinder with the following assumed 
values of the constants: 


7, = 20,000 psi a = Lin. 
G, = 100,000 psi b = 4in. 


This particular distribution corresponds to an axial strain of € = 
0.01 for which the rotational speed factor Aw?/2g is 4059. In Fig. 1 
the octahedral shearing stress Toct and the average stress Oavg = 
(o, + o@ + @,)/3, which is a measure of the triaxiality of the 
stressing, are also plotted. 

The effect of increasing speed upon the tangential stress o@ is 
shown in Fig. 2. Curves are drawn for five different values of € 
beginning with the case where the cylinder just becomes plastic, 
€) = 0. Some question might be raised about the curve for é) = 
0.05, for the tangential strain at the bore in this case is approxi- 
mately 0.23 and this violates somewhat the assumption that the 
strains are small. Sinee, in the expressions for the stresses in 
Equations (14), (15), and (16), the quantity € occurs only in con- 
junction with the slope of the stress-strain curve G,, the curves 
in Fig. 2 can be thought of as curves for various values of €) at 
constant value of G, or as curves at constant €) and different values 
of G,. For this latter interpretation, where € = const is always 


8 


Stress (IOOOpsi) 
@ 
° ° 


<-—a=lO—» 


Cylinder Radius (in) 
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= * G, 
tT, = 20,000 
G, = 100,000 


small, there should be no question about the validity of the rear 
curve in Fig. 2. 

The effect of the relative size of the inside and outside radii is 
shown in Fig. 3. Here the material constants 7; and G, and the 
outside radius b are the same as in the previous case, but three 
different values of the inside radius a are considered. The radial 
and the tangential stresses are shown for & = 0.01. For reasons 
of clarity the axial stress a, is not shown, but it is obvious that the 
triaxiality of the stresses increases as the bore becomes smaller. 


Solid Cylinder and Octahedral Shearing-Stress Law 


For the solid cylinder it is necessary to set the constant B in 
Equation (7) equal to zero. This makes the radial strain €, equal 
to the tangential strain €, and hence the radial stress o, equal to 
the tangential stress og. With these conditions as modifications 
the stress distribution is found in the same manner as in the 
previous case. 


29 (b? — r?) = + iw) (21) 
0, + Ge) 
(: ( ) (22 


These expressions reduce to those of [1] for the case of no strain- 
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Fig. 4 Stress distribution in solid cylinder; octahedral-shearing-stress 
law 


Fig. 3 Effect of bore diameter 
on radial and tangential stress in 
rotating cylinder 
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hardening, G; = 0. The stress distribution in a solid cylinder hav- 
ing the same material properties 7, and G, and the same outside 
radius 6 as the hollow cylinder previously described is shown in Fig. 
4. It is of interest to note that in this case, since B = 0 in Equa- 
tions (8), the strains do not vary along the radius, and hence the 
octahedral shearing stress is constant throughout the cylinder. 
The speed factor \w*/2g for the stress distribution shown in Fig. 
4 is 5678. Thus a greater speed is required to produce a given 
axial strain in a solid cylinder than is required to produce .the 
same axial strain in a hollow cylinder of the same material and 
the same outside diameter. 


Hollow Cylinder and Maximum-Shearing-Stress Law 


If the material of the cylinder deforms according to the maxi- 
mum-shearing-stress law of Equation (2), there will be two 
separate regions in the cylinder that must be analyzed separately. 
In region I, from the inner radius ry = a to the point r = k where 
the radial and axial stresses are equal, the behavior will depend 
upon the difference between the tangential stress o@ and the radial 
stress g,. In region II, from r = & to the outside radius r = b, 
the behavior will depend upon the difference between the tan- 
gential stress og and the axial stresses o,. Although each region 
must be treated separately, the solutions must be tied together 
at r = k in such a way that the radial stress ¢,, the radial dis- 
placement p, and the axial contraction €) must be continuous at 
the interface. 

The stresses in each region are given by the following equations: 


ke Aw?r? 
(o,)1 = 2r2Inr — + (23) 
r 29 
(o,)11 = 272 In — sel, - Ca (28) 
+ k? r? 2q 
k? 
(og): = (o,)1 + 22 + (25) 
r 
= (O,)11 (26) 
+ ke r? 
= (0,)1 + Te + = (27) 
k? r? 
r? on k? rt ke 
(o,) = — 2T. — » 


The values of the constants (2; and Cs in terms of the bore and 
outside radius are 


b? + k? 3 + Aw? 
2abtk + 2 ath? dy 
2k(b? + k?) 3 a? + 
Cs ab? 2 a*h? 
Aw? 
+ (a? + (30) 
4g 


and the expression corresponding to Equation (18) relating €, @, 
and k is 


Aw*a%h? 27,a*h? 
n (31) 

6Gigk? — a®) a(b? + 

The remaining relationship, obtained by setting the integral of 

the axial stress over the entire cross section of the cylinder equal 

to zero, is given by 
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2b*k b? + k? 
— 


G + b*) In 


(3k4* — 467k? + «| 


2k 
+ (6? — a*) + — = (32) 


This expression is used to determine the value of / correspond- 
ing to a chosen value of €. The stress distribution is obtained by 
assuming some value for €) and determining the value of k by a 
trial-and-error solution of Equation (32). The value of the speed 
factor \w?/2g is then obtained from Equation (31). With cor- 
responding values of €, k, and Aw?/2g determined, the other equa- 
tions can be solved readily. 

The stress distribution for a hollow cylinder deforming accord- 
ing to the maximum-shearing-stress law is shown in Fig. 5. 
For these curves the axial contraction was €¢, = 0.01 and the 
following constants were used: 


T, = 20,000 psi a = Lin. 


G, 100,000 psi b = 4in. 


The stress distribution in this case is not greatly different from 
that shown in Fig. 1. There is, however, a sharp break in the 
slope of the og-curve at the interface between Regions I and II. 
For this cylinder the speed factor \w*/2g corresponding to an 
axial contraction of 1 per cent (€é = 0.01) is 3500. This value 
cannot be compared directly with the speed factor shown in Fig. 1, 
since Equations (1) and (2) do not represent materials of equal 
strength when the corresponding material constants are given 
equal values (7, = 7, and G, = G,). 


Solid Cylinder and Maximum-Shearing-Stress Law 


As in the case of the previous solid cylinder, the tangential 
strain €@ is equal to the radial strain ¢€,, and all strains are in- 
dependent of the radius. Also, the tangential stress o@ is equal 
to the radial stress ¢,, and the maximum shearing stress depends 
upon the difference between the radial and the axial stresses over 
the entire radius. The stress distribution for this case is given by 
the following expressions: 


— (b? — r?) = + | 1 (33) 
24 
o, = — (272 + (34) 


The same values for 72, Gs, €, and for a and 6 as were used for 
the curves in Fig. 5 have been used to plot the stress distribution 
for the solid cylinder in Fig. 6. The stress curves are parabolas 
just as in the case for the solid cylinder of material obeying the 
octahedral shearing-stress law. The speed factor Aw?/2g for this 
cylinder is 5375. Here again the solid cylinder requires a greater 
speed to produce the same axial contraction. 


Triaxiality of Stress 


Since the normal stresses near the axis of « solid eylinder and 
near the bore of a hollow cylinder are all tensile, the degree of 
triaxial tension in a rotating cylinder is higher than in most types 
of loading. As a measure of this triaxialitvy the average stress, 
Gave, has been plotted in Figs. 1, 4, 5, and 6. Loss of ductility al- 
ways accompanies triaxial tension, but whether or not the average 
stress is the proper quantity to measure the loss of ductility might 
be open to criticism. Many investigators in the past have tried 
to relate this loss of ductility to the ratio of the maximum tensile 
stress to the maximum shearing stress. According to this rule 
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material should be more ductile in torsion than in tension and y sae 
- more ductile in compression than in torsion. This rule, however, Fig. 6 Stress distribution in solid cylinder; i shearing-stress law 
! does not distinguish between equal biaxial tension and uniaxial te 
tension, and it might be appropriate to consider modifying it to 
make it applicable to more general cases. 100 = = 5 
A logical approach would be to relate the brittle behavior to the 
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Just how effective this factor might be in measuring the duc- 
tility of a material or what the relationship between this factor and 
rupture ductility might be is not known except for a few simple 
The rotating cylinder, however, represents a 


Fig. 7 Stress distribution and triaxiality factor for low-carbon-steel 
cylinder at 32,000 rpm 


types of loading. 


more complicated type of loading, and it may be of interest to de- oe 
scribe one example of rupture in a rotating cylinder. iw 
In most tests where cylinders or disks are spun to rupture there F-4. 
is no chance to measure the strains at fracture, and often it is not ’ 
easy to determine where failure initiated. In one recent spin test, | 
{5}, however, the specimen became unbalanced and the test was 
4 stopped just as rupture was imminent. ta 
The specimen in this test, rotor No. 6 in reference [5], was a a 
cylinder of low-carbon steel approximately 5 in. long and 7°/, in. 
diam with an !'/,,-in. hole at the center. The material constants ag 
. for substitution in Equation (i) as determined from a tension mi 
test were 7, = 12,700 psi and G,; = 177,500. The speed had 
reached 31,750 rpm when the test was stopped. The stress dis- 
tribution and the triaxiality factor at this speed are plotted in Fig. 
7. It will be noted that at the bore the triaxiality factor is ap- 7 


proximately 1.5 and that it increases to approximately 4.3 at a 
depth of */, in. from the bore. This would indicate that the ma- 
terial should be much less ductile in the interior than at the bore 
surface where the strains are the greatest. 

When this cylinder was sectioned along a plane through the 
In addition to 


Fig. 8 Subsurface crack in low-carbon-steel cylinder. Dark area in 
lower right corner is part of central hole. 


axis, small cracks were found at the bore surface. 
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the cracks there were markings on the surface which indicated 
possible cracks underneath. Further sectioning showed small 
subsurface cracks. Some of the cracks were quite near the surface 
while some were more deeply situated. Unfortunately, most of 
the material from this rotor was lost before a thorough survey of 
crack location was made. Two cracks found in a small slice cut 
from the rotor are shown in Fig. 8. The deeper crack is located 
about °/i. in. from the bore. This is not at the point of greatest 
triaxiality but at a point where the triaxiality factor is approxi- 
mately 3. It is possible that more deeply situated cracks would 
have been found if more of the rotor material had been available 
for inspection. 

It is not possible at the present state of knowledge to say or de- 
termine just where the first crack should have occured or did. The 
maximum strain was at the bore while the greatest triaxiality of 
stress occurred about °/, in. from the bore surface. Since these 
two factors tend to oppose each other, the first crack probably 
started somewhere between the bore surface and the point of 
maximum triaxiality. 

The tangential strain at the bore, measured after the cylinder 
was sectioned, was 0.09. It would have been somewhat less than 
this value at the unknown point along the radius where the first 
crack started. This strain was considerably less than the elonga- 
tion of 14 per cent measured in a tension test. The tangential 
stress of 73,000 psi shown in Fig. 7 is considerably greater than 
the ultimate strength in tension which was less than 50,000 psi. 


Conclusions 


The stress distributions developed in this paper indicate that 
in the fully plastic state there is a considerable triaxiality of ten- 
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sile stresses in the interior of the cylinder. This triaxiality reduces 
the ductility of the material but apparently increases the amount 
of tensile stress that the material can withstand. 

The amount of triaxiality of stress is increased in hollow cylin- 
ders as the ratio of outside to inside diameter is increased. The 
triaxiality of stress is greater in solid cylinders than in hollow 
cylinders, although for the same speed and outside diameter the 
stress level is lower. 

The consideration of strain-hardening material makes it possi- 
ble to obtain plastic stress distributions at any speed above that 
necessary to bring the entire cylinder into the plastic state. 

The stress distribution based upon a Tmax Versus Ymax Stress- 
strain diagram is not greatly different from that based upon a Toet 
Versus Yoct Stress-strain diagram. 
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an elastic, perfectly plastic material obeying the Tresca yield condition with Poisson 
ratio of one half. For most temperature distributions, it appears that these equations 
can be integrated only by numerical means. ‘However, for one particular temperature 
distribution, equivalent to a phase transformation which occurs at a fixed tempera- 
ture, itis found possible to integrate them analytically, and expressions for the transient 


and residual stresses are obtained in closed form. The latter results are compared 


™ heat-treatment of metals to secure desirable 
mechanical properties involves transient temperature distribu- 
tions and volume-changing phase transformations in the body 
being treated. These effects result in the development of transient 
stresses whose magnitude will frequently be large enough to 
‘ause plastic flow during the process, and there will then be re- 
sidual stresses in the body after the completion of the heat-treat- 
ment. Depending upon the nature of the residual-stress distribu- 
tion and the use to which the treated object is to be put, these 
stresses may be either deleterious or beneficial in effect, and it is 
desirable, therefore, to be able to predict them analytically. 

An attempt in this direction is made in this paper for heat- 
treated cylinders.'!. Because of the complexity of the problem it 
is necessary to idealize it to a considerable extent. In particular, 
the material is assumed to be elastic, perfectly plastic, to have a 
Poisson ratio of one half, and to be governed by the Tresca 
yield condition. The flow rules associated with these assump- 
tions are discussed in Section 1. 

The general type of problem considered, that of circular cylin- 
ders, either solid or hollow, with axially symmetric temperature 
distributions, is described in Section 2. In this section, also, are 
derived formulas for the stress rates in terms of the temperature 
distribution, valid for any arrangement of elastic and plastic 
zones. These formulas, however, also involve constants of in- 
tegration and the axial strain rate, and the determination of these 
quantities in general appears difficult. 

The general equations derived in Section 2 are applied, in Sec- 
tion 3, to the solution of a particular problem; namely, a solid 
cylinder in which the stresses are due solely to a phase transforma- 
tion occurring at a definite temperature. For this problem, cor- 
responding mathematically to a discontinuity in temperature 
progressing inwardly from surface to center of the cylinder, it is 
possible to obtain a solution in closed form. However, in the 

! Two papers have appeared recently which discuss inelastic ther- 
mal stresses in heated hollow cylinders [1, 2],? but the methods 
presented there are directed toward steady-state temperature dis- 
tributions with the cylinders subjected to internal pressure. 

? Numbers in brackets designate References at end of paper. 
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the Annual Meeting, New York, N. Y., November 30-December 5, 
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with experiment and qualitative agreement noted. 


absence of a uniqueness theorem valid and physically meaningful 
for problems with temperature discontinuities, and it appears that 
such a theorem can be obtained only after more is known about 
the continuous temperature problem, the solution obtained must 
be regarded as purely formal. 

Comparison of the analytical results with experiment is made 
in Section 4. Such comparison is made difficult by the lack of re- 
liable data regarding relevant physical properties, but qualitative 
agreement, at least, between the two is indicated. 


1 Plasticity Theory Employed 


The following theory applies to an elastic, perfectly plastic solid 
in which there is a nonuniform temperature distribution. All 
mechanical properties are assumed independent of temperature; 
the only effect of temperature variation through the body is to 
produce volume changes. 

With these assumptions, the consideration of temperature varia- 
tion using any of the theories of plasticity requires only slight 
modification of these theories since they are primarily concerned 
with the deviatoric stresses and strains. In this paper the Tresea 
yield condition and its associated flow rule are employed, since 
it has been observed that it leads to somewhat simpler calcula- 
tions for problems involving cylindrical co-ordinates than does 
the von Mises yield condition, although the results, at least 
for some problems, are in good agreement [3] 

It is convenient to use here the stress and strain tensor com- 
ponents referred to a set of principal, orthogonal axes which are 
denoted by z,,7 = 1, 2,3. The nonzero compunents of the stress 
and strain tensors are then denoted by o, and €,, respectively. It 
is next necessary to separate those tensors into their mean (o and 
€) and deviatoric (s; and e;) parts in the usual manner as follows: 


1 
= (0; + G2 + Os) (la) 
3 
€= (€: + € + 63) (1b) 
3 
9 
8, = (2a) 
= (2b) 


As a further simplifying assumption, Poisson's ratio is taken as 
one half; this means that the material is elastically (as well as 
plastically) incompressible and volume changes are due solely to 
the temperature change 7’; that is, 


(3) 
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where @ is the coefficient of linear thermal expansion. The mean 
stress, 7, is therefore not determined by the stress-strain relations 
but must be evaluated by use of equilibrium considerations. 
The deviatoric strain components may be expressed as a sum of 
the elastic portion, e,’, and the plastic portion, e,”, as follows: 


+e,” (4) 


The elastic portions are related to the deviatoris stress com- 
ponents according to the usual elastic relations; namely, 


e,' = x (5) 


where yw is the shear modulus. 

To obtain the relations governing e,”, it is necessary to consider 
the yield condition. Here it is convenient to employ the concept, 
introduced by Koiter [4], of a yield condition defined by a family 
of yield functions f((¢,), @ = 1, 2,....n. These functions are 
defined so that, for states of stress for which all functions are 
negative, the material behaves elastically. If one or more of the 
functions vanishes, plastic flow occurs; states of stress cor- 
responding to positive values of any of the functions are excluded. 
The total plastic-strain rate, é,", is taken as the sum of contribu- 
tions, that is 


6” = > (6) 
a=l 

where each contribution obeys the following equations: 

fe} (@) re} (@) 

if = 0 and =0 

oo oa 


» (@) 
=X 


(@) 


fe) ; 
= f@ < Oor if f@ = 0 and (7) 
oo 


where the A‘ are as yet undetermined. with only non-negative 
values admissible. (In the foregoing equations, and in what fol- 
lows, a superposed dot Cenotes partial differentiation with respect 
to time.) The Tresea yield condition may be expressed in these 
terms by the use of three yield functions. Since a compact nota- 
tion is not convenient for this purpose, z;, 72, and z; are here de- 
noted by r, 6, and z in anticipation of future application. The 
three yield functions may then be defined as follows: 


= /o, — — 2k 
{® = /og — o,/ — 2k (8) 
f® = /o, — — 2k 


where k is the yield limit for simple shear. It is convenient to 
introduce here the symbols y‘* and 6@ defined as follows: 
= /s, — s9/ = 2k and &, — = 0 
= 0 if/s, — se/ < 2k or if /s, — 39/ = 2k 


and (8 — &) sgn (s, — 8) < 0 | 


y* = Lif /s9 — s,/ = 2k and & — &, = 0 
= Oif /s9 — s,/ < 2k or if /s9 — s,/ = 2k (9) 
and — &,) sgn (sg — s,) <0 | 
= Lif /s, — s,/ = 2k and — = 0 | 
= Oif /s, — < 2korif /s, — s,/ = 2k | 
and (8, — &,) sgn (s, — s,) < 0 | 


6) = sgn (se — (10) 


= yA sgn (s, — 8,) 


32. MARCH 1959 


where the A, a = 1, 2, 3, corresponding to those introduced in 
the general equations (7), are as yet undetermined, with only non- 
negative values admissible. By use of the general equations (6) 
and (7) as applied to the Tresca yield condition defined by equa- 
tions (8), and with the foregoing notation, the plastic-strain rates, 
é,”, €,” may be written: 

= 6 — §@ 

= + 62 (11) 

é,” = + §@ 

For future application, it is desirable now to obtain explicit 
formulas for the deviatoric stress rates in terms of the total devia- 
toric strain rates and the current state of the material as indicated 
by the values of y. From Equations (4) and (5), differentiated 
with respect to time, it is seen that 

= 2p(é; — (12) 
Substitution from Equation (11) in Equation (12) then yields 
& = 2plé, — 6 + 6) 
& = 2plég + 6 — (13) 
&, = Qule, + 6 an 6) | 
The three quantities, 6, may be next determined from the fol- 
lowing three equations: 
— &) = 0 
— = 0 (14) 
— &) = 0 
It is seen from Equation (9) that each of Equations (14) is valid 
if the corresponding y‘“ = | or an identity if the corresponding 
y@ = 0. Substitution from Equations (13) into Equations (14) 
then yields the following three equations for 6: 
— &) 26) + (Pb + =) 
é,) + — + = (0 (15) 
é,) + + 96 — 26 = 0 
where, in the derivation of the foregoing equations, the expression 
y‘5@ has been replaced by 6. Equations (15) may now be 


solved for 6‘, yielding the following result : 


6 = [é,(2 — — 
+ + + + é,( -y” + Y | 


: ‘ > (16a) 
+ é, | —2 + yy + | 


6 Dy [é,(—2 + + 
+ + + (2 — yy — y”)] 
where 
D = {4 yy] 1 (166) 


Substitution of Equations (16) into Equations (11) yields the 
following equations for the plastic-strain rates: 


= (2y 27 2yy) 
+ + on yy? + yy) | 


+ + 2yy) 


| 
D[é,(—2y™ + yoy Py + (17) 
+ €,(—2y + + yy 
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e,” D\e,(-—2y + yy) | 
+ é,(2y + 2y — } 
Similarly, substitution of Equations (17) into Equations (12) 
leads to the desired equations for the deviatoric stress rates as 
follows: 


é, = 2uDé,(4 — 2y yy yy 
yy) + €g(2y = yoy Py == yy) 
+ é,(2y + yoy yy on ] 


+ 2y) 2y + yy yy?) > (18) 
— + yoy — + yy) 
2uD + yoy yy an yy) 
+ — yy — + 
+ é(4 — 2y 2y - yoy + yy — yy)| 


2 General Problem Formulation 


The general problem considered in this section concerns a hol- 
low circular cylinder with inside radius a and outside radius 6 of 
finite length, free of all surface tractions and subjected to an 
axially symmetric transient temperature distribution which does 
not vary axially. The treatment may be applied also to solid 
cylinders by setting a = 0 as indicated below. Attention is con- 
fined to the central portion of the length of the cylinder over 
which it may be assumed that planes perpendicular to the axis of 
the cylinder remain plane and perpendicular. 

Cylindrical co-ordinates, r, 0, and z, are employed with the z- 
axis taken along the cylinder axis, and under the foregoing as- 
sumptions it is seen that these axes will be principal at every 
point in the portion of cylinder of interest. With the radial dis- 
placement denoted by u, the strain components €, and €@ are given 
by 


20) 


where ¢, is independent of r by the previously stated assumption. 
Equation (20) may therefore be integrated with the result 


3 B. 
u= r+ | Trdr+— (21) 
2 r 
Thus from Equations (19), 
é, = Tr dr + 3aT = 
2 r? 
(22) 
& = y+ 
2 r 


and, by the use of Equations (2b), (3), and (22), 


tra +200 | (23) 
r 4 r 
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(cont. ) 
é, =€,-—aT 


The deviatoric stress rates may now be found by the substitu- 
tion of Equations (23) into Equations (18), yielding the results, 
& = 2uD + By 4 — 

on yy), + (-—2 + 2y + + yy 
6a 2C, 

— yy) (“ Tr dr + ‘) + (4 — 

a r? 


— — — + | 


& = 2uD + 3y yy 


+ (2 2y aie + yoy 


6 2 
a 


— 4 — yoy | 


= 2uD [ — By - yoy 


+ am + (y yy 


6 ia 2 
/@ 


| 
| 
| 


To find the mean stress rate, o, the one equation of equi- 
librium, differentiated with respect to time, which is not satisfied 
identically, namely, 


(25) 


must be used. Substitution for 4 and & from Equations (24) then 
results in the equation, 


og = 2uD [ yoy + yy) (*) 

or r 

3 


+ (—4 + By) + BY® 4 yy 


— (20 (26) 


By the nature of their definition, the quantities y@ are piece- 
wise-constant functions of r and, since the temperature distribu- 
tion is transient, of the time ¢. At any given instant therefore 
the cylinder may be divided into a number of concentric cylindri- 
cal regions in each of which all the y@ are constant. Equation 
(26) may therefore be integrated in each of these regions to yield 
an explicit expression for ¢ which will invalve a constant of inte- 
gration that may be different in each region. This expression for 
@ may then be combined with Equations (24) for the deviatoric 
stress rates in accordance with Equation (2a) to obtain formulas 
for the three stress rates, ¢,, 79, 0,. Before presenting these re- 
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sults it is convenient to introduce the following dimensionless 
quantities: 


6, = a,/(2EaT») = €,/(2aT>) 


= 09/(2EaT,) = T/T, 
8, = 0,/(2EaT») p=r/b,a= (27) 
k = k/2EaT. 
37 yb? ale 


where 7’, is some convenient reference temperature.’ These di- 
mensionless quantities will be used throughout the remainder of 
the paper, but the bars denoting them will be omitted. In terms 
of them, the dimensionless stress rates may be written as follows: 


(y yy + (3 In r)] [**] 


+ [—4 + 4y + + yO — yy + 


— yoy] E f Trdr + + — y® 
r 
yy + [f Cc (28a) 
r 


=D [((—2 + — — y@yO +4 


+ [4 — 4y — — yO 4 yy — 


E dr + 4 ly _ 
r e r 


14 
— + = arf +C (286) 
r 


¢,=D [(4 — — — yOy® 4 — yoyo) 


+ — — + 3 In r)] [**] 


+ + + 2yH 4 yy [27] 


a 
r 
r 


where C is a constant which is the same in a given region for all 
three expressions but different in different regions. For any 
problem involving a solid cylinder, Equations (28) require modi- 
fication only to the extent that a, the inside radius, is set equal to 
zero and Cy is taken as zero to make the displacement at the cen- 
ter zero. 

The solution of a given problem for a solid cylinder involves the 
determination of the functions y@ (r, ¢) in accordance with Equa- 
tions (9) and the determination of the stress rates in each region 


3 The use of the factor 2 in the definition of the dimensionless quan- 
tities is introduced for the purpose of the simplification of some of the 
results of Section 3. 
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by means of Equations (28). The value of the constant C in 
those equations for the outermost region is evaluated by means of 
the boundary condition, 


¢,(1,t) = 0 (29) 


The values of C for each successive inside region must then be 
found by utilizing the requirement of continuity of o, across each 
interface. That is, if an interface at time ¢ is located at r = p(0), 
it is necessary that 


o,* (p(t), t] = (30) 


where 


o,*(p,t) = lim a,(r, 
r—> p(t) 


r> pit) (31) 


o, ~(p,t) = lim a,(r, 
r<p 
Differentiation of Equation (30) with respect to time then leads 
to the equation 


. 


p+a,- (32) 
The equation of equilibrium 


Og, — 
= (0 33 
> + (33) 


must be satisfied in the region on either side of the interface in 
question. It follows then from Equations (30), (32), and (33) 
that 


G,*(p, — 6,- = [oo-(p, 1) — (34) 


where og* and og~ are defined as in Equation (31), and this 
bcundary condition may be used to determine the value of C at 
each interior interface. Once this has been done, the value of €, at 
the time in question may be found from the condition that there 
is no resultant traction on a plane perpendicular to the axis of the 
cylinder; i.e., 


1 
f, = 0 (35) 


When €, has been determined, the stress rates are completely de- 
termined by Equations (28) and the stresses themselves may be 
found by integration. Only slight modification of this procedure 
is required for problems involving a hollow cylinder. The addi- 
tional constant (> is matched by an additional boundary condi- 
tion of zero traction on the inner surface. 

The foregoing program presents considerable analytical diffi- 
culties for a general transient-temperature distribution although 
a numerical procedure for it appears feasible. In the next section 
a particular problem is considered for which it is possible to ob- 
tain a solution by analytical means. 


Phase-Transformation Problem 


As noted in the introduction, the phase transformations which 
occur in the heat-treatment process result in volume changes and 
therefore may be included within the framework of the present 
theory as equivalent temperature changes. The problem con- 
sidered in this section is one in which the actual temperature 
differences throughout the body during a cooling process are 
sufficiently small so that the stresses due to them may be neglected 
in comparison with the stresses due to the phase transformation. 
It is assumed also that the phase transformation occurs instantly 
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when a critical temperature is reached, rather than occurring over 
a temperature range. Let the dilatation associated with the 
transformation be 3a7>. Then the equivalent transient tem- 
perature distribution may be written (in dimensionless form 
with 7) as reference temperature) as follows: 


T(r, t) = — (36) 
where U(z) is the unit step-function defined as 


= lforz>0O 
(37) 
= Oforz <0 


and where r = s(é), a monotonically decreasing function, is the 
location in the cylinder which reaches the critical temperature at 
time ¢. Thus if ¢ = 0 is taken as the time when the phase trans- 
formation first begins at the surface and ¢ = ¢, is the time when 
the entire cylinder has transformed, s(0) = 1 and s(t,) = 0. 

This problem allows an analytical, although formal, solution 
because it is possible to predict for it the location of the plastic 
zones. The temperature distribution of Equation (36) may be 
considered as the limit of a continuous temperature distribution 
of the type shown in Fig. 1 as the sloping portion becomes in- 
increasingly steep; i.e.,ash—> 0. For the continuous case, both 
the theory and physical intuition indicate that, if a7) is not too 
large, plastic flow will occur only where the temperature is 
changing. It appears reasonable to expect, therefore, that in the 
limiting case, plastic flow will occur only at the location of the 
temperature discontinuity and it will be seen possible to obtain a 
solution conforming to this supposition, providing the dimension- 
less yield stress k is not too small. This lower bound will be de- 
termined explicitly after the solution is obtained. 

Because of the simultaneous discontinuities in both the tem- 
perature distribution and the functions y (r, é), it will be found 
convenient to introduce some special notation which may be 
motivated by considering the continuous temperature distribu- 
tion shown in Fig. 1. With Equation (286) as an example, it is 
seen that the expression for contains a term O7'(r, 
where 


ne = 4y a= 2y = 2y Py 2yy™) (38) 


From the definition of the y it is seen that 0 < me < 1, with 
ne = | for elastic behavior. The foregoing term will contribute 
to og(r, t) a quantity —fe(r, t) where 


t 
= f, no(r, T) T(r, r)dr (39) 
Let ¢ = s~'(r) be the inverse function to r = s(t); i.e., s~'(r) is 


the time at which the interface reaches r, and consider fo(ro, 0), 
where ro is some fixed value of r. Then it is seen that 


flro, t) = Ofor 0 < t < s—(ro +h) (40) 


Fig. 1 
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since 7'(r, t) = 0 during this time interval. If no plastic flow were 
to occur at r = ry while the temperature is changing there, that is, 
in the time interval s~'(ro + h) < t < 8~'(ro — A), then 


folro, — h)] = 1 (41) 


since ne(ro, 4) = 1 throughout that interval. However, if at some 
time during this interval the stresses reached the yield limit, 
plastic flow would occur and ne(ro, ) could assume values less 
than 1 during that time. Therefore in general 


Solro, 8~"(ro — = no(ro; A) (42) 


where ng(ro; h) is the time average of ne(r, t) over the interval 
+h) St — h) andO < ng < 1. Finally, it is seen 
that 


So(ro, t) = no(ro; h) fort > s~(ro — h) (43) 


since again 7’ = 0. If h is now allowed to approach zero, it is 
seen that, for the discontinuous case 


fo(ro, ) = OforO < t < 8—"(r9) 


= ng(ro) for > (44) 
where 
ne(ro) = lim ne(ro; kh); O< mg < 1 (45) 


Since ry is an arbitrary point, the subscript will be dropped in what 
follows. 

Similarly, the equation for ¢,, Equation (28c), contains a term 
n,(r, t)7'(r, t) where 


n, = D(4 — 2y — — + (46) 


which contributes to ¢,(r, a quantity —f,(r, where 
t 
f(r, 0 = f, nAr, T)T(r, t)dr (47) 


By reasoning analogous to that for fg, it is seen that for the dis- 
continuous temperature distribution, Equation (36), 


f(r, 0 = Ofor0 < t < 
=n,(r) fort >s—(r); O< ny <1 (48) 


Examination of the remainder of the terms of Equations (28) re- 
veals that the two terms just discussed are the only ones requir- 
ing this type of treatment. Under the assumption that all points 
in the cylinder behave elastically except at the discontinuity, all 
other terms are bounded and continuous at all times except ¢ = 
s~'(r); at this time, they have at most a bounded discontinuity 
which does not make any contribution to an integration with 
respect to time. For the computation of the integrals of the form 


r . . . . 
. Tr dr, it is convenient to use the notation 


T(r, = — s(t) (49) 


where 6(xr) is the so-called Dirac delta “function”? with the prop- 
erty that 


b 
f. S(x)6(x — = flc)ifa<c<b 
a 


=Oife<aore>b (50) 


This formal procedure also may be justified by an argument in- 
volving continuous functions similar to the foregoing. 

With the foregoing preliminary considerations completed, it is 
possible to proceed with the solution of the probem., Under the 
stated assumptions, at any given time ¢ there are only two inte- 
gration constants to be determined for equations (28), Let C,() 
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denote this quantity for the inner region, 0 < r < s(t), and C;,(t) 
for the outer region, s(t) <r <1. The quantity C,(t) can be de- 
termined from the Boundary Condition (29) which, by use of the 
Equation (28a) and the assumption that the entire outer region 
behaves elastically, becomes: 


1 
6,1, =0= = - f Tr dr + (51) 
0 


With the foregoing integral evaluated for the temperature dis- 
tribution of Equation (36) by use of Equations (49) and (50), 
C;(t) is found to be 


In order to determine C,(é) it is necessary to use Boundary Con- 
dition (34) at the interface which is located at r = s(t) aud for 
this purpose the discontinuities there in ¢, and in o@ are needed. 
From Equations (28a), (49), and (50) it is seen that 


0 
(58a) 
= + forO0<r<s 
é, 1 
and = - Tr dr + 
3 r? Jo 
(53b) 
4 
3 r? 
so that 
8 
g,*[s(t), t] — o, ~[s(t), t] = C2) — + (54) 


The spatial discontinuity in o@ across r = s(t) is seen to be the 
same as the temporal discontinuity experienced by o@(r, 0) at 
r = s at time ¢ and from Equation (44) this discontinuity is ne(s). 
Therefore 


(8, t) — ogt(s, t) = no(s) (55) 


Equations (54) and (55) inserted in Boundary Condition (34) 
then yields the following value of C;(t): 
é 1- 
Cy = (56) 
3 s 
In order to determine ¢,, it is first necessary to find a,(r, t) and 
then use the integrated form of Boundary Condition (35). It is 
seen that if the values (r, {) under consideration are such that 
r <as(t) then 


6,(r,T) = = é,+ Ci(r) forO<r<t 
(57) 
= si + [1 — no(s)}8 
and therefore 
s?) 


t = 
t) = f 6,(r, r)dr = €,(t) + 


0 


1 
+ f dp for O< r < s(t) (58) 
8 


If r > s(t), then Equation (57) applies only up until time t = 
s~'(r) after which 
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o(r,T) = é,+ Cx(r) for << r <i (59) 


applies. Use of Equations (57) and (59) over the appropriate time 
intervals in the time integration of ¢,(r, 7) then yields the result, 


1 
o,(r, j= e,(t) + + f dp 


—n,(r) for s(t)<r<1 (60) 


where the term —n,(r) appears in accordance with Equation (48) 
since the time integration extends past s~'(r) 

It is now possible to determine e¢,(é) by use of the integrated 
form of Boundary Condition (35); namely, 


1 d 0 d 
ff o,(r, t) r dr 


+ fi (61) 
a(t) 


Substitution of Equations (58) and (60) in the foregoing equation 
then leads, after some calculation, to the following expression 
for €,(t): 


1 
a(t) 


The functions ng(r), n,(r) are next determined from the con- 
sideration that they take on a value less than unity only due to 
the restrictions imposed by the yield condition, Equations (8), 
and it therefore appears reasonable to assume that they take on 
the largest possible values consistent with that condition. From 
Equations (28) and the results of this section, it is seen that 


lim [ae(r, t) — 9,(r, = —ne(r) 
t—>e““(r) 
t>s 


lim — o,(r, = — n,(r) 
t> ee) (63) 


lim [a,(r, t) — oe(r, = 
t—s'(r) 


t>a““(r) 


+ [ne(r) — n,(r)] 


Substitution for ¢,[s~'(r)] then indicates that the controlling 
inequalities are as follows: 


2k > ne(r) (64a) 
1 
2k > f. [ne(p) — 2n,(p)]pdp + n,(r) (64d) 


where k is the dimensionless yield stress defined in Equation (27) 
(there denoted by a superposed bar). It is assumed that ng and 
n, take on the largest values compatible with Equation (64) and 
the inequalities 0 < ng < 1,0 <n, < 1. If k > 1/2, then 


ne(r) = n,(r) = 1 satisfy inequalities (64) and no plastic flow 
occurs. Consider next k < 1/2. Then from inequality (64a), 
no(r) = 2k (65) 


From inequality (645), it is seen that 
n,(1) = 2k (66) 


and that, at least for sufficiently large r, the equality sign must 
apply. The resulting equation may therefore be differentiated 
with respect to r to obtain the following differential equation for 
n,(r): 

dn, 
— + 2rn, = 2rk (67) 


dr 
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The foregoing equation, which is valid as long as its solution satis- 
fies the inequality, 0 < n,(r) < 1, has as solution which satisfies 
equation (66), 


n,(r) = k(1 + (68) 


The function n,(r) determined in the foregoing is monotonically 
increasing as r decreases from 1 to 0. It attains the value of unity, 
ifk>1/(1 + e) = 0.269 for 


1 1 
= = == — 69 
r=" me k>; (69) 


and it may be verified that for 0 < r < r,, n,(r) = 1 satisfies in- 
equality (64b). 

By use of the results of this section, Equations (28) may be in- 
tegrated with respect to time, leading to the following expressions 
for the three stresses as functions of time: 


For r, < s(t) <1: 


1 — g? ) 
o, = — + (1 — 2k) Ins 
1 s? 
oo = —— + (1 — 2k) 1 
2 O<r<s(t) (70a) 
1 — s? 


o, = k(e! 1 3 


+ (1 — 2k) Ins 


2 1 
(1 — 2k (4-1) 
2 r? 


Oe = (1 — 2k) Inr + (1 — 2k) 


s? 1 
(4 + s(t) (70b) 
o, = (1 — 2k) nr —k(2 + e!-**? — e!-**) 
1 — 8? 


For 0 < s(t) < rz: 


1 —s* 
¢, = ——— + (1 — 2k) Ins 


1 — s? 
2. O<r<a(t) (71a) 


(1 


— 2k)(1 + Ins) 


s(t) << r<l 


(71b) 


r, = (1 — 2k)(1 + Inr) + (1 — &)(r,? — 8”) 


1 + s? 
fors()<r<r 
— 2k) nr — k(3 + e!>’) 
— 3 

9 


+ (1 — k)(r,? 8?) - 


forrzg<r<l 
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By use of Equations (70) and (71), it can be shown by straight- 
forward but lengthy computation that there will be no plastic flow 
at any point in the cylinder other than at the temperature discon- 
tinuity at any time, providing that k > 1/4 and the foregoing 
solution is therefore valid only under this circumstance. As 
noted, Equation (69) applies only for k > 1/(1 + e) = 0.269; 
for 0.25 < k < 0.269, r, is taken as zero and only Equations (70) 
are used to find the stresses. 

The residual stresses are found from Equations (70b) and (710) 
by setting s equal to zero; i.e., for 0.25 < k < 0.269, the residual 
stresses are given by the following equations: 


o, = (1 — 2k) Inr 


= (1 — +1 
= ( )(1 + Inr) 
o, = (1 2k) nr 0) + 


while, for 0.269 < k < 0.5, the residual stresses are: 
o, = (1 — 2k) lnr 


oe = (1 — 2k)(1 + Inr) 
3 
o, = (i — 2k) nr + — (1 — 2k) 


= 
(73) 


1 
(I 1) — ke' “form<r<l 


(il 2h) nr + ( 


The residual stresses are plotted in Figs. 2, 3, and 4 for various 
values of k in the range, 1/4 < k < 1/2, for which Equations (72) 
and (73) are valid. It should be noted that, although the transient 
stresses are bounded throughout the cylinder, the residual stresses 
become infinite at r = 0. This is probably due to the idealiza- 
tions made involving Poisson's ratio of one half and a discontinu- 
ous temperature distribution. 
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4 Comparison With Experiment 


Buhler and Scheil [5] have presented experimental results for 
the residual stresses in water-quenched solid cylinders, 1.9 in. 
diam and 13.8 in. long. They used steels of various chemical com- 
positions; the one selected for comparison here contained 0.05 per 
cent carbon, 0.35 per cent manganese, 0.13 per cent silicon, and 
16.9 per cent nickel, since for this composition the austenite is 
transformed almost completely to martensite during the quench. 
Buhler and Scheil observed the dimensional changes of the sample 
during cooling, and from their data the expansion associated with 
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the phase transormation corresponds to a value of a7’) = 0.00116. 
For Young’s modulus, a value of E = 30 X 10° psi was used. 
Data for the yield stress in the literature indicate a value of the 
order of magnitude of 20,000 psi in simple shear for austenite to 
60,000 psi for martensite. Data do not appear to be available 
for the yield stress during transformation from austenite to 
martensite. The value of k = 0.25 was chosen here to secure as 
good agreement as possible between experiment and theory, and 
with the foregoing figures for Ea7 , this corresponds to a yield 
stress in simple shear of 17,400 psi. In the light of the data 
quoted, this value seems to indicate that the yield stress of aus- 
tenite controls the process. 

The comparison between theory and experiment is shown (both 
plotted in dimensionless terms) in Figs. 5, 6, and 7. The agree- 
ment is perhaps as good as could be expected in view of the fact 
that the experiments were not designed to conform as closely as 
possible with the idealizations of the model. 

In particular, an oil or air-quench experiment would have been 
preferable, since the more severe water quench produces large 
thermal stresses neglected in the foregoing theory. 
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The Nonlinear Bending of Thin Rods 


The nonlinear bending of straight and circular-arc cantilevers under vertical and 
horizontal point loads is analyzed from a unified approach. Formulas for determining 
the deflected shape of the cantilevers are presented. Closed-form solutions are obtained 


for bending under two types of distributed loads. In particular, the problem of bending 


= Euler “law of the elastica” states that the 
bending moment at a point on a rod is proportional to the change 
in curvature induced at that point by the action of the load. In 
the usual engineering applications, this law is linearized in the 
sense that the square, and higher powers, of the slope of the rod 
are neglected in comparison with unity. Accordingly, the deflec- 
tion of rods of significant curvature cannot be treated nor can 
an analysis of large deflections be developed within the frame- 
work of the linear theory. 

The main problem in the theory of nonline.. Vending is that in 
which, the free shape of the rod and the load distribution being 
given, the loaded, or deflected, shape is sought. In its most gen- 
eral form this problem is one of considerable mathematical 
difficulty and it is only in special cases that a solution can be 
found by other than numerical methods. A further problem is 
that of finding the free shape of the rod, the loaded shape and 
the load being given. The general solution to this latter problem 
can be derived. It is assumed in both cases that the rod is inex- 
tensible. 

The deflection of a straight, horizontal cantilever under a verti- 
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under a uniformly distributed normal load is solved. 


cal point load at the free end has been discussed by Barten [1]? 
and Bisshopp and Drucker [2]. Expressions for the vertical and 
horizontal displacements at the free end are given in [2]. The 
values of the displacements at the free end of a circular-are 
cantilever under either a vertical or a horizontal point load acting 
there are given by Conway [3]. 

An approximate treatment of the bending of a straight, h pri- 
zontal cantilever under a uniformly distributed load was pre- 
sented by Hummel and Morton [4], while the same situation was 
discussed numerically by Bickley [5]. Rohde [6] also made an 
approximate analysis of the problem. 

The present paper contains an analysis of the situations treated 
in [1]; [2], and [3] but from a unified and more general viewpoint. 
It presents not only formulas which determine the displace- 
ments at the free end of the cantilever but also formulas which 
determine the actual shape of the deflected rod. In addition, 
closed-form solutions are given in the case of the deflection of 
straight or circular-are cantilevers under some particular dis- 
tributed loads. 


Basic Equations 


It is convenient to use the intrinsic co-ordinates of the plane 
curve which is taken to represent the cantilever; the co-ordinate 
system is indicated in Fig. 1. Thus the free shape is given by 


¥ = ¥(s) (1) 
and the loaded shape by 
= $(s) (2) 


The are length s in equations (1) and (2) is the same since the 


2 Numbers in brackets designate References at end of paper. 


Nomenclature- 


D = flexural rigidity of cross sec- q intensity of uniform normal € = dimensionless parameter 
tion of cantilever load distribution which occurs in load dis- 
I, E = elliptic integrals of first and r,@ = polar co-ordinates tribution 
second kind, respectively R = radius of circular-are canti- 


pL'\'* 


h(s) = horizontal and vertical load lever 
v(s) distributions, respectively s = are length measured along 
H(s) = horizontal and vertical shear cantilever F + 
V(s) forces, respectively D D 
k = modulus of elliptic integrals + (4 
ql? r dO p=r/L 
K = 8D . o = 3/L 
z,y = Cartesian co-ordinates @ = inclination of tangent, at an 
L = length of cantilever @ = tan7(P;/P2) arbitrary point of loaded 
2h -3 8 = inclination of tangent at cantilever, to horizontal 
lias ha clamped end of cantilever y¥ = inclination of tangent at an 
p = measure of intensity of a dis- to horizontal arbitrary point of unloaded 
tributed load y= a-B cantilever to horizontal 
P,, Ps = vertical and horizontal point x= 
loads, respectively 6 x/2 w = (l-—ole-—@ 
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cantilever is assumed to be inextensible. The load distribution is 
taken in the form v(s) vertically and h(s) horizontally. Deflec- 
tions are positive in the directions of increasing z and y. The 
positive directions of load, shear, and bending moment are indi- 
cated in Fig. 1. The rod is considered to be of length L and to be 
clamped at the end s = 0. The differential equation which de- 
scribes the nonlinear bending of an inextensible cantilever, which 
originally has the form of an arbitrary plane curve, under an arbi- 
trary coplanar load distribution is 


[» ( = - — V(s) cos@ — H(s) sing =0 (3) 


ds 


where 


V(s) = v(s)ds 
(4) 
H(s) = h(s)ds 


D denotes the flexural rigidity of the cross section of the rod. 
Equation (3) which is the basic equation of the elastica prob- 

lem can be derived, for example, either directly from the state- 

ment of Euler’s law or by writing the condition that the quantity 


L 


should be stationary. The equation states in effect that at a point 
on the rod the rate of change of the bending moment in the 
direction along the red is equal io the «component of the shear, at 
that point, norma! to the rod. 

If the flexural rigidity is constant, an assumption which will be 
adhered to throug!wut the remainder of this paper, equation (3) 
takes the form 


- D His siny = (5) 


This equation is to be solved subject to the boundary conditions 


(0) = ¥(0) 


do(L) _ dy(L) (6) 
ds ds 


which state, respectively, that the cantilever is clamped at s = 0 
and that the bending moment is zero at the free end s = L, 


DEFLECTED 
SHAPE 


x 


Fig.1 G | co-ordinate system. Positive load, shear, and bending 
moment as indicated. M denotes bending moment. 
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It is clear that, due to the nonlinear nature of equation (5), the 
physical situations for which a closed-form solution can be found 


are restricted. 
It may be remarked here that the free shape of the rod, in 
terms of the loaded shape and the load distribution, is obtained 


from equation (3) in the form 
¥(s) = o(s) — f f [V(s) cos + H(s) sin dds 
0 D L 


subject to the conditions expressed in equation (6). A particular 
solution, that in which the load distribution is uniform and normal 
to the rod has been derived otherwise by Truesdell [7]. 


Point Loads 


If the load distribution consists of point loads and if, further, 
the free shape of the rod is either rectilinear or circular, i.e., of 
constant curvature, equation (5) can be treated analytically, As 
an example, the problem of the bending of a straight, or circular- 
arc, cantilever under a horizontal and a vertical point load acting 
simultaneously at the free end will be solved; see Fig. 2 in which 
the deflected shape is not a calculated curve but is intended merely 
to elucidate the notation and the physical situation. In this case 
equation (5) becomes 


cos + sing = 0 
This equation is transformed by the substitutions 
o = 38/L 
tana = P,/P; 
and 


x=¢-a 


ax 
= 0 (8) 


ley] + 


where 


FREE SHAPE 


DEFLECTED 
SHAPE 


Fig. 2. Circular-are cantilever under two point loads 
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The required solution of equation (8) is 


x 
o= f x) — 2u cos x, + 2yu cos x| dx (9) 


in which 
B = $(0) 


dy(L) 
ds R’ 


R being the original radius of curvature of the rod. 
Equation (9) can be rewritten in terms of elliptic integrals in 


the form 
pl X 


The angle x, is determined by the relationship 


which expresses the inextensibility of the rod. Equations (10) 
and (11) constitute the solution to the problem. Equation (11) is 
a transcendental equation which determines x,;. When x, has 
been evaluated, k can be calculated and hence the deflected shape 
of the cantilever can be determined from equation (10). The 
transcendental equation is difficult to treat analytically but is 
amenable to solution by standard trial-and-error numerical 
methods. Numerical results for important special cases of this 
equation have been given in [1], [2], and [3] and accordingly this 
aspect of the problem will not be discussed here. 

It is possible, however, to use equations (10) and (11) to derive 
a useful parametric representation of the shape of the deflected 
cantilever. It is found that the Cartesian co-ordinates of any 
point on the cantilever are determined by 


(10) 


(11) 


z= Lf, [(2cn?u — 1) cosa —2sinacnusnuldo (12) 


(13) 


2cosacnusnu + (2en?u — 1) sinaldo 


a-B x 


Equations (12) and (13), after some reduction, give the 

parametric representation 

z = m cos a[E(5) + E(y) — (1 — k*/2){F(6) + F(y)}) 
—msina[{l — k* sin? y}'/* — {1 — k* sin? 6}'/*] 


(14) 
and 


y = msin a[E(6) + E(y) — (1 — k*/2){ + Fly)}] 


+ mcos a[{1 — k* sin? y}'/* — {1 — k* sin? 6}'/*] (15) 


As an aid in evaluating the integrals which occur in equations 
(12) and (13) reference may be made to the tables in [8]. In 
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equations (14) and (15) the following notation has been used: 


6 =x/2; m= 


and the modulus of each elliptic integral is k. Equations (14) 
and (15) determine the horizontal and vertical displacements at 
any point on the cantilever. The results obtained in [1], [2], and 
[3] are particular cases of the formulas presented in the foregoing. 
It should be noted that in the problem just discussed the hori- 
zontal and vertical loads act at the same point. By a modifica- 
tion of the method shown it is possible to solve also the case in 
which the loads act at different positions on the rod. In addition, 
account can be taken of the rotation of an end load with the rod if 
necessary. These topics, however, will not be pursued here. 


Distributed Loads 


On referring to equation (5) it is seen that the solution of 
problems of nonlinear bending under distributed loads is more 
complicated than the problem discussed in the previous section. 
There are, however, some situations which can be treated 
analytically and for which closed-form solutions are obtainable. 
Two of these will be discussed. 

The bending of a straight, or circular-are cantilever under the 
load distributions 


v(s) = pe cos(1 ). (16) 


h(s) = pe sin(1 +) — pLé(L — s) 


4 


(17) 


in which ¢€ is a dimensionless parameter, admits of an analytic 
solution, The delta-function term in equation (17) represents a 
horizontal point load acting at the free end and being directed 
toward the clamped end. From equation (4) it is found that 


Vis) = pL si | 
(s) Pp sin ( 


H(s) = ~pheos (1 -- 
The substitution 
having been used, equation (5) takes the form 


d*w 
a + \?sinw = 0 


pL’ 


— 


and o = 8/L 


The required solution of equation (19) is 


k 
x 
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c= (20) 


! 
} m3 
| 
- 
| - 
| 
| 
y=L 
where 


in which 


2 
kt = 4)? [(« + + sin? 


w, = —(L) 
B = $(0) 


aol) 
ds R 


The angle w,; is determined by the inextensibility condition 


(S40) - = k (21) 


Equations (20) and (21) constitute the solution to the problem. 
It is possible to obtain a situation of some physical interest by 
considering an approximation to the case just solved. If in equa- 
tion (18) it is assumed that € is small or, more exactly, that 


then the vertical and horizontal shear forces are given in the form 


Vis) = pL(l — 8/L)e 


and 


H(s) = —pL 


Thus it is seen that this approximation affords the solution to the 
problem of the bending of the cantilever under a uniformly dis- 
tributed vertical load of intensity pe and a point load pL acting 
horizontally at the free end. 

The second continuous loading to be discussed is that in which 
the load is uniform and normal to the cantilever. This situation 
can be treated more simply on its own merits than by the use of 
the equations derived earlier. The intensity of the load is denoted 
by q. The origin of polar co-ordinates, (r, 6), is taken at the free 
end of the cantilever which is assumed to be straight before load- 
ing. The co-ordinate system and the physical meaning of the 
symbols v and @ introduced below are indicated in Fig. 3. 

Euler’s law states that 


1 dp qr? 
2D 


/ 
“DEFLECTED SHAPE 


Fig. 3 Cantilever under uniformly distributed normal load 
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Equation (22) can be integrated immediately to give 


4 
go (24) 


the constant of integration being zero. By combining equations 
(23) and (24) and integrating the result, it is found that 


6 = (25) 


sin~' (Kp*) + const 


where 


p=r/L 


and L is the length of the cantilever. If the cantilever makes an 
angle 8 with the horizonial at the clamped end 


6, = — sin™! (Kp,*) (26) 
In equation (26), (r,, 4,) denote the co-ordinates of the clamped 
end of the cantilever. As in the previous discussions, the final 


condition to be applied is that specifying the inextensibility of 
the rod. In this case it determines r, by the requirement that 


[1 — K%p*]~"/*dp = 1 (27) 
Thus the deflected shape is determined by 
30 = sin~' (Kp*) — 4 sin~' (Kp,') + 38 (28) 
and 
F(Q, k) = 2K‘? W3 (29) 
where 
+ (V3 — 
and 
2-73 


Equation (29) is an alternative form of equation (27). This 
analysis has been carried out for a cantilever whose free shape is 
rectilinear. <A slight modification suffices to analyze the de- 
flection of a cantilever whose free shape is an are of a circle. 
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Stresses and Deflections in an Elastically 
Restrained Circular Plate Under Uniform 
Normal Loading Over a Segment 


Within the limits of the small-deflection plate theory and using complex variable methods, 
an exact expression is developed in series form for the solution of the problem of a thin 
circular plate elastically restrained along the boundary and subjected to uniform normal 
loading over a segment of the plate. The elastic constraint considered includes as par- 
ticular cases the rigidly clamped and simply supported boundaries. 
clamped boundary the results are expressed in finile terms. 


For a rigidly 
Some details of calcula- 


tions of deflections, moments, and shears based on the theory are provided in tables and 
curves. Timoshenko’s notation |1]' is used in the paper. Other symbols will be defined 
as they appear in the text. 


i study of the behavior of elastic plates has in- 
terested scientists for many years. Several analyses have ap- 
peared in the literature for the transverse flexure of thin circular 
plates under various distributions of normal loading, when the 
boundary of the plate is either rigidly clamped or simply sup- 
ported. When the loadings are concentric and symmetrical or 
concentrated the solutions have been known for a long time [1, 2]. 
Fo; nonsymmetrical loading we have the solution obtained by 
Fligge [3] for a linearly varying load spread over the complete 
simply supported circular plate and that given by Schmidt [4] for 
a fully restrained circular plate uniformly loaded over an eccen- 
tric circle. Applying Clebsch’s infinite-series solution of the bi- 
harmonic equation in polar co-ordinates,* Ghose [5] worked out 
the problem of a clamped circular plate when the load is uni- 
formly distributed between two concentric circles and two radii. 
By expanding the load in terms of Bessel's functions of the first 
kind, Sen [6] discussed the bending of thin clamped circular disks 
subjected to certain nonuniform distributions of normal pres- 
sures over the whole plate or over a concentric circle. 

The necessary and sufficient conditions expressing the physical 
continuity across a curve separating two differently loaded re- 
gions have been established in complex form by Dawoud [7]. 
These conditions have been found extremely helpful in dealing 
with problems concerning partially loaded thin elastic plates and 
will be applied in this paper. In a series of papers Dawoud 
and one of the authors [8-10] used these continuity conditions and 
the methods of complex-function theory to obtain solutions for 
thin circular plates under a general boundary condition including 
the usual clamped and simply supported boundaries, and acted 
upon by the following types of loadings: (a) The load por™ cos n8 
or por™ sin n@ over the whole plate or over a concentric circle 
(m, n being positive integers including zero); (b) the load pk" 


1 Numbers in brackets designate References at end of paper. 

* See reference [1], p. 260 

Contributed by the Applied Mechanics Division and presented at 
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ASME, 20 West 39th Street, New York, N. Y., and will be accepted 
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of the Society. Manuscript received by ASME Applied Mechanics 
Division, July 17, 1957. Paper No. 58—A-27. 
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over an eccentric circle, R being the distance measured from the 
center of that circle; (c) the load por" spread over a sector of the 
plate. In two recent papers Bassali [11, 12] also found the solu- 
tions appropriate to thin circular plates under the same boundary 
conditions mentioned before [9, 10] and subjected to the normal 
loadings po" cos 8 and po™ cos nO over an eccentric circular 
patch, where R and © are measured from the center of the patch, 
and the common diameter of the plate and the patch. 

The object of this paper is to determine, within the framework 
of the classical] theory of thin plates, the displacement and stresses 
at any point of a thin circular plate uniformly loaded over a seg- 
ment and subject to the elastic boundary constraint referred to 
previously [10]. This assumes that the deflection vanishes on the 
boundary and that the ratio between the boundary bending 
moments M, and M, is constant. Tables are presented for the 
numerical values of the deflections, bending moments, and shear- 
ing forces at various points on the diameter of symmetry for cer- 
tain angles of the loaded segment and corresponding to different 
degrees of boundary constraint. Typical curves of deflections, 
moments, and shears are plotted. 


Preliminary Remarks 


Consider an isotropic thin elastic plate bounded by a circle C. 
Let h be the thickness of the plate and D = Eh*/12(1 — n*) be its 
flexural rigidity, where E is Young’s modulus and 7 is Poisson’s 
ratio for the material of the plate. According to the Poisson- 
Kirchhoff theory of thin plates, transverse deflections of the 
middle surface of a plate are characterized by 


V‘w = p/D (1) 


where p is the normal load intensity at the point z = 2 + iy = 
re’® of the plate, and w is measured positively downward.* 

The general solution of (1) may be expressed in terms of two 
regular functions ¢(z), ¥(z) of the complex variable z and a 
particular integral W(z, 2) 

w = + 2G(2) + + + 2) (2) 
bars are used to denote conjugate complex quantities and W(z, 2) 
may be taken as zero if z lies in an unloaded region. 


The bending and twisting moments per unit length M,, Me, M,e 
and the shearing forces Q,, Q» per unit length at any point z may 


+ It is to be noticed that in Stevenson's work w is measured posi- 
tively upward and 2h is the thickness of the plate. 
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conveniently be given‘ in terms of $(z), ¥(z), and W(z, £) by the 
following equations: 


M,+ Me = —A(1 + 9)D[2Rep(z) + (3a) 


M, — Me + 2iMy = — 9)D[26"(z) + + W")/r*] 
(3b) 


Q, — 1Qe = —S8D(z/r)[o"(z) + (3e) 


where Re stands for the real value and the primes on ¢, ¥, W de- 
note differentiation with respect to z. If s and n are arcs of or- 
thogonal curves in the mid-plane of the plate, then the shearing 


forces Q,, Q, at any point z are given by 
Q, — iQ, = —8De'@[p"(z) + d°W/dz2*08] (3d) 
in which a@ is the angle between the z and n directions at the point, 


Fig. 1. 

The boundary conditions used in this paper have been de- 
scribed at some length in two papers already mentioned [8, 10] 
and for the present purpose only a brief résumé will be given here. 
We shall assume that the deflection w vanishes along the circular 
boundary C of the plate and we suppose that the boundary is 
elastically restrained against rotation according to the relation 


M,/Me = const (—yp, say) (4) 


It was shown [8, 10] that the conditions (4) and w = O along C, 
together lead to 


d*w/dr? + (v/c)Ow/dr = 0 along C (5) 


where 
y= (n+ + wn) = (1 A) (6) 


+1), (7) 


and c is the radius of the plate. 
It also was proved that along the boundary we have 


M,/(n — v) = Me/(1 — nv) 
= —(D/c)dw/dr = (D/v)d*w/dr*? (8) 


and that the boundary C is rigidly clamped if y = ©, \ = 1, and 
simply supported if y = »,\ = —8. Hence we may take 


o>v>n and (9) 


We shall call \ the restraining parameter. 


‘ The results expressed by Equations (3) are due to Lechnitzky and 
may be found in references [13 to 16). 


Cc 
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Combining Equation (8) with (3a) we arrive at 
D %w 


4D , ow 
[2 Re + <4 on C (10a) 


It was also found [10] that over the circular boundary we have 


Ma/(1 — 9) = cQe/(v — 1) = (D/c)d*w/d0dr (10) 


which, in view of (3c), leads to 


where Im stands for the imaginary part. Equations (10a) and 
(10c) will be used in subsequent calculations of the boundary 
values of moments, shears, and slope. 


Continuity Conditions Across a Bounding Curve Separating 
Two Different Regions of a Loaded Elastic Plate 


Let C be the boundary of a thin elastic plate divided into the 
two regions 1 and 2 by a curve I which may either be a closed 
contour inside C (Fig. 1) or a line joining two points of C (Fig. 2). 
We assume that either (a) the two regions are continuously but 
differently loaded or (4) the two regions are unloaded and the 
only load on the plate is a line loading extending along T. We 
seek to obtain the necessary and sufficient conditions which ex- 
press the physical continuity required across I in both cases. Let 
wi, oi, Vi, Wi; we, be, 2, Ws be the deflections, regular functions, 
and particular integrals in regions 1 and 2, respectively. In case 
(b) we may take W, = W, = 0. 

Case (a). In this case we must have at any point on ° 


= Ws, dw, /dn = dw2/dn, (M,) = (M,)s, 
(Mu = (May (Qa = (11) 


It has been shown by Dawoud [7] that these conditions lead to 
som 

02702 


on I’ (12) 
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Substituting from Equation (2) in Equations (12) we see that 
these continuity conditions may be written in the following forms: 


+ 26(2) + Wz) + We) + Wz, = 0 (13a) 
[2@'(z) + + + OW/dz);? = 0 (136) 
['(z) + + = 0 (13e) 

[o"(z) + = 0 (13d) 


Equations (13) have been extensively used and successfully ap- 
plied [8, 9, 11, 12] to obtain solutions for problems concerning 
partially and normally loaded thin circular plates. 

Case (b). As in the previous case we must have 


(M,) = (M,)2, 
(M,,): = (M,,)2 on T 


Ow,/O0n = Ow2/dn, 


= We, 


(14a) 
which similarly lead to 


Ow, /0z = Ow,/dz, 


= on 


= Ws, 


(15a) 


The fourth continuity condition in (12) or (13) does not hold here 
since it expresses the continuity of the shear Q, which is discon- 
tinuous in this case. Hence 


= (Q,)2 but (Q,) ~ (Q,)2 along T 


and therefore 


(146) 


along T (156) 


We have now to find the appropriate substitute for Equation 
(13d). The corresponding result can be obtained by considering 
the equilibrium of the portion of the plate bounded by the closed 
contour 7',7,T,'T;' drawn in Fig. 2. Let TT’ = 6s be the length 
of the element of T' enclosed inside this contour and let 7,7; = 
T,'T,' = 6n. We assume that p is the normal intensity of the line 
loading at 7. If Q, is the shearing force per unit length at 7’ 
then 


oQ, 
Q, + 6s 


is the corresponding value at 7’. Denoting the shears across the 
elements T2T2’ by (Q,):, (Q,)2, respectively, and resolving 
perpendicular to the plane of the plate we obtain 


is) bn = pos 


(Q,):68 — (Q,):68 + — (0. + 
which leads to 

(Q,): — (Q,)2 = p along T (16) 

as dn tends to zero. Hence by virtue of Equation (14b), we have 

(Q, — 1Q,1 — (Q, — 1Q,)2 = p along T (17) 


Substituting from (2) in (15a) and from (3d) in (17), remembering 
that W, = W, = 0, we get the required continuity conditions 


+ 26(2) + Wz) + = (18a) 
[2p'(z) + + =0 (18b) 
[o'(z) + = 0 (18¢) 
= pe**/8D (18d) 


Circular Plate Under an Eccentric Isolated Normal Load 


In a previously mentioned paper [9] a solution was obtained 
for a circular plate of radius c, under the boundary condition (4) 
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together with w = 0, and acted upon normally by uniform line 
loading of intensity p distributed along the circumference of an 
eccentric circle 7 of radius b and center (f, 0); f being real. As- 
suming that P = 2mbp is the total load and measuring w posi- 
tively downward, it was found that the regular functions ¢(z) and 
¥(z) at any point z outside y are furnished by® 

ads — 


P 
= [ -: + (2 


P 
W(z) = [eres ) 


e(z — f) 
{f(z — f) — log — 2) | (195) 


where 


n=0 


ff =e (19d) 


Setting b = 0 in Equations (19b) and (19c) we get 


P oz —f) 
W(z) = — f(z — f) log Ky’ — | (19e) 


yr 
(19f) 


Equations (19a), (19e), and (19f) give the solution corresponding 
to an isolated normal force P at the point (f, 0). These results 
can be easily modified to obtain the solution for a concentrated 
load P acting normally at the point f = f + tu say, and we get 
the following expressions® for the functions ¢(z) and ¥(z) in this 
case 


z-—¢) 
20a) 


P 
= [ +(z- log | 


er, &(z — log (20b) 


V2) = 


where 


ee’ =c? and m = 1/(1 — A) 


Circular Plate Loaded Uniformly Along a Chord 


Let the circular plate with center O, radius c, and boundary C 
be uniformly leaded along the chord ABA’ (Fig. 3), which is 
parallel to the y-axis and cuts the z-axis at B = (f, 0); f > 0. 
Let z = x + iy = re’ be the complex variable of any point of the 
plate referred to O as origin. We assume that the chord AA’ = 


5 See reference [9], p. 588, equations (20iii), (20iv), (26), and (27). 
Notice the slight change in notation. We here use ¢(z), ¥(z), and 
g(z) instead of —2(z), —we(z), and — ¢(z), respectively. 

® Formulas equivalent to Equations (20) were obtained by Reissner 
in 1935 (see Biezeno-Grammel, ‘Engineering Dynamics’’). 
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26 and that it subtends an angle 2y (1 < . r) at O, so that the 
complex variables of the ends A and A’ po respectively, 

=f+ib=ce'%, =f — ib = (21) 
We now write 


Z=q-2, |Z) =R, |Z'| =R' (22) 


Let the chord divide the plate into the regions 1 and 2, where 
the region 1 contains the origin and let C,, C, be the corresponding 
portions of the boundary C so that 


Y on C; 
arg (Z/Z') = (23) 
— Tron; | 
For all points on the chord which we denote by T’ we have 
z2+2=2f (24) 
We now proceed to find the appropriate solutions for the con- 
tinuity conditions (18) where in Equation (18d) we have a = 0, 
and p is the uniform normal intensity of the load spread along I’. 
As tentative solutions for these conditions let us take 


[o]:2 = wK(z? + Az + B) 25a) 
= rK ( + C2? + Ez + r) (25b) 
where A, B, C, E, F are real constants to be determined and 
K = p/(16rD) (26) 
It is now evident that (18d) is identically satisfied by (25). Sub- 


stituting from (25a), (25b), (24) in (18c), (18b), (18a), and equat- 
ing the coefficients of powers of z to zero we finally get 


C= Eu@f-B, F = (27) 


It can easily be seen that the real constant B makes no contribu- 
tion to the deflection w so that any real value can be assigned to 
B. For the sake of later convenience we take B = 2f? and, ap- 
plying Equations (27) to (25), we obtain 


[@]:? = wK(z* — 2fz + 2f?) (28a) 
= rK — 2fz? + 2ftz — (28b) 


Let z be any point 7 of region 2 and let ¢ = f + iu be any point 
onT’. The contributions of the element of load pdu at the point ¢ 
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to the regular functions $2(z), Y2(z) are obtained by inserting P = 
pdu and ¢ = f + iu in Equations (20). Integrating the resulting 
expressions from u = —b tou = b we find the following results 
corresponding to the uniformly loaded chord: 


= K[—zH(z,y) +1), oz) = Kl[eH(z,y) — J] (29) 
where 


ec sin y 
H(z, 7) = f G(z, =ccosy + iu (30) 


sin 

‘ ez — $F 
l= (z — £) log re (31a) 

J= (z — £) log tle — (31b) 


Substituting for G(z, ¢) from (20c) in (30) we get 


c sin y 
H(z, y) = f (sint y 
csiny - 


u? 2z"(c cos Y — tu 

in? y — du 

n=0 

Evaluating the integral we obtain 


fsin (n + 1)¥ 


l 
= 
H(z, y) E A sin’ y + 


n=0 
al 2 sin (n + 2)y cos y sin (n + 3)yl (32a) 
n+2 n+3 
where ¢ = z/c = pe", 
For a clamped boundary 4 = 1, m = © and (32a) gives 


9 
H(z, y) = - c sin’ y (32b) 


In order to evaluate the integrals J and J we have to be sure 
that the path of integration T does not cross any of the cuts’ of the 
function 

ez — 
— £2) 


regarded as a function of £. It can be shown that this is actually 
the case when z lies in region 2. In fact, it is easily proved that the 
cuts of the foregoing function are the cirele C, the semi-infinite 
line OT", and the segment 7'7’, where 7” is the inverse of 7’ with 
respect to C (Fig. 3). Integrating by parts, after a fair amount of 
algebraic manipulation, we get the following expressions for the 
integrals J and J: 


log 


2 
2) log (—1) +6 (2-4 + ©) 


Z2Z'\? G2 
+ i(z? — 2fz + 2f?) log : + i( ) log ~ (38a) 
qZ 


1 


7 The cuts of this function are given by the aggregates of all points 
t for which c(z — ¢)¢/\¢|(c? — fz) = —k,O < 
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C; 

is 

T 

A’ 

J=u—i 3 Z* + GZ? 3 — qZ'* } log (—1) 

+ b (= + fz + 3c? — fe + ) 

3 2 2? 


It can easily be shown that the terms containing log (—1) in J 
and J contribute nothing to the deflection and accordingly can be 
dispensed with. Substituting from Equations (33) in (29) we get 


+ i(z? — 2fz + 2f*) log + log al (34a) 
q 


2 z 
4 2 4 
2 


2 


= K [ b (= + fe + 3c? 


(« ZZ ) log (34b) 
We now choose the branch of log Z/Z’ to be that corresponding to 
its principal value in region 2 and we put 


log (q/g) = (2y + 2kw)i 


where & is an integer which will be fixed such that the deflection 
w, vanishes on C;. After substituting the Values (34) and (35) 
into Equation (2) with W; = 0 and simplifying, the following re- 
sult is obtained: 


(35) 


= (ct — [ ne H(z, 7) — (: cos 


Ws 
2k 
2c? — 


+ - em 20) 0 cos (2 8) 
r 2 


3r? 
R\ 
+ sin (coe cos + 3 ein sin 0) log aa 
+ : {(y + kr)\(f — r cos 8)? — (RR’/2r)* O cos 3} (36) 


where 
0 = Im log (@Z/qZ'), ® = arg (ZZ'/z) (37) 
It should be observed that at any point of the plate we have 
|Z| = R = c[1 — 2p cos (0 — y) + p*)'”, 
\Z'| = R’ = — 2p cos (0 + y) + =r/e (38a) 


and hence 


| 


1 
R = 2 sin (0 — 


1 | 
= hin (8+ 7) on C (38d) 


Also from (37) it follows that 


® = -ronC,, P=0 on (38c) 
and, in view of Equations (23), (35), we have 


0 = -y — Ak on CG, 
6 = -y — (2k +1)m on C; (38d) 


By introducing Equations (38) in (36) we easily find that 
8 
w= 3 mwKc* (k + 1) (cos — cos on Cy 
Hence in order that w; = 0 on C;, we must have k = —1. In- 
serting this value in Equations (35), (34), making use of the con- 


tinuity conditions (28) and substituting for K from Equation 
(26) we finally get 
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= 16rD Y z 


‘\2 
— — fz + + log (39a) 


= [ em, y)- ; b (= + fz + 3c? 


e 1 
— + Oftz — — ff 
2<) (i: 3 ) 
1 qZ 
(« 5 22") log (39b) 


where 


€= (40) 


y if z lies in region 1 | 


y — 7 if z lies in region 2. 


From Equations (39) and (2) with W = 0, we see that the deflec- 
tion at any point of the plate due to the uniform line loading 
along I’ may be put in the forms 


w 


=(1 - Re 7) 


4 
— sin y (: cos 20) | 


- e(p cos — cos y)* + 6 Re — 2cosy +¢7')? 


3p? — 2 : R \ 
(: 2 cos y + ; ) (: log 


4 cos 6 cos Y 
3p 


(4la) 


1 
- cos 20) + 6 cos (28 — @) 


+ sin ® (coe ® cos + sin ® sin 0) log 


\3 
= cos 8 — cos y)? + cos (41b) 
3 2er 


where Re H(z, 7) is given by putting p* cos n@ instead of ¢” in 
(32a), and, with the notations of Fig. 3, we have 


O=x+x’,, @=x-x'- 8 
Note that 
9 


=. p" sin n(y 8) 
1 — pcos (y — @) n (43) 


n=l 


(44) 


x! tnt +O) pt sin n(y + 8) 
n 


1—peos(y +0) 

From Equations (41) and (38) with k = —1, it can be easily 

checked that w, = 0 on C;. At the point B we have z = f, 

6 = 0, Rk = R’ = b, and Equation (41a) leads to 

1 

w, = 2Kb? [ ms, ¥) + 3 b tan? y {(7.— 2y) tan y — 2} | 
(45) 

where H(f, y) is obtained by setting cos" y fur ¢* in (32a). 


5 It should be noted that x and x’ are positively measured from OA 
and OA’ in anticlockwise and clockwise directions, respectively. 
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4 2 
z 
2 —f 
— 
| 
; 


It is to be noted that the branch of log (¢Z/qZ’) chosen admits 
the expansion 
gZ sin ny z 
og i > t (46) 


Taking this expansion into account, we can easily see from (39) 
that the functions ¢,(z) and y,(z) are regular at the origin; in 
fact we have 


¢:(0) = 2Kc? y (tan y — y) (47a) 


4 
¥i(0) = Ke? [2 H(0, y) + 3 y — sin y 


+ sin? (47b) 


and hence the deflection at the center of the plate is given by 


11 1 
we = 2y,(0) = 3 Ke r) sin? 


6 
+ y y — sin (48) 


Along the diameter of symmetry L,I, we have (Fig. 3) 


O = 2x, R’=R; 06=0, ©=0 on OL; 6 =z, 
= on OL, (49) 


and therefore Equation (41b) yields 


w = - #) ~ Hz, 7) 
4 cos y 2-# ‘x 


where from (42b) we have 


§siny 


1 — Ecosy (51a) 


x — tan~! & sin ny 
n 


and from (38a) 
Rie = — 2& cos y + (51b) 
For a thin circular plate uniformly loaded along a diameter we 


let f tend to zero and y tend to > 7 in the foregoing results, and 
it easily follows from Equations (45) and (48) that both wz and we 
tend to the same limit as expected; this limit is 


4 5 


Elastically Restrained Circular Plate Under Uniform Normal 
Loading Over a Segmént 


We are now in a position to obtain the deflection at any point 
of a circular plate subject to the elastic boundary constraint (4) 
in addition to w = 0 along C and acted upon normally by uniform 
load of intensity p distributed over the segment AL,A’A (Fig. 3). 
The particular integrals W,(z, ) and W.(z, 2) may be taken as 


W,=-0; K = (52) 
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Introducing Equations (52) in Equations (13) we find that the 
continuity conditions along the chord I’ are as follows 


+ 26(2) + + = (53a) 


+ = (53c) 
= —wKe (53d) 


We now assume tentatively that 
1 
= rK — fz? + Az+ 2) (54a) 


1 


1 
+ + Be +P) (54b) 


= ( 
where A, B, C, E, and F are real constants to be determined. 
Substituting from (54) in (53), using (24) and equating the co- 
efficients of powers of z on both sides of each equation we get 

4 

A=f, C=f, (55) 
Again no contribution to the deflection w is made by the real con- 
stant B which therefore can take any arbitrary real value. Set- 


2 
ting, for the sake of later convenience, B = — ; fiand combining 


Equations (55) with (54) we arrive at 


= rK (4 — fz2 + ftz — r) (56a) 


Let z be any point of region 1. The functions ¢,(z) and y,(z) 
for the load over the segment will now be determined by inte- 
grating the corresponding functions for uniform line loading along 
a chord parallel to the y-axis and subtending an angle 20 at the 
center where @ varies from y to0. Writing @ for y, — pe sin 640 
instead of p in ¢,(z), ¥i(z) given by Equations (39) with e = 
and integrating the resulting expressions from 0 = y to 6 = 0 we 
have 


6 


1 1 (2 Be? 
2 


oi(z) = —K [eve ( — + fz — r) 


1 
¥i(z) = K [ewe (+ 


| 
~ 
+ 
+ 

~ — 
weg 

+ 
+ 


+; :) += (7 + + 


where Z, Z’ are given by (22) and 
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L 
- log (57) 
-A 2 qZ 


2-A 1 
U(z, Y) = 2 (37 — 2sin 2y + 4 sin 17) 


sin ny 2 sin (n + 2)y 


(n +2)\n +m) (n(n +1) (n+ 1)(n + 3) 


n=1 


sin (n + 4)y t 
59 
(n + 3)(n + 4) vd 
For a rigidly clamped boundary we have 
A = 1, 


m= o and 


1 1 
U(z, y) = 2 (sy — 2sin 2y + ry sin 7) (60) 


The functions ¢;(z) and y;(z) given by (57) and (58) are regular 
at the origin z = 0. 
The deflection at the center of the plate is now furnished by 


3 2 
wo = 2y,(0) = Ket [7 ( cos* 7) 
-7., 25 — 6A 
sin 2y + - 


: 61 
18 144 sin (61) 


Combining Equations (57) and (58) with the continuity equa- 
tions (56) we are led to the following expressions for the regular 
functions $(z) and ¥(z) at any point of the plate 


1 2 
= —K [ vy) — fe* + f's — 3 
1 
b s* 
3 
i 
( 2 ) log 


| 1 1 
= cU(z zt + 
cU(z, Y) € 3 


GZ 
_ 12% 2’) log (62b) 


12 


where € is given by (40). Equations (52), (59), and (62) consti- 

tute the complete solution of the problem. Substitution in Equa- 

tion (2) and simplifying now yield 

24w 

Ket = (1 — p*)| 48 Re U(z, y) + 16 sin 2y — 6y(1 + p?) 


2 cos sin y 13 — 7p? 


(13 + 6 cos 2y — 4p?) + sin 2y cos 20 


9 


(3 — p? — p*) sin cos — 16€(p cos — cos y)! 


4p? — 3 
+ Re — 2cosy + aC — 2cosy + ‘) 


t 
(: lo 
R’ 


where p = r/c, t = z/c = pe” and the notation of Fig. 3 is used. 
It can be shown that the real part of the expression between the 
braces in Equation (63) equals 


-x= v)} (63) 
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R*R” 


[sa — p*) \ sin 3®@ cos 6 + sin 2@ sin ® sin @) log x 


+ © cos (3 — a 0 cos 40 | 


where 0, ® are given by Equations (42) and R, R’ are given by 
(38a). Putting p = 1 and t = e” in Equation (63) we get 


» = (cos 0 — Cos x x’) 


which clearly vanishes since at any point on C, we have € = ¥, 
x +x’ = —Y, while at any point on C, we have € = y — 7, 


X+x’or-y. 
It can now be shown that the deflection at B is furnished by 


= Ke‘ sin? y Ez Y)- (3 + cos 2y) + i2 sin 2y 
1 1 —2 
+ 3 tan y 4 tan? y + sin? y tan‘ (65) 


where U(f, 7) is given by putting cos y for ¢ in Equation (59). 
The deflection at any point on the axis of symmetry is now 
found by inserting the values (49) in (63) and the following ex- 
pression is obtained easily: 
Ket 
2 (1 — &) 4 24U(z, y) — + 5é sin y 
3 
+3 > sin 2y-y)- + sin 3y) 


+ ~ sin 2 + 


where x and PF are given by Equations (51). 
1 
When y = > ™ 80 that the plate is half loaded, the deflection 


on the real axis is furnished by 


Ket = 21 — (:. 2 r) (3 11&*) 
+ - (3 — 5&)x 12 (se — 


3 
; for &€>0 (67a) 
s 


We 1 T 
Ket = 21 — (:. 2 r) (3 + 5 &) 
(1 + 1 
+ —(3 — 5&)x (5° — 11g 
+ : + for <0 (676) 
where 


1 

2 r) = 8 (2 - d) 
4% (2n + 1)(2n + 3)(2n + 5)(Qn + m + 1) 


+4 (68) 


In this case, both wo and wg given by Equations (61) and (65), 
respectively, tend to the same limit, namely 
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- os 7) (66) 


1 3 
=. 
ake (3 r) 


The moments and shears at any point of the plate can now be 
evaluated by direct substitution from Equations (52) and (62) in 
(3) and the results may be put in the forms 


M, = Me = d:pc?, Myo = (69a) 
Q, = Kipe, Qe = Kspe (69d) 


where 6, 52, 63; «; and x2 are dimensionless. We shall now give 
explicit expressions for these quantities on both the boundary C 
and the real axis. The boundary values may be determined con- 
veniently by inserting the values of Wi, W2, and $(z) from Equa- 
tions (52), (62a) into Equations (10a), (10c), and (3c). This 
yields the following formulas: 


D ow 1 
pe? or — v) Re{2U(2, 


n-v 1 — w 


(siny + sin 37) co 6 


3 1 
sae sin 2y cos 20 + — sin y cos 30 + (cos 8 — cos y)? 


1 

(70a) 
1 

"2 


€ cos 26 + sin 26 bs — | 


1 
+= (s sin + 3 sin 6 


— 2sin 2y sin 20 + 2 sin y sin 36 


+ 2(cos 0 — cos y) {e(sin 30 — cos ¥ sin 26) 


sin 


— (cos 36 — cos y cos 26) log (70b) 


sin 


1 1 
a 3 («in Y- 3 sin 37) cos 0 + 2 sin 2y cos 26 


— 2sin y cos 30 + 2(cos 6 — cos y) 


e(cos 6 — cos 30 + cos y cos 26) 
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+ (sin — sin 36 + cos sin 29) (70c) 


1 
(0 + 


where z = ce“ and U(z, y) is given by (59). Calculations for the 
values of the moments and shears on the real axis result in the 
following expressions: 


6: = ke = 0 


1 
5 + & = + 2E — cos y)? 


3 sin + sin 3 sin 2y sin Y 


(e+ ; 2 e087) x| (71a) 


& = Ec — y)}’ + 4e& — cos y)? 
sin Y 
— y& + 3& sin y — — sin 2y — — 
2 g 
52 sin 2y + sin 4y 2 sin 3y — 3 sin y 11 sin 2y 
5 si 
2 cos Y _ 6 cos ] = 
3-— x (71b) 
( 


1 . 
E {x?U’ (x, y)}’ + — cos y) — yé + sin y 
s 
sin 2y 3 sin y + sin 3 2 sin 2 2 sin Y 


1 2 cos Y 2 
where x is given by Equation (51a). At the center of the plate 
we have 


= [12 + cos 2y) — sin 2y 
(s 2 ++ ane 
— 2s sir 
6 Y in 2y 4 in 4y 
sin 2 — 2) sin 4y — — sin 6 
1¢ 200) sin in 4y | 
(72a) 
| 
sin 20 E cos? Y — 2d) 
59 7 
202 ) sin 2y + 2») sin 4y — sin ort | 
(72b) 
= 4(9 — 5A 
cos sin 6 3(2 — A) 


1 
+ (: sin 37 20 ain 577 —2ycosy 
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Fig. 4 Profiles of deflection surfaces along axis of symmetry in the case 
7 = aly = 1/3) 


Fig. 6 Profiles of deflection surfaces along axis of symmetry in the case 
; a(n = 1/3) 
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Fig. 5 of defiection surfaces along axis of symmetry inthe case Fig. Variation of radial bending-moment factor (10*5,) along axis of 
ina x(n = 1/3) symmetry in the case y = ; a(n = 1/3) 
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Fig. 8 Variation of transverse bending-moment factor (10‘ 5.) along 
axis of symmetry in the case y = ; (yn = 1/3) 


Putting 6 = 0 in Equations (72) we immediately get expressions - 3500 
for M, = 6,pc*, M, = d,pc*, and Q, = kipe at the center of the 
plate. Fig.9 Variation of shearing-torce factor (10‘x,) along axis of symmetry in 


the case y = + ry = 1/3) 


Numerical Results 
Computations of the deflections have been carried out for the 


range of deflection profiles for elastically restrained plates is 
1 1 1 ; bounded by the profiles of the fully restrained and simply sup- 
angles y = 4 T, 3 tT, FS mw of the uniformly loaded segment and ported plate. 

corresponding to three degrees of constraint along the boundary; Values of the bending moment and shear coefficients 5), 6:, and 
namely, those where the restraining parameter \ = 1 (rigidly *: = Q,/pe along the real axis corresponding to the angle y = 
clamped boundary), = —1/2 (simply supported boundary), 1! 4(72). Th 
and an intermediate case in which \ = 0; Poisson's ratiois taken 3 © have been ealoulated from Equations (71) and (73). _ 
as 1/3. Tables 1, 2, and 3 give the numerical values of the deflec- values are presented in Tables 4, 5, 6, and graphs showing the re- 
tion coefficients w/Kc*‘ at various points on the diameter ef sym- sults are plotted in Figs. 7,8, and 9. Here again the three cases 
metry of the plate (9 = 0, 8 = 2) and the corresponding deflec- \ = 1, 0, and —1/2 are considered. 

tion profiles are shown in Figs. 4, 5, and 6. It is evident that the The maximum radial bending moment at the boundary will 


Table 1 Values of 10‘ w/kc‘ along diameter of symmetry in the case y = : 


ANE -0.8 -06 -0.4 -0.2 0 0.1 0.2 0.3 0.4 0.5 0.6 1/v2 0.8 
1 4 18 38 66 99 117 135 151 165 173 171 148 104 
0 120 257 403 553 693 754 804 841 858 842 800 687 529 


416 624 821 989 1109 1139 1143 1112 


Table 2 Values of 10‘ w/kc‘ along diameter of symmetry in the case y = x © 


—0.6 —0.4 —0.2 0 0.2 0.3 0.4 0.5 
1 2 26 102 223 381 558 723 783 812 7 oo 261 
0 450 962 1510 2056 2546 2899 2985 2981 2859 2581 1505 
1510 2265 2962 3540 3905 3965 3911 3713 3 


Table 3 Values of 10‘ w/kc* along diameter of symmetry in the case y = 4 . 


ANE —0.8 —0.6 —0.4 —0.2 0 0.1 0.2 0.3 0.4 0.6 0.8 


1 239 903 1881 2989 3927 4193 4249 4069 3661 2314 779 
0 2329 4930 7592 10019 11781 12233 12299 11940 11144 8340 4344 
—0.5 3592 7240 10713 13686 15708 16173 16171 15659 14621 11056 5908 
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Table 4 Values of 10‘ 5; along diameter of symmetry in the case y = ; Cg 


—0.8 —0.6 —0.4 —0.2 0 0.2 
—26 —23 —18 —10 2 23 60 
—27 —12 7 32 67 112 192 

0 19 42 72 112 168 250 


0.4 
126 
305 
372 


0.5 
177 
384 
456 


Table 5 Values of 10‘ 5, along diameter of symmetry in the case y = +e 


—0.2 0 0.2 
6 18 33 54 82 

68 96 129 176 223 

85 111 142 179 226 282 


—-0.8 —0.6 —0.4 0.4 


120 
286 
349 


0.5 0.8 


141 61 
321 285 
387 359 


Table 6 Values of 10‘ x; along diameter of symmetry in the case y = z . 


-0.8 -0.6 -0.4 
32 43 60 86 
112 138 174 224 
136 164 203 257 


—0.2 0 
127 194 
296 401 
333 442 


Table 7 Values of — 10‘ 5, at the point p = 1,0 = Ointhe case y = 


6 65 Gm X 


Fig. 10 Maximum radial bending moment at boundary (— 10‘5,) as a 
function of restraining parameter )\ in the case y = ; mE = 1,0 = 0, 
n = 1/3) 

occur at the point p = 1, 8 = 0. The effect of the restraining 
constraint on this maximum value is studied in Table 7 and Fig. 
10, and it is clear that this moment is greatest for \ = 1 (fully re- 


strained boundary) and tends to zero as \ tends to —1/2 (simply 
supported boundary). 
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Transverse Flexure of a Thin Plate 
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Containing Two Circular Holes 


The problem of finding stress resultants in a thin elastic plate containing two circular 


holes of equal size, under plain bending about the axes of symmetry, has been discussed 
on the basis of the Poisson-Kirchhoff theory. A method of perturbation is adopted for 


the determination of parametric coefficients involved in the solution. 


The factors of 


stress concentration are calculated and compared with the results available. 


= stress concentration induced by a hole in a thin 
plate subjected to transverse bending has been investigated by 
several authors. By use of the Poisson-Kirchhoff theory of thin 
plates [1],' the effect of a cutout in the form of a circle, ellipse [2, 
3], square and triangle with rounded corners [4], or an ovaloid [5] 
was studied. The influences of circular, elliptic [6], or oval cores 
[5] were also discussed. On the basis of Reissner’s refined theory 
[7], in which the effect of shear deformation and transverse- 
normal stress is taken into account, solutions for a circular [8] or 
elliptic hole [9] and a rigid circular inclusion [10] were given. 
In these investigations, however, the plate is commonly assumed 
as infinitely extended in two dimensions. The results so obtained 
are valid only when adjacent boundaries are so distant from the 
hole or core that they produce no effect on the stresses in the 
neighborhood of the latter. 

Hence it is important for practical purposes that the effects of 
adjacent boundaries on the maximum stress in the plate are 
estimated numerically. With the aid of elliptic co-ordinates, the 
bending of an elliptic plate with a confocal hole was studied 
[11]. The application of bipolar co-ordinates to a circular plate 
with an eccentric hole and bent by an arbitrary load also was 
discussed [12]. In a recent paper by the author [13], the prob- 
lem was solved for a circular hole near to a single straight bound- 


1 Numbers in brackets designate References at end of paper. 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, New York, N. Y., November 30-December 5, 
1958, of THe American Society OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 


until April 10, 1959, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 
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ary through the use of the complex variable method and the bi- 
linear transformation. 

In the present paper, a theoretical solution will be given for an 
infinite plate containing two circular holes of equal size under 
transverse flexure. Two fundamental cases of transmitting con- 
stant bending moments about the axes of symmetry will be dis- 
cussed on the basis of the classical Poisson-Kirchhoff theory and 
by means of Muskhelishvili’s complex variable method [14] with 
the bilinear transformation. A method of perturbation is adopted 
for the determination of parametric coefficients involved in the 
solution. The factors of stress concentration are calculated and 
compared with the results available. 


Statement of Problems 


We consider an isotropic homogeneous thin plate of indefinite 
extent and take its middle plane, before bending occurs, as the 
plane of z = z + iy. The plate is to be perforated by two circular 
holes each of radius R with their centers at the points (O, +d/2) 
as shown in Fig. 1. By means of the mapping function 


z = wf) = ta 


the foregoing region in the z-plane will be mapped conformally 
onto a circular ring po~' S p S po (po > 1) in the f-plane. For 
the dimensions of the region the following geometrical relations 
are obtained 


R= 
po — 1’ pr —1 


Now the plate will be assumed subject to the limitation of the 
Poisson-Kirchhoff theory of thin plates. Then the transverse de- 


Nomenclature 


= x + iy: middle plane of plate 
= w(f) = ia(f + — 1): 


mapping function 


exterior normal to boundary 
are length along boundary 


0. 


pe’’: mapping plane 


Poisson's ratio 

flexural rigidity of plate 
radius of circular hole 
= center distance of holes 
deflection of plate 


bending and twisting mo- 
ments per unit length with 
reference to (x, y), (p, 9), 
(n, t)-directions, respectively 


shearing force per unit length 
with reference to (z, y), 
(p, 9), (n, t)-directions, re- 


k, 


constants involved in bound- 
ary equations 

parametric coefficients 
volved in solution (super- 
script r and subscript k 
are also used sometimes) 

stress-concentration factor 


—-, overbar, indicating conjugate com- 


plex quantities 


analytic functions 
Yaz), | of complex varia- 


spectively 
(1 — + ¥) 


’, prime, denoting the derivative with 
respect to argument 


) spectively 
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M,, | 
Hyy | 0, K = 
1 i Ms, Om = 
Hoo | 
D M,, 
d 
= 


flection w of the plate free from lateral loads is governed by the 
equation 


(3) 
As is well known, the solution of this biharmonic equation may be 


expressed in terms of two analytic functions ¢,(z) and y,(z) of 
the complex variable z: 


w = Relzgi(z) + xi(z)], xz) = (4) 


Overbars are used to indicate conjugate complex quantities and 
Re denotes “the real part of.’’ 

The bending moments M,, M,, twisting moment H,,, and 
shearing forces Q,, Q,, all per unit of are length, are expressible by 
the formulas: 


M, + M, = -2D(1 + + 
M, — M, + 2iH,, = —2D(1 — + Wi'(2)], (5) 
Q, — iQ, = —4D¢,"(z), 


in which D is the flexural rigidity of the plate, v Poisson’s ratio. 

With the aid of mapping function z = w({) curvilinear co- 
ordinates (p, @) are introduced into the z-plane and we have now 
the deflection given by 


Viw = 0 


w = Rela + x(¥)] (6) 
where 

and 


The moments and shearing forces with reference to the new co- 


ordinates (p, 8) may be derived from Equation (5); the results 
are as follows: 

M, + Me = —2D(1 + + 
M, — Me + 2iH 

= —2D(1 — pv) 


(8) 


Q, — 4D p wre 
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where 


HS) = WS) = (9) 


For a free boundary of a plate, the boundary equation is written as 
M, =0, Q, — (0H,,/0s) = 0 (10) 


where M,, H,,, and Q, are, respectively, the bending moment, 

twisting moment, and shearing force, per unit of arc length of the 

plate boundary. n denotes the exterior normal to the boundary, 

of which the are length iss. The boundary condition of Equation 

(10) is easily transformed into 

1 ) 4 Fa) 

(F) + WE) = + Cr (11) 
€ w(t) 

in which C is a real constant and C; a complex constant and 


e = (1 — v)/(3 + v) (12) 


With these formulas and notations we shall seek the solution 
for two fundamental cases: 


1 Plain bending about the y-axis. 
resultants at infinity take the values 
M, = M, = H,, = 2 = Q, = 0 


When the holes are absent, the corresponding deflection of the 
plate is expressed as 


In this case, the stress 


(134) 


Mo 


— (28) 


Ww = (z? — vy?) 


2 Plain bending about the z-axis. The stress resultants at 
infinity are 

M, = Mo, M, = H., = 2 = 9, = 9 (14a) 
The corresponding deflection of the plate without holes is 


2D(1 — v?) 


Wo = (y? — vx?) (145) 
In both cases, the rims of the holes, p = po and p = po™', are as- 
sumed to be stress-free. 

Now the problem is reduced to the construction of two analytic 
functions g({) and ¥(¢) which satisfy the Boundary Condition 
(11) at each of the hole-rims, p = pp or p = po! and the condi- 
tions at infinity given by Equations (13a) or (14a). 


Determination of the Parametric Coefficients 
Consider the functions 


= POT) WE) = POH) + (15) 
where g and ¥ correspond to the deflection given in Equations 
(13b) or (145) and ean be written as 

Ma l+e [+1 
D 
| (16a) 


Maitef+i 


eS) = 


the upper one of the ambiguous sign going with the first case and 
the lower with the second case. This distinction to ambiguous 
signs is also true in what follows. Considering the requirement of 
the symmetry of the problem, we assume unknown functions in 
the form of series 
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m=1 


where the parametric coefficients a,, and b,, are real. It is easily 
seen that all the stress resultants derived from ¢ and y» 


@ 
vanish at infinity, ¢ = 1, if the series : a,, and he b,, are con- 
m=1 m=1 
vergent. It is also evident that g™ and ¥™ give the single- 
valued deflection of finite amount (in the finite region of the 
plate) under the same conditions. 

Substituting Equations (15) and (16) into Equation (11) and 
putting £ = poo (0 = e”) and finally equating to zero the co- 
efficients of various powers of o, the boundary condition at the 
rim of the hole p = py gives 


1 
(1 — + (a /e) + = K- 


to 


(1 — po-*)a, — — pom*r (Iva) 


=K¥pt+ 


(1 — po~*)po?"(a,, — Gm-1) + (a,,/me) 
— [am-r/(m — + (po*b,,/m) 
— — 1)] = O 


(1 — — Qn—1) — (a,,/me) (m 2 2) (17) 


+ [am-1/(m — — 
+ — 1)) 
= +(1 — ] 


As is easily shown, C in Equation (11) vanishes and C, takes a 
purely imaginary value which we may write as 
Mal+e 

18 

(18) 
Moreover, the boundary condition at the rim of the other hole, 
p = po™', is identically satisfied by Equations (17a) and (176), 
provided that the constants in Equation (11) take the following 
values on this rim 


C, = 


Malte 
C=0, K 
’ i +4 D te 
According to the recurrent form of Equations [176], they are 
transformed into 
(1 — po~*)ay, + (po~?"a,,/me) 


m—1 


k=1 


= Po 2 (x + 
(m2 2) (19) 
(1 — a, — (a_/me) 


m—1 


k=1 


wile 


= KF pm 4 
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By means of the convergence of the series of parametric co- 
efficients mentioned earlier, the second equation in Equations 
(19) yields 


1 
K= —— + siti po~*)? po a (20) 
2 2 


The set of Equations (17a), (19), and (20) solves completely the 
problem of determining the parametric coefficients included in 
the functions g(¢) and y(¢). 

Eliminating b,, between two equations in Equations (17a) and 
(19) and substituting for K the expression in Equation (20), we 
obtain the set of equations 


{ po~*)/e] — — + (1 — as 
+ (1 + — 
k=1 


m—1 


a Po po p> (po?* Pu * \ (21) 


{ta — po~™)/me] — — po~*) 
+(1- +(1+ po~*™) 


k=1 


(m 2 2) 


which will be easily solved for a,, by iteration when the values of 
po and € are given. Once a,, have been determined, the unknown 
coefficients b,, are to be found from Equations (17a) and (19), and 
K is determined from Equation (20). 


Application of a Perturbation Method 


It is obvious that the maximum stress in the plate depends on 
poande. In order toclarify the relation between these quantities, 
it is rather convenient for the determination of parametric co- 
efficients to use a method of perturbation in which p» and € are the 
perturbation parameters. 

Now we shall seek a solution to Equations (17) and (20) in the 
form 


1 l 7 "(r) ) 
r=0 
(22) 


r=0 


a 
b,, = (m 2 2), 
r=0 
where a,,, b,,“, and K® are independent of po. Substituting 
these expansions into Equations (17) and (20) and then equating 
the coefficients of the same powers of po on both sides which re- 
sult, we obtain 


K® =4,%, K® = a, — 2a,, 


q’ 


m=1 m=1 
+ (r 2 2) 


m=1 
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| 

} 
| au 
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| 

rir) 

Da K = 


where 


(r + 2)/2 


r/2 
* (r + 1)/2 


r/2 
q’ = , 
| (r — 1)/2 ( odd 


a%/e = +1, = a, — 


a,/e= — +2) + 2 +1) 


m=2 


> a, — — & 2) 


m=1 


(24) 


b” = + Ke-», 
= 1)a,""" », 


= —1 — a,, 
(r 21) (25) 
a, =, 


a,, /me = +1, ; 
= = 0 


(m 2 3), 


a,,'™ /me = a,, 
— 


/me = —b,, /m, 


| (m22) 
a," = /(m + 1)e] + — a, (26) 


— — (b,°/m) + [bmii/(m + 1)], 


/me = + 1)e] + — 
+ + 1)], (r 2m + 2) 


/2 = /2 =a, — a, — a, 4 b,, 


/2 = — a — a + a, + (a, /e) (27) 
by”) /2 = a,” — — + + /e) 
— /2e) + (r 2 3) 


/m = a,, = 
=I 
— — a, + [bma/(m — 1)], 


/m = dma” — — a, + 
+ /(m — 1)] (r = 2~m — 1), | (m23) 
(28) 


b,,6™ /m = — — 


+ [ama /(m — + — 1)], 
/m = — — + 


+ — — /me) 
+ — 1)], (r 2m +1), 


With these equations the coefficients a,,™, 6,,, and K® in the 
Series (22) can be determined successively for r = 0, 1, 2,..... 

Moreover, it can be shown from these equations that each of 
the coefficients a,,, b,,°, and K“ is expressed as a polynomial of 
(2r + 1)th degree in e. 

Naturally, the foregoing method of solution is valid as long 
as the Series (22) are convergent. The proof of convergence seems 
rather difficult to achieve. However, numerical computations 
carried out indicate that the Series (22) truncated after the 
seventh term give practically satisfactory results for the case of 
po > 2. 
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Numerical Examples 


The foregoing solution will be worked out in some detail. The 
calculation of a,,“, b,,“, and K® is carried out until r = 7, but 
their values are not shown here for brevity. It is now a simple 
matter to calculate the deflection and stress resultants in the 
neighborhood of a hole. 

1 The case of plain bending about the y-axis. The most in- 
teresting is the maximum value of bending couple occurring at the 
rim of the hole across the minimum section where (p, 8) = (po, 77). 
Since M, = 0 on the same rim, the maximum bending couple is 
given by 


= 1 +(e? — 1) 


(pom? + po ™* + 1)? 


Substituting in this equation for a,, from Equation (22) and con- 
sidering that a,,“ is a polynomial of €, Mmax can be expressed in 


the form 


@ 
M max/Mo = (2 — €) + (1 — €) 


r=2 p=0 


Fig. 2 shows the results graphically. The maximum value of 
bending couple increases rapidly with R/d and for the same 
value of R/d it becomes greater when v becomes greater. 
The value in the limiting case R/d ~ 0 (pp ~ ©) is 2 —€ = 
(5 + 3v)/(3 + v) which is identical with Neuber’s [3]. 

It is easily proved that the bending couple of the amount 
—2aK M, is transmitted across the minimum section of the plate, 
which corresponds to the mean bending moment across the same 
section 


where 
even 


r/2 
q = 
odd 


(r — 1)/2° 


WN 
30 
2.0} + 
1.8 
| 
0.20 08 030 


Fig. 2 Maximum bending moment for case of plane bending about line 
of centers versus « 
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Fig. 3 Stress-concentration factor for case of plain bending about line 
of centers. Dotted curves, results for hyperbolic notches; mark O, results 
for an infinite row of holes. 


Mmean/Mo = —(po + 1)K/(po — 1) (30) 


The stress-concentration factor k, = Minax/Mmean i8 also caleu- 
lated and plotted against R/d and vy in Fig. 3. 

When the breadth of the minimum section of the plate becomes 
small compared with the radius of the hole, i.e., py tends to unity, 
the stress-concentration factor may be given approximately by 
the results obtained for the case of two symmetrically disposed 
hyperbolic notches [3, 15]. The latter is shown by dotted lines 
in Fig. 3. The degree of approximation seems satisfactory for 
the case of R/d> 0.35. 

The effect of an infinite row of equal and equally spaced circu- 
lar holes on a thin elastic plate under transverse flexure and 
transmitting the constant bending moment about the line of 
centers of the holes has been discussed by the author [16]. These 
results also are shown by the mark o in Fig. 3. It may be said 
that the stress distributions along the minimum section are quite 
similar in these two cases. 

2 The case of plain bending about the x-axis The bend- 
ing couples along the rim of the hole, i.e., |.W¢),0 are given by 


[Mo] o/Mo = 1 + — 1)[2a, + (—2a; + a2)(po + po~') cos 
+ — 2a, + Gn+i)(po™ + po cos 


Substituting for a,, the expression given in Equation (22) and 
considering that a,,“ = —me in this case, we have 


[Me]po/Mo = 1 — (1 — €)[po~? + cos 2a} 
+ cos m8 (31) 
m=0 


where @ is an angle defined as shown in Fig. 1 and is connected to 
(po, 8) by 
sin @ = (po? — 1) sin 0/(po? — 2p) cos 6 + 1), 
and M,' = 2a, + 2€po~?, 
M,’ = (—2a: + a2)(po + + €(—2po™' + 2po~*), 
M,,' = (Qm—-1 — 2a,, + + po~™) 
+ €[(m — 1)po~"-® — + (m + 1)po~™**)] (m 2 2) 
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Fig. 4 Stress-concentration factor for case of plain bending about 
cross axis to line of centers. Dotted curves, results for an infinite row of 
holes; mark O, solutions by iteration. 


TABLE 

© [a] Mines. 
v R/d Minax/ Mo 2 deg 
(0.35 1.737 1.001 87.8 
0.5 40.40 1.721 1.002 7.2 
10.45 1.709 1.004 86.7 
0 0.45 1.553 1.002 87.2 


The coefficients M,,’ are expressible by the series of pp and €, but, 
for the sake of brevity, no further detail will be given here. The 
maximum value of the bending couple in this case appears to 
occur very nearly at a = +7/2 on the edge of each hole, or more 
precisely at /a| slightly less than 2/2 as shown later. These 
points shift toward @ = +2/2 when pp increases. For simplicity 
in calculation, the bending couple at @ = +2/2 may be taken as 
the maximum one without any appreciable error. The calculated 
values of the stress-concentration factor k, = Misx/Mo are shown 
in Fig. 4. The value in the limiting case of an isolated hole (py) — 
©)isalso2 —e. "The results indicate the shielding effect of the 
neighboring hole whtich reduces the maximum stress. 

Dotted curves in Fig. 4 show the results for the thin plate con- 
taining an infinite row of circular holes and transmitting the 
constant bending couple about the cross axis to the line of centers 
[16]. The differences of the shielding effect in these two cases 
are remarkable. The similar features are recognized when the 
results for the plate under uniform tension and containing two 
circular holes [17] are compared with those for the plate having 
an infinite row of holes [18]. 

Since the convergence of the Series (31) is very slow when /?/d 
tends to 1/2, Equations (21) are solved for a,, by iteration for the 
four cases of R/d = 0.35, 0.4, 0.45 (v = 0.5), and R/d = 0.45 (v = 
0). By use of these coefficients, the maximum bending moment 
Monax, the ratio of Mysx to the one at the point (9 = po, a = 
m/2) and the point where M,,,. occurs are caleulated and shown 
in Table 1. The values of k, thus obtained are also plotted in 


Fig. 4. 
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Limit Analysis of Symmetrically Loaded 
Thin Shells of Revolution 


The yield surface for a thin cylindrical shell is shown to be a very good approximation to 
the yield surface for any symmetrically loaded thin shell of revolution. Hexagonal 
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a limit analysis of shells is as yet in its infancy and 
much remains to be learned. Symmetrically loaded cylindrical 
shells without axial force were studied by Drucker [1].2. This 
work was extended by Onat [2] and by Hodge [3] to include axial 
force. General shells of revolution, Fig. 1, were considered by 
Onat and Prager [4]. 

Ideal or perfect plasticity was assumed in all of these investiga- 
tions. The Tresea or maximum-shearing-stress criterion of 
yielding, shown in Fig. 2 for plane stress, was chosen for simplicity. 
Transverse shear has little influence on yielding [5] and was ig- 
nored in the determination of the yield surface, that is, the limit- 
ing combination of meridional force per unit length Ny, circum- 
ferential force per unit length Ng, meridional bending moment per 
unit length 27,, and circumferential moment per unit length M9 
needed for fully plastic action 


S(Ne, Ne, My, Me) = c? (1) 


where c is a constant. 

In general, the limit loading cannot be determined exactly un- 
less a very large effort is expended. Bounds close enough for en- 
gineering purposes may be found far more easily by use of the limit 
theorems of Drucker, Prager, and Greenberg, and some corol- 
laries [6]. In terms of the present problems the theorems are: 

Lower-bound theorem: If the applied loads can be balanced 
by any combination of shell forces and moments which satisfy 
the equations of equilibrium, and which everywhere in the shell 
are at or below full plasticity, the loading is at or below the limit 
loading. 

Upper-bound theorem: If, for any pattern of deformation 
considered as purely plastic, the rate at which work is done by the 
applied forces exceeds the rate of internal dissipation, the loading 
is at or above the limit loading. 

A useful and evident corollary is: 

Increasing the permissible value of a yield force or moment 


1 The results presented in this paper were obtained in the course of 
research sponsored by the Office of Naval Research under Contract 
Nonr 562(10) with Brown University. 
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prism approximations to this yield surface, appropriate for pressure vessel analysis, are 
described and discussed in terms of limit analysis. Procedures suitable for finding 
upper and lower bounds on the limit pressure for the complete vessel are developed and 
evaluated. They are applied for illustration toa portion of a toroidal zone or knuckle held 
rigidly at the two bounding planes. The combined end force and moment which can be 
carried by an unflanged cylinder also is discussed. 


cannot decrease the limit loading. More precisely, a convex 
yield surface which circumscribes the correct one will give a limit 
load equal to or greater than the proper value. Conversely, an 
inscribed yield surface will give a limit load equal to or less than 
the correct value. 

In what follows, consideration will be given to the appropriate 
yield function or surface, to the equations of equilibrium, and to 
rates of dissipation of internal energy. Simplifications resulting 
from circumscribed and inscribed yield surfaces will also be in- 
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Fig. 1 Thin shell of revolution 
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Fig. 2. Tresca yield criterion for plane stress and yield curve for mem- 
brane 
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vestigated. Examples will illustrate the use of the techniques of 
limit analysis. 


Yield Criterion 


When the thickness ¢ is so small that the shell behaves as a 
membrane, N, and N¢ alone are significant and the yield criterion 
is the hexagon of Fig. 2 with the stresses N,/t and N@/t replacing 
the principal stresses o; and o;. For the symmetrically loaded 
cylindrical shell without axial force the significant variables are 
Ne and M, and the yield curve is shown as a dimensionless plot 


1 
of No/oot against M, = oot? in Fig. 3(a). The moment Mg, 


which is not plotted, is not a significant variable here although 
equal in magnitude to |M,|/2 for plastic states. Within the 
framework of small deflection theory, Mg does not appear in the 
equations of equilibrium and does no work during deformation of 
the shell. The yield surface when axial force is added to the 
cylindrical shell 

F(Ny, No, My) = C? (2) 


is shown in Fig. 4. The yield surface is drawn so that the portion 
which will be of interest in an application given later is toward 
the reader. The variables plotted are Ny/oot, No/oot, and 


Here also M¢ plays no role in the solution of prob- 


1 
M, | — 
./4 ot 


lems. Again it is an induced or passive value fully determined 
when Ny, Ne, and M, are on the yield surface and Mg does not 
appear in the equations of equilibrium. The yield curve for Ng = 
0 is shown in Fig. 3(b) to help in the description of the yield sur- 
face. 

The situation with respect to M¢ is not so clear for the general 
shell of revolution under symmetric loading for which the yield 
criterion is a surface in a four-dimensional space, equation (1). 
In this case M¢ does enter into the equations of equilibrium. In 
the notation of Fig. 1, where rp is the distance from the axis of the 
shell, r; is the meridional radius of curvature, ¢ is the inclination 
of the meridional normal to the vertical, Q is the transverse shear 
foree per unit length, 7' is the force per unit area in the meridional 
direction, and p is the interior pressure: 


d 

iy (Noro) — Nori cos g — Qro + Tron 

= rodN,/de + (Ny — No)ri cos — Qro+ Tron = 0 (3) 
d 


Noro + Non sin ¢ + (Qro) — Pre = 0 (4) 
dy 

d 

dg (M gro) Mor; cos g — Oriro 


dM, 
dy 


+ (M, — Me)n cos ¢ — Qriro = 0 (5) 
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Fortunately, if the ability to take moment is to contribute at all 
significantly to the load-carrying capacity of the shell, the shear 
force Q must be of the order of magnitude of the thickness ¢ times 
the yield stress a) although a fairly small fraction of this value. 
As the magnitudes of the moments and of their algebraic dif- 


1 
ference cannot exceed 7 oot?, wherever Q is important Qr will far 


exceed M, or Mg. Therefore the important terms in the third 
equation of equilibrium (5) are Q and the derivative of M,. The 
term containing the moments M, and Mg themselves can be 
dropped and the equation which is left is essentially the same as 
for the cylinder. 

6 (6) 

dg 

Equation (6) can also be thought of as the result of taking Me = 
Mg in equation (5). For some configurations the equilibrium 
equation with M¢ alone omitted may be more convenient to apply 
than equation (6) 


(Mero) — Qnre = 0 (7) 

Thus with the exception of portions of the shell near the axis 
of revolution, for which ¢/ro may not be small, Mg may be ig- 
nored in the equations of equilibrium. The use of equations (6) 
or (7) instead of (5) will have little effect on lower bounds on the 
load-carrying capacity of the shell obtained from equilibrium 
stress and moment fields which are at or below yield. In this 
sense Mg may again be considered as induced or passive. Full 
use of N,, Ne, and M, in carrying loads is then obtained by using 
the yield surface for the cylinder, Fig. 4, equation (2). 

As for the cylinder, the meridional planes on which the cireum- 
ferential moment Mg acts remain meridional during small defor- 
mations of the middle surface of the shell. On the other hand, 
deformation of the middle surface changes the circumferential 
curvature in the general case but not in the cylinder. The mo- 
ment Mg therefore in general does work during deformation. 
However, when the thickness of the shell is small compared to 
the local radius ro, the rate at which work is done by the stress 
system on the change in circumferential curvature is small com- 
pared with the rate of work done on the change in circumferential 
and meridional strains, and on the change in meridional curva- 
ture. This might be inferred from the discussion of the unim- 
portance of Mg in the equations of equilibrium and can also be 
seen by examination of the orders of magnitude of the various 
terms in the expression for the rate of work done. A numerical 
illustration will be provided later. The yield surface of Fig. 4 
then is still valid for computing rate of dissipation of energy due 
to plastic action. 

It appears, therefore, that the calculation of limit loads by use 
of either equation (6) or (7) together with the yield condition (2) 
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should lead to answers close to the true carrying capacity of the 
shell. 

The moment M¢ is fully determined when Ny, Ne, and My are on 
the yield surface of Fig. 4, and this value of M¢ could be used in 
equation (5). For example, for stress points on the sloping planes 
of Fig. 4 where |N, — Ne| = oot, Mois equal to M, and equation 
(6) replaces (5). This would provide an exact procedure for ob- 
taining lower bounds with Ny, No, and M, satisfying equation (2) 
but would involve much more labor. 


Dissipation 


The rate of dissipation of energy may be computed from the 
rate of curvature ky and the rates of membrane strain €9, €, con- 
sidered as plastic only. In view of the normality condition and 
convexity of the yield surface the expression for the rate of dissipa- 
tion per unit area, 


Da = + Nets + (8) 


is uniquely determined by ky, €9, and €,. 

As an alternative procedure, the rate of dissipation per unit 
volume may be computed directly from |e|msx, the maximum 
principal plastic-strain rate, in accordance with the Tresca yield 
criterion. 


Dy = ale max (9) 


Integration of Dy across the thickness ¢ will give D,. 


Approximations to the Yield Surface 


The yield surface, Fig. 4, is quite difficult to use for either equi- 
librium or dissipation computations. Circumscribed and in- 
scribed surfaces can be drawn which are far more convenient. 
Use of the lower bound or equilibrium theorem with an inscribed 
yield surface clearly gives a lower bound. Use of the upper bound 
or kinematic theorem with a circumscribed convex yield surface 
clearly gives an upper bound on the limit load. On the other 
hand, merely satisfying equilibrium with a circumscribed figure 
or computing dissipation rates from an inscribed figure gives an 
approximate result which cannot be identified as either an upper 


B 
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or a lower bound. However, an answer which is exact for an 
inscribed surface provides a lower bound while that for a circum- 
scribed one provides an upper bound on the limit loading. This 
result is especially helpful in problems which are essentially 
statically determinate. An illustration will be provided later. 

In general, the complete approximating surface must be convex 
for the upper-bound theorem to give a valid answer. For many 
problems, however, the range of the variables is restricted to a 
small region of the total yield surface. Within this range a plane 
or other surface lying inside the yield surface will give a lower 
bound and one outside an upper bound. It is of no importance 
that the approximating surface cuts through the actual yield sur- 
face outside of the region of interest if care is taken to restrict its 
use to within the region of validity. ' 

Fig. 5 shows a convex circumscribing surface consisting of a 
parabolic cylinder and four cut-off planes. The hexagonal prism 
of Fig. 6 is simpler still but it is by no means as good a fit at some 
points. Reducing all of its dimensions by the factor (5'/* — 1)/2 
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or 0.618 produces an inscribed surface. Upper bounds based 
upon the circumscribed hexagonal prism and lower bounds 
computed with the inscribed will be too far apart for many engi- 
neering purposes. If, however, a 3/4-size prism is drawn it lies 
inside the actual yield surface of Fig. 4 over an extended range of 
practical interest for pressure-vessel design. This may be seen 
from the 3/4-prism sections shown dashed in Figs. 2 and 3. 

An exact or quite closely bounded answer for the limit load can 
be obtained fairly easily for a hexagonal prism. If this upper 
bound answer is labeled p** for the circumscribing prism the 
actual answer p* will almost always lie between 3/4p** and p**. 
It will be a rare situation indeed, when p = 7/8p** will not be a 
usable result for design or analysis because the 3/4-prism is in- 
scribed throughout most of the practical range of the variables. 
In the unusual problems, the limited plane or other approxima- 
tions or the cut-off parabolic cylinder as already described 
may be necessary or more convenient. They are included here 
for reference but will not be studied further in the paper. 


Pressure-Vessel Membrane Solution 


A membrane according to definition carries load by calling ex- 
clusively upon forces in its surface. Transverse shearing force Q 
and moments M, and M» supposedly are vanishingly small. The 
force Ny in the meridional direction; per unit of length in the 
circumferential direction, is determined directly from a cross- 
sectional cut and summation of forces in the axial direction. 


F 
N,* = —— 
af 2mrr, sin 


(10) 


The force N¢ in the circumferential direction per unit of length 
in the meridional direction then is found from summation of 
forces normal to the membrane 

Pro To 


sin r,; sing 


A membrane solution may be looked upon as an equilibrium 
solution with Q, M,, and Mg taken as zero. Therefore if the shell 
can carry the loads as a membrane, it is safe. 

Thin shells behave primarily as membranes. Except for local 
disturbances the bending flexibility of a thin shell is so high that 
membrane forces must carry the load. In this sense, therefore, 
a design based upon membrane action is more natural and is a 
better design. Membranes of constant thickness and constant 
strength throughout have been discussed in the past and brought 
to our attention recently in connection with pressure-vessel heads 
by Struble [7]. If the designer wishes to save over-all length of 
the vessel, sharper curvatures are needed than for a proper mem- 
brane and a torispherical cap with a sharply curved knuckle is 
often employed, Fig. 7. The sharp curvature at the knuckle pro- 
duces a large inward component of the forces Ny which must be 
balanced by compressive N¢ if membrane action alone is followed, 
equation (11). Taking the knuckle angle a = 60 deg and the 
ratio of knuckle to crown radius r,/L = 0.06 in Fig. 7 as a numeri- 
cal example, it follows that D/L = 1.06. If the weight of the 
shell and the variation in pressure due to the weight of the fluid 
can be neglected, the foree / in equation (10) is prro?. Then in 
the torus at the junction of torus and sphere the membrane 
forces are 


L pL 
= —, Ne® = pL — = -7. 
012 7.33pL (12) 
The limit pressure for the assumed but impossible pure membrane 
action p*™ is given by setting Nem — N,™ = o¢t in absolute 


value 
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Fig. 7 Torispherical cap; L radius of sphere, D diameter of cylinder 


t 
p*™ = 0.128 oy (13) 


which is small by comparison with the limit-pressure value 
2o¢/L for the spherical membrane and 2(1/1.06)o.(/L for the 
cylindrical membrane. 

The knuckle region is a local one, however, and appreciable 
load will be carried in bending and shear because of the mismatch 
in the deformations of the torus and the sphere. A membrane 
solution therefore is not appropriate. On the other hand, a thin 
shell whose bending strength is relied upon too strongly for safety 
of the structure may not be a proper design. 


Bending Solution for Toroidal Knuckle 


Suppose now for simplicity that the knuckle region described 
previously is bounded by heavy members which do not deform 
plastically, Fig. 8. Consider the circumscribed hexagonal prism 
of Fig. 6 to be the actual yield surface. As has been seen in the 
membrane solution, the circumferential stress is strongly com- 
pressive throughout the knuckle, while the meridional stress is 
tensile. This suggests that all stress points lie on or at the edge 
of the sloping plane J/KLM of the figure so that 


Noe — No = ool (14) 
The equations of equilibrium (3, 4, 6) may be rewritten as 
Ny, sin g + Q cos = pro/2 (15) 


(a) 


Fig. 8 Simplified knuckle 
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dN, 
—— + of — —Q=0 (16) 
dg To 
1 dM 
——£-Q=0 (17) 
Lat dg 


As for the membrane solution, the variation in the pressure of the 
fluid and the weight of the shell has been ignored. Substitution 
of (15) into (16) gives an equation for NV, which can be integrated. 
Knowing \N, to within a constant of integration A, Q is deter- 
mined, and M, can be found to within two constants of integra- 
tion, A and B. 


Ny = Acosg + ys sin g + = 
2 2 
— ot — ¢gcos¢g — oot —— cos*g (18) 
r,? 
Q= cosy — Asin ¢g + aol vsing 
2 


2 
+ ool singcosg (19) 
TA 


M 
—“=B+A cos g + ny sin g + Gol =. (sin g — ¢ cos ¢) 
Ta 


1 ot 2 (20) 
COs 
2 
where ry = D/2 = 1r4+r,sing. In obtaining the above 
equations the integral > = was taken to be 
To ra trising 


2 [+ - = cos ¢ | which is a very good approximation for a shell 
A A 
with a sharp knuckle. Higher-order terms in r:/r4 can be in- 
cluded but they complicate the algebra and contribute very little 
to the final numerical results. 

With the simplified yield criterion and geometry, the problem is 
a statically determinate one on the justifiable supposition that the 
torus is at vield at each point. The boundary conditions at the 


ends of the torus ¢ = ¢g and ¢ = 2/2 determine the constants A 
2 


and B. If these ends are hinge circles My, = —M,, = “oF 


for the hexagonal-prism yield criterion and 


Pra 
A cos = (1 — sin go) + — oof 1 — sin go + Go cos 
rs 
+ cos® (21) 
2r4 
M,, r 
= + Dey (22) 
2 r,s 


The limiting value of pressure, p*“, based on this circumscribed 
yield criterion, is determined by setting My = +M,, = + l?/4 
dM, 

dg 


tion in moment is small in this interior region of maximum 


at the hinge circle g¢ = ¢,, where Q = 0, 0. As the varia- 


a, 
in equation 
2 


n t bstituti 77 + = 
* 2 


(20) is close enough in most cases. The upper-bound result valid 
for sharply curved knuckles is 


tur a a t Trae 
tan — tan = — tan 
ool 2 4 a rs 180 
2 


sin 
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Apparent static determinacy is often misleading so that a 
plasticity problem cannot be considered as solved when equi- 
librium alone has been considered. Two points of view may be 
adopted here. One is that if all equilibrium solutions which do 
not violate yield are examined [6], the one giving the highest 
limiting pressure gives the correct value of p*. It is easily seen 
in this special case that the procedure outlined above does give 
the highest limit pressure for the hexagonal-prism yield criterion. 
The other and generally more useful viewpoint is that it must be 
possible to associate a velocity field with the equilibrium solution 
[8]. The kinematic picture between hinge circles, Fig. 8(b), has 
to correspond to the normal to the inclined plane of the hexagonal 
prism. The meridional curvature must be zero because the nor- 
mal lies in a plane perpendicular to the M, axis. As the normal 
is inclined equally to the positive N, and negative Ng axes the 
circumferential strain must be compressive and equal in magni- 
tude to the tensile meridional strain. Clearly such a deformation 
pattern is kinematically possible although more troublesome to 
write down in this problem than the equilibrium solution already 
described. The mere existence of such a pattern is sufficient proof 
of the validity of the p* computation from equilibrium considera- 
tions alone. Upper-bound techniques based upon kinematic 
patterns will be described in the next section. 

Returning to the illustrative problem of a = 60 deg, r;,/L = 
0.06, D/L = 1.06, r:/r4 = 6/47, r4/L = 0.47, the upper bound on 
the limit pressure p** is given by equation (23) as 


t 


[13:7 + 0.335 


t t 
= 0 229 0.335 24) 
ar [ L + ] ( 


This is substantially higher than the pure membrane solution 
equation (13) for two reasons. Not only does the bending moment 
term in ¢/r; appear, but in addition 0.335 replaces the 0.128 in 
equation (13) because the shear force Q in the region of g = ¢ 
reduces N, and in turn the compressive Ng required for equi- 
librium. However, (24) shows the sharply curved thin-shell 
torus with bending strength to be far less efficient than the eylin- 
drical or spherical portion of a complete pressure vessel. For ex- 


ample, with ¢/r; = 1/30, 


t/L = 0.002, p*/a» = 0.002(0.458 + 0.335) = 0.0016 


or a 48-psi limiting pressure for a 30,000-psi yield point. This 
must be compared with p/o = 2¢/L or 120 psi for the spherical 
cap and 113 psi for the cylindrical region. Shells designed for 
much higher limit pressures will have larger values of ¢/r; and 
their bending strength will overcome their deficiency as a mem- 
brane. 

It must be remembered that (23) and the special case (24) give 
an upper bound. As discussed previously 3/4p*" will be a lower 
bound and 7/8p* will be a sufficiently close approximation to 
the actual answer for any pressure vessel of conventional shape. 

The analysis of this section is not valid for extremely small 
values of the thickness ratio ¢/r; and correspondingly very low 
limit pressures. When ¢/r; is extremely small, the upper hinge 
circle is located within the torus and not at the upper end, ¢ = 
w/2. As t/r; decreases, the upper hinge circle and the middle 
hinge circle move toward the lower end, ¢ = g. In the limit ¢/r, 
= (0, the membrane solution is attained with yield occurring only 


at Qo. 


a 
tan (in a — sin (23) 
2 4 Ts 2 
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For the illustrative problem considered, the upper hinge circle 
isatg = w/2 when ¢/r, is greater than 0.0053 or the limit pressure 
is above 3.7 psi for a steel with a 30,000-psi yield point. Even at 
t/r; = 0.0053, when the maximum moment in the torus is at ¢,, 
= 47.8 deg instead of the 60-deg mid-point value, formula (24) 
gives a limit pressure less than 5 per cent above the 3.7 psi value. 


Upper Bounds From Deformation Patterns 


The usual procedure for determining an upper bound on load- 
carrying capacity is to assume a possible pattern of plastic 
deformation and equate the rate at which the loads do work to 
the rate of internal dissipation of energy due to plastic action. 
The values of the loads so obtained are then upper bounds on the 
limit loads [6}. 

A deformation pattern for thin shells is defined by specifying 
the velocity of the middle surface of the shell. It is convenient 
here to describe the velocity by the inward radial component u 
and the downward vertical component w, instead of the more 
usual components normal and tangential to the meridional section 
{9|. The strain and curvature rates are then given by 


1 ( du “a dw ) (25) 
€&. = —— | cos - + sin — 5 
ip 
u 
(26) 
To 
(“se du _ cos =) (27) 
dg ri dg ri dy 
cosg/. du dw 
ke = — cos 28 
(«in ¢ de cos ie ) (28) 


As the transverse shear Q has little influence on yielding, the 
velocity components u, w must be such that the velocity com- 
ponent v, normal to the shell is continuous 


= using — wcos¢g (29) 
The vector with components proportional to €,, €, ky, ke is normal 
to the four-dimensional yield surface (1) and as this is a closed 
(convex) surface, all directions in the four-dimensional space are 
permissible directions for the vector. Thus the continuity of the 
normal velocity component v, is the only restriction on the 
velocity component u, w. 

The normality condition and the convexity of the yield surface 
(1) uniquely determine the rate of energy dissipation per unit 
area of the shell due to €,, €9, ky, ke, considered as purely plastic. 
As stated previously, when the ratio t/ro is small, the contribu- 
tion of kg to the dissipation rate can be neglected, and the yield 
surface of Fig. 4 can be used for computation of the dissipation 
rate (8). 

The stress and moment field of the previous section for the 
simplified knuckle of Fig. 8 is based on the approximation of Fig. 6 
to the yield surface of Fig. 4. The deformation pattern associated 
with this stress and moment field corresponds to normals to stress 
points on and at the edges JM, KL of the sloping plane JKLM. 
Between the hinge circles of Fig. 8(b), this normality condition 
enforces 


ke =0 (30) 


where €@ is compressive (negative), and at the hinge circles k, is 


unrestricted. The conditions (30) and expressions (25)~(27) de- 
termine u and w to within constants of integration 


= + (31) 
1 
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= = A+Q{sing + + Bole) (32) 


1 


where 


(w — 2¢ + sin 20) | (33) 


1 
a(g) = [cos ¢g¢+— 
4 


Wye) = i/( + sin e) (34) 
A 
f(g) = f a(¢g)b(¢g) sin gdy (35) 
Ts 
(36) 


= f [b(¢) sin 
ive 


and where {2, B, A are constants. The values of these constants 
in the two regions between the hinge circles are determined to 
within a multiplicative factor by the continuity conditions on 
u,w. At the hinge circle g = 7/2 at the top of the knuckle u and 
w are zero. The radial velocity u is zero at the hinge circle g = ¢p 
at the lower end of the knuckle. The components u and w are 
continuous at the central hinge circle g¢ = ¢,,. Distinguishing 
the constants for the upper and lower positions of the shell by 
the suffixes UV and L, respectively, it is found that 


By = 0, Ay = -—Qy 

Q, = — al¢,, (go) } 

B, = (37) 
—A, = Qf + (Q, — Qy){sin ¢,, + fl¢,,)} 


+ Bio¢,,) } 


so that all the constants involved are expressible in terms of the 
(positive) constant 

In a rough sense, the deformation pattern described corresponds 
to rotation of the segments of the shell between the hinges with 
angular velocities Q, and Q2,, together with an extension in the 
tangential direction in order to produce a tensile strain €, equal in 
magnitude to the compressive strain €¢g. The deformation pat- 
tern is associated with the stress and moment field of the previous 
section and the yield surface of Fig. 6, and shows that p*” given 
by equation (23) is an upper bound on the limit pressure. The 
upper bound can also be calculated directly from the deformation 
pattern as follows. 

From the conditions (30) and the yield surface of Fig. 6, the 
rate of dissipation of energy per unit area between the vield 
hinges is oot/e9!. At a hinge circle, energy per unit length is dissi- 


1 ‘ 
pated at the rate M,, (- z ot? } times the relative change in 


angular velocity at the hinge. The rate at which work is done by 
the pressure p is —pv,, per unit area, as v, is the inward normal- 
velocity component. Equating the rate of dissipation of energy 
to the rate of external work gives the upper bound p**, 


r, W 


*u 


(38) 


where 


| | 
+ (: + — sin + “dp (39) 
| Qy rT; 
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The upper bound (38) is the same as (23) with ¢,, = - - - and 


remembering that an approximate value for an integral was used 
in obtaining (23). For the particular example of a = 60 deg, 
ri/L = 0.06, ri/r4 = 6/47, the upper bound (38) is 


t 
p* = {139 — + oat (41) 


which may be compared with (24). 

If the yield surface Fig. 6 had been used to compute the upper 
bound instead of the yield surface Fig. 4, the same result (38) 
would have been obtained in this case. An exact calculation 
which includes kg in the dissipation is not difficult to perform. 
For this calculation it is easier to compute the numerically largest 
principal strain rate than to use the normality condition and the 
yield surface (1). The strain rates vary linearly throughout the 
thickness of the shell so that with k, = 0 between the yield 
hinges, two of the principal strain rates are given by 


= = + kez, (42) 
where z measures distance from the middle surface. The third 
principal component (normal to the middle surface) is given by 
the incompressibility condition 


= + &) (43) 


Except for small regions near the ends ¢ = ¢o, 7/2 of the knuckle, 
\ke\t/2 < lee! and the strain-rate distribution throughout the thick- 
ness is as shown in Fig. 9. For this distribution the rate of dissipa- 
tion of energy per unit area of the middle surface is given by a 
times the shaded area in Fig. 9, that is 


! 
€ ke\t 44 
of 1! 6, + g (44) 
For the particular example considered here, the contribution of 


the curvature rate kg to the rate of dissipation of energy is less 
than one per cent of the total. 


Cylinder Under End Force and Moment 


In an actual pressure vessel, the ability of the knuckle region to 
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carry shear and moment at its boundary depends upon the load- 
carrying capacity of the shell portions to which it is attached. 
Heavy flanges may be a great help in this respect both for shear 
and for moment. Without flanges the cylindrical shell, for ex- 
ample, must carry the full Ny, Q, and M, at the end of the torus, 
called N,2, Qx/2, and M,/2, Fig. 10. The shear force Q,., and the 
moment M,,. are both negative. It is immediately obvious that 
without a flange, M,/. must be appreciably less numerically than 
the maximum possible value oof?/4. Moving upward from the 
junction of torus and cylinder,'|M,| must increase because Q 
keeps its same sign and adds numerically to M,. In addition, the 
presence of axial force decreases the moment capacity. 

If the weight of the fluid and the shell may be neglected, NV, 
remains constant in value at N,, = pD/4. The two relevant 
equations of equilibrium are 


dQ 2Ne 

(45) 
dM (46) 
dz 


which may be combined as 


Fig. 10 Boundery and junction conditions 
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To obtain the largest possible numerical value of M,,., the 
numerical increase of M, in the cylindrical shell must be mini- 
mized. Therefore the maximum possible compressive Ng must 
be called into play. 

As in the analysis of the torus, if the circumscribing hexagonal- 
prism yield criterion is employed, —Ng = oof — Ny». The shear 
Q will be zero at x (point of maximum moment) given by 


2 20; 
[» + (dol = Nen) = E + Ly (48) 


where the moment will have an absolute value 


|M,| = |Myal + 1Qz/2|20 (49) 
If the circumscribed prism is used, this maximum value of |] ,| 
will be oof?/4 where ¢ is now the thickness of the cylinder. A 
closer answer will be given for this part of the computation if the 
maximum value is chosen in accordance with the correct section 


of the yield surface for N, = pD/4, Fig. 3(b), that is, M = — 


2 
E - (77) | As Ng is constant, there would be no difficulty 
in using the actual section of Fig. 4 as shown in Fig. 11. The 
over-all effect of these corrections will be small, however, and it is 
probably better in the analysis of a complete pressure vessel to 
use the circumscribing hexagonal prism consistently and multiply 
the upper bound answer which is obtained by 7/8. 


The Complete Problem 


A solution for the limiting pressure which a torispherical or 
other shaped head can carry involves consideration of the eylin- 
der, the torus, and the sphere, Fig. 12. If the equilibrium ap- 
proach is employed with the circumscribed hexagonal-prism 
yield criterion, the hinge circles have moments of?/4. Their 
positions, 2, ¢,,, and gs are adjusted to obtain the maximum 
value p**. As before, 7/8p** should be satisfactory for purposes 
of design and analysis. 

If a kinematic picture is employed to calculate an upper bound 
by equating rate of external work to rate of dissipation, the hinge- 
circle positions should be adjusted to give the smallest upper 
bound. It may turn out more convenient at times to select hinge 
positions arbitrarily and follow the customary procedure of com- 
puting an upper bound from kinematics and a lower bound from 
equilibrium. Further study is planned which, it is hoped, will 
lead to charts directly useful for the design of pressure-vessel 
heads. 

Elimination of the fixed boundary conditions for the toroidal 
knuckle clearly will lower the load-carrying capacity indicated by 
equation (23) in two related ways. The shear force Q which can 
be carried at the junction of torus and sphere will be reduced. Of 
necessity, NV, and consequently N¢ will be increased in magnitude. 
Also, the permissible moments at the ends of the torus will be 
cut drastically with a corresponding decrease of the coefficient of 
the ¢/r; term. A pressure vessel with a sharply curved knuckle 
which is designed for low pressures in accordance with the ASME 
code will show up especially badly in comparison with a properly 
designed membrane. 
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for Thin Shells of Revolution’ 


The paper is concerned with a nonlinear formulation of the problem of rotationally 
symmetric deformations of thin elastic shells of revolution, which are acted upon by 
edge forces and moments. Determined are, in particular, nonlinear corrections to the 


known results of the linear theory, for edge displacements and rotations. The calcula- 
tions are for cases for which thickness and curvature of the shell are such as to insure 
that stresses and deformations are effectively contained within a narrow edge zone of the 


shell. 


Introduction 


W. are concerned in the following with the problem 
of rotationally symmetric deformations of thin elastic shells of 
revolution. We assume that the shell is acted upon by radial 
edge forces Hy and edge moments M, and we wish to determine, 
in particular, the radial edge displacement uo and the edge rota- 
tion By produced by Ho and Mo, Fig. 1. As long as linear theory 
applies, we have that up and § are given in the form 


= + Bo tn Hy + (1) 
or, alternately, that Ho and M, are given in the form 
Hy = + ki2Bo, Mo = kato + (2) 


Approximate or exact expressions for the influence coefficients 
Cm, and k,,,, have been obtained for most problems of practical 
interest. 

Validity of equations (1) and (2) requires that the magnitudes 
of the quantities Ho, Mo, uo, and 85 are suitably limited, in order 
to have negligible nonlinear effects. In the event that nonlinear 
effects become significant, equations (1) and (2) are replaced by 
more general equations of the form 


uo = uol Ho, Mo), Bo = Bo Ho, Mo) (3) 
or 
Hy = Huo, Bo), Mo = Mo(uo, Bo) (4) 


The present paper has as its principal object the description of a 
method for obtaining the relations (3) and (4) for cases in which 
the effect of forces and moments applied to the edge of the shell 
is confined to a relatively narrow edge region, or boundary layer. 
This method is then used for the calculation of nonlinear effects, 
as they appear in expansions of the form 


Hy, = TTA M, = Bot (5) 


In the analysis use is made of basic equations for finite rota- 

1A report on work done under the sponsorship of the Office of 
Naval Research under a contract with Massachusetts Institute of 
Technology. 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, New York, N. Y., November 30—-December 5, 
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Note: Statements and opinions advanced in papers are to be 
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of the Society. Manuscript received by ASME Applied Mechanics 
Division, November 12, 1957. Paper No. 58—A-33. 
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tionally symmetric deformations which have been given previ- 
ously.? 


Basic Equations 


The differential equations for finite rotationally symmetric 
deformations due to edge moments and radial edge loads of thin 
shells of revolution consist of equations of equilibrium of the 
form 


(rH)’ — aNg = 0 (6) 
(rM¢)’ — aMecos + 8) + raH sin(@ + =0 (7) 
and of stress-strain relations of the form 
Cee = Ne —vNo, Cee = Ne — vNe (8) 
Me = D(xe + vxe), Me = + (9) 


The equations of the middle surface of the shell before deforma- 
tion are taken in the parametric form 


r=r&), z= 2(&) (10) 


and primes indicate differentiation with respect to & The 
quantity @ is defined by 


a? = (r’)? + (2’)? (11) 


The quantity @ is the shell meridian angle before deformation for 

which 

= asng (12) 

The quantities Mg and Mg are meridional and circumferential 

stress couples, H is the radial stress resultant, Ng the circum- 
2 E. Reissner, “On Axisymmetrical Deformations of Thin Shells of 


Revolution,” Proceedings, Symposia of Applied Mathematics, vol. 
3, 1950, pp. 27-52. 
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ferential stress resultant, and N¢ the meridional stress resultant, 
as indicated in Fig. 2. The angle 8 is the change in meridian 
angle due to deformation, and C and D are defined as follows: 
Eh’ (13) 
12(1 — 
Radial stress resultant H and meridional stress resultant N¢ are 
connected through the relation 


Ne = H cos(@ + B) 


Circumferential and meridional mid-surface strains €g and € 
are given in terms of r, @, 8, and in terms of a radial displacement 
component u, as follows: 


“ r’ —_ cos (@ + B) r’ 


(14) 


(15) 


Circumferential and meridional mid-surface curvature changes 
kg and xg are 
sin (@ + — sing B’ 


r a 


(16) 


Introduction of equations (14) to (16) into equations (6) to 
(9) leaves a system of six equations for the six unknowns H, Ng, 
Me, Mo, B, and u. This system can be reduced to two simul- 
taneous second-order equations for the quantities 8 and H, as 
shown previously? if use is made of a compatibility equation of 
the form 


cos @(reg)’ — r’ cos (@ + B) = r’'[cos + B) — cos (17) 


The differential equations of the problem are to be solved subject 
to suitable boundary conditions. For a shell of revolution which 
is closed at the apex and acted upon by edge moments and radial 
edge forces, these conditions are the following symmetry condi- 
tions at the apex, 


(18) 


and either one of the following loading conditions at the edge 


B= Bo (19a) 


H = Ho, M = My (19b) 


Solution of either one of these two boundary-value problems 
leads to the relations (3) and (4) between edge displacements and 
edge loads. 


Boundary-Layer Formulation of Edge-Load Problem 


It will be assumed, on the basis of known results for the linear- 
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ized version of the problem as stated in the preceding section, that 
significant changes of stress and deformation are limited to a 
relatively narrow region adjacent to the edge & = & of the shell. 
In this region the variation of r, r’, a, @, C, and D may be neg- 
lected and derivatives of stress and deformation quantities are 
large compared with these quantities themselves. Designating 
edge values by a subscript zero and omitting quantities of negli- 
gible magnitude, the system of differential equations as stated in 
the preceding section is then simplified to the following form 


rol’ — ayNeg = 0 (20) 
roMe’ + raQoH sin (d + B) = 0 (21) 
= No, Mt = —Do (22) 
a 
To COS do = ro'[cos (do + B) — cos do} (23) 


Equations (20) to (23) are readily reduced to two simultaneous 
equations for H and 8, which have the following form 


— sin (do + 8B) = 0 
+ ay*Co[cos do — cos (d + 8)] = 0 


The system (24) and (25) is to be solved subject to the boundary 
conditions (18) and (19). The latter will be assumed in the form 


(24) 
(25) 


(19a). Taking u from (15) and taking account of (22) we have as 
boundary conditions in terms of the variables 6 and H, 

t=0: H’=0, B=0 (26) 

= AoC oro, B -= Bo (27) 


The solution of this boundary-value problem is to be used, in 
particular, to obtain values of Hp = H(&) and My = Me(&) = 
—(Dy/ao)8'(£o), in terms of the prescribed boundary displace- 
ments up and Bo. 


Dimensionless Form of Boundary-Value Problem 
We set in equations (24) to (27) 
— &), BE) = fF), = 


where \ and go are two parameters which must be suitably dis- 
posed of. Introduction of (28) into (24) and (25) leads to the 
following equations for f and g, where now primes indicate dif- 
ferentiation with respect to ¢, 


— do cos f + cos do sin = 
+ ao*o[cos do(1 — cos f) + sin sin f] = (30) 


The corresponding equations of linear theory follow from (29) 
and (30) by setting in (29) cos f = 1 and sin f = 0 and in (30) 
cos f = landsinf = f. To make (29) and (30) conveniently di- 
mensionless we now set 


(28) 


(29) 


DA? = Sin = sin d (31) 
Therewith, and with the abbreviation 
cot dy = m (32) 
the system (29) and (30) assumes the following form 
f” — 2[cos f + msinflg = 0 (33) 
g” + 2[sin f + m(1 — cosf)] = 0 (34) 


The parameters go and X which are needed to transform the 
boundary conditions for H and 8 into conditions for g and f follow 
from (31) as 
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si “a Co 
Therewith equations (26) and (27) become 
f= Ah: g' = 0, f=0 (36) 
f=0: g’ =m f= Bo (37) 
The quantity m is given by 
> 


In order to have the existence of a narrow edge zone we now 
assume the order-of-magnitude relation 


1< (39) 


in such a way that we may, in the boundary condition (36), re- 
place Af by ©. We then have that the solution functions f and 
g depend on the co-ordinate ¢ and on the three parameters m, §o, 
and 7, and we may write 


f = f(f; Bo, No; m), 


From (28), (35), and (40) follows for the horizontal edge ferce 
Ho, 


g = 9%; Bo, mo; m) (40) 


D 
= ——~ (0; Bo, m0; m) 


To 


H, (41) 


From (22), (28), (35), and (40) follows for the edge bending 
moment M), 


sin'/2 do Co'/*Dy'/* 


M, = 75 
an 


t'(0; Bo, mo; m) (42) 


Solution by Expansion in Powers of Displacement Parameters 


Inspection of the system (33), (34), (3G), and (37), with A& = 
©, indicates that nonlinear corrections to linearized theory may 
be obtained by an expansion in powers of the displacement 
parameters and as follows 


f = Nof T Bofor -+ No + MBofir + Bo*for (43) 


= NodJw + Bogu + No*G20 + NoBogir + + eee (44) 


Equations (43) and (44) are introduced into the differential equa- 
tions (33) and (34) which are written in the expanded form 


l 1 
(45) 


f’ -—2 [ + mf — 
"+2)1 4 f f=0 j 
+2 +35 f- 24 mf = (46) 


Equating coefficients of corresponding powers of mo and Sy 
leads to the following systems of linear differential equations 


fio” — 2g = 0, gi” + = 0 (47) 

fu” — 2gn = 0, gu” + 2fn = 0 (48) 

foo” — = G2" + = —mfw? (49) 

fur” — = 2m(frioga + fag), gu” + = (50) 
(51) 


Sor” — = 2mfuge, gn” + = —mfa? 


Sin” — 29% = Gin” + Bin = (52) 


In (52) the quantities A and B are suitable constants and the sum- 
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mations extend over all integer p, g, r, s > O such that p +r = j 
andg +s = k. 

Introduction of (43) and (44) into the boundary conditions 
(36) and (37), with A& = ©, leads to the following system of 
relations 


= 1, gi'(0) = fil ©) = = 0 (53) 
= 1, far(O) = fale) = = 0 (54) 
Sink) = = ©) = = 0, (55) 


Equations (47) to (51), with the boundary conditions (53) to 
(55), have solution of the form 


fo = e~ (cos § — sing), gw = (cosf + sin (56) 
fu = sing, go = cost (57) 
m ) 
fo = 10 — sin — e~*8(1 + 2¢))] 
(58) 
= = + sin — e~*(2 — 
4 
+ gu (s + 3 cos 2¢ 3 sin 2*) 
(59) 
(sein g — cost | 
= - € —S sin 
10 
4 
+ ¢ cos 2¢ + 2 sin 2°) | 
for = = ¢ 2sin ¢) | 
— ¢ + 9 COP <4 | 
(60) 
m 12 re 9 | 
= 10 COS ¢ ering) 


Introduction of (56) to (60) into (43) and (44), and observation 
of (41) and (42) gives as expressions for edge force and moment 
in terms of dimensionless edge displacement and edge rotation, up 
to and including second-degree terms, the following formulas 


rol m 
ff 2 
Po — % + Po 
4m ; m 61) 
+ 
5° io ” 
2 M, on 
sin dy Dy ) 
3m 8 62) 
oh ese (6 
5 
with m = cot @o and mo given by (38) in terms of uo. 


It is seen that all second-degree terms in (61) and (62) dis- 
appear when cot @ = 0, that is, when the meridian tangent is 
vertical, as for a cylindrical or hemispherical shell. Equations 
(61) and (62) cease to be applicable for values of cot do which are 
large compared to unity, that is, for shells which must be con- 
sidered as shallow. A rough, conservative estimate of admissible 
values of cot do is |cot do! < 2. 
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Presence of second-degree terms in (61) and (62) means that, 
except for shells with axially directed edge tangents, the principal 
nonlinear corrections of the results of linear theory are such as to 
introduce a distinction between inward bending and outward 
bending. 

Conditions for the negligibility of nonlinear corrections are seen 
to be the following 


The condition for the angular displacement {> is just what would 
be expected. The condition for m») can be written as the form 


a 


ro'/* sin'/? bo 


This means that linearity requires that the horizontal edge dis- 
placement be small compared with the geometricsl mean of edge 
radius and edge wall thickness. An analogous result has been 
previously stated for the case of the circular cylindrical shell.* 

It is finally noted that the validity of equations (61) and (62) 
depends on the absence (or negligible smallness) of distributed 
surface loads. If distributed surface loads are present, for in- 
stance, a uniform normal wall pressure, then an expansion of the 
form (61) and (62) will involve coefficients depending on the mag- 
nitude and nature of distribution of the surface loads. 

In order to obtain explicit expressions for no and 8» in terms of 
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Ho and Mo, the power series expansions (61) and (62) may be 
inverted. Setting 


the following formulas are obtained 
. 11 17 
—Bo = Wo + + 6 + 
+ + (64) 
ig +... 
26 19 
= + wo + myo? + mWolto 
4 
+ myo? +... (65) 


Additional terms in the series (61), (62), (64), and (65) may be 
determined successively, in an analogous manner. 

As a qualitative conclusion from equations (64) and (65), it is 
noted that positive forces and moments, tending to flatten the 
shell, in accordance with Fig. 1, produce larger deflections than 
are predicted by linear theory, while negative forces and mo- 
ments, tending to deepen the shell, produce smaller deflections 
than are predicted by linear theory. 
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A Theorem of Maximum Strain Energy 


Lecturer, 

Civil Engineering Department, 

Imperial College of Science and Technology, 
London, England. 


A new theorem for elastic structures obeying Hooke's law is proved and enunciated as 
follows: If the strain energy can be expressed in terms of given external loads and the 
positions of points constrained to have no displacement, then the expression will have a 
maximum value when the positions are such as make the constraining forces sero. 
theorem is generalized to allow a wider class of constraint, such as the attachment of a 
second, rigid structure to the elastic structure under analysis, in such a way that the two 
have certain displacement components in common. 


The 


The principle has been applied by 


E. H. Mansfield to certain problems in the bending of plates. 


I. November, 1938, Williams' published an interest- 
ing paper on the relations between the energy theorems applicable 
in structural theory, including a discussion of the statical analog 
of Bertrand’s theorem in dynamics? which Williams called “the 
Theorem of Maximum Strain Energy.” The proof was in the 
form of an inequality, showing that when an elastic structure 
obeying Hooke’s law is loaded by given external forces, its strain 
energy is greater if it is free to deform than if its freedom is 
limited by constraints. 

The difficulty in applying the theorem lies in the nature of the 
maximum, which in many cases is not a stationary one. For ex- 
ample, suppose the structure is subjected to a single load applied 
at a point r, and suppose its deformation is resisted by an un- 
specified force at a point s. Let forces be denoted by P, and cor- 
responding displacement components in the same directions by 
A. Then the theorem states that the strain energy U is a maxi- 
mum when P, = 0, the given load P, remaining constant. 

In order to examine the variation of U with varying P, while 
P, is held constant, the strain energy must be expressed in terms 
of P, and P,, so that U = U(P,, P,). Then by Castigliano’s 
theorem for structures obeying Hooke’s law, 


It follows that, when A, = 0, U has a stationary value (which can 
be shown to be a minimum value); but, when P, = 0, A, is not 
zero, so that the value of the strain energy is not stationary. 
Williams did not discuss this difficulty, but in an alternative 
enunciation of the theorem he included the proviso “subject to 
the equality of the strain energy to the work done on the system 
by the external forces.””. That is, the work done by P, must be 


zero: In this case the only two conditions per- 


1 

PA, = 0. 
missible are P, = 0 and A, = 0, and the theorem simply states 
that Up,=0 > U4,=0, which of course is true. 


!D. Williams, ‘“‘The Relations Between the Energy Theorems Ap- 
plicable in Structural Theory,”’ Philosophical Magazine, Series 7, vol. 
26, 1938, p. 617. 

2? W. Thomson and P. G. Tait, *‘Treatise on Natural Philosophy, 
Part I,"’ Cambridge University Press, 1912. 
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In application, however, a stationary value theorem is much 
easier to manipulate than an inequality, and in this paper it will 
be shown that a stationary maximum does occur with respect to 
variation of certain parameters provided that the given external 
loads are held constant. 

Simple examples to illustrate the use of the new theorem are 
difficult to construct. An example is given at the end of the 
paper, however, which admirably demonstrates the method of 
using the theorem, although the results could be obtained by other 
methods in a quarter of the space. The principle has been of 
practical use in solving certain problems in the theory of plates,* 
but such solutions are too complex to use for illustration, 

The new theorem is stated as follows: Jf the strain energy of a 
linear elastic structure can be expressed in terms of the given ex- 
ternal loads and the positions of points constrained to have no dis- 
placement, then the positions of the points which give zero constrain- 
ing forces make the sirain-energy expression a maximum. 

A generalized forin of the theorem will be stated and proved 
later in the paper. 


Proof for Simple Constraints 


Let a linear elastic structure be subjected to M given external 
loads P, at points r, (r = 1,...., M,) and to N variable loads P, 
at points s, (s = M+ 1,..., M + NN), whose positions are de- 
termined by co-ordinates z,. We shall prove first that if each P, 
has the nature of a constraint making A,, the deflection at x, in 
the direction of P,, zero, then the strain energy is a maximum 
when z, takes such a value that P, = 0. That is, the strain 
energy is a maximum with respect to the positions of points with 
a zero displacement component if the structure is unconstrained. 

First consider the structure loaded by the P,’s and P,’s, with 
unspecified values of P,, A,, and z,. Then 


m 


where both m and n refer to any of the points r and s. Let ¢ be 
a particular point of the s-set. Then k,,, the component of the 
displacement at ¢ in the direction of the load P, due to a unit load 
at m in the direction of load P,,, is a funetion of z,, and so is 
k,,, for by the reciprocal theorem k,, = k,,. When neither m 
nor n refers to ¢, k,,,, is independent of x, by the principle of super- 
The strain energy is given by 


m n 


position. 


3 E. H. Mansfield, ‘‘The Inextensional Theory for Thin Flat Plates,’ 
Quarterly Journal of Mechanics and Applied Mathematics, vol. 8 part 
3, 1955, pp. 338-352. 
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In what follows it is most important to remember what variables 
are involved in a given function, and we shall always denote by U; 
the strain energy when all the loads and z,’s are involved as inde- 
pendent variables. In derivatives of the strain energy the sub- 
script on U will thus show what variables are being held constant. 
The displacement A, is given by the expression 


au, 


so that if P, is to be a constraint such that A, = 0, there is an 
equation for each value of s in the form 


= 0 (2) 
m 


This set of simultaneous equations can be solved to give each 
P, as > l,P,, where each /,, will depend upon all the z,’s, and 


r 
the values of P, can be substituted in Equation (1) to give 
U = U,(P,, z,) 


Then U’; expresses the strain energy in terms of the given external 
loads and the positions of points constrained to no displacement. 
Now 


ol: > oP, 
oz, or, oP, 2,’ 
where in differentiating U, and P, only the P,’s and z,’s (s # t) 


are held constant, whereas in differentiating 0, P, or z, also is 
constant. 


As A, = 0, oU’,/oP, = 0, and 
ol, wy 
or, or, 
Remembering that for m, n = ¢, k,,,, is independent of z,, from 


quation (1) 


al. > Ont — 1 Pe: (3) 
Or, or, Ox, 2 Of, 


and if z, takes such a value that ?, = 0, making the structure 
unconstrained, 

ou, 

or, 


= 0 (4) 


It remains to examine whether this stationary value is a maxi- 
mum ora minimum. In differentiating U, again in Equation (3) 


we must remember that P, = > l,P,, so that each P, is a 
r 


function of all the z,’s: 


t t 


or? ~ ‘ 2 oz? 
+ s P t mt P 
(s#t) 


5) 
From Equations (2), when s = ¢, 


aP 
— P k an 


74 / mMaRCH 1959 


and for each value of s not equal to t, say s = u, there holds an 
equation of the form 


aP, 
* Pp k =0 ) 


Multiply Equation (6) by (0P,/dz,) and each of Equations (7) by 
its appropriate (OP,/dzr,), and add them all together: 


oP, ok... oP, oP, 

k 

(= includes 


ok,, OP, 
P —*—*-=0 (8 
Or, OZ, 


(u#t) 


As P, = 0 the last term vanishes. The middle term represents 
twice the work which would be done by a set of forces, numerically 
equal to OP,/dz,, applied to the structure at the points s [ef. the 
form of Equation (1)]. This is positive, whatever the signs of the 
“forces,” so the first term of Equation (8) must be negative. 
Equations (4) and (5) therefore establish that U; is a maximum 
when z, takes such a value as will make P, zero. This maximum 
property holds, of course, with respect to variation of each co- 
ordinate z, and corresponding constraint P,,. 

The theorem can now be enunciated as follows: Jf the strain 
energy of a linear elastic structure can be expressed in terms of the 
given external loads and the positions of points constrained to have 
no displacement, then the positions of the points which give zero 
constraining forces make the sirain energy expression a maximum, 
Note that only the given external loads must appear in the expres- 
sion; it must not be in terms of the constraining forces. Note also, 
that it is tacitly assumed that points of unconstrained zero dis- 
placement do exist. In many problems they may not, and the 
theorem can only be useful when at least one point of zero dis- 
placement or slope is physically known to exist. 

The theorem may be extended in several ways: (a) The argu- 
ment is unchanged if P, refers to a couple and A, to the cor- 
responding rotation; (b) z, need not refer to the position of the 
point s; any parameter whose variation affects the stiffnesses k,,,, 
but not k,,,, (m, n # 8s) will suffice for the proof of the theorem; 
(c) as will now be shown, it is possible to use the theorem for a 
more general type of constraint than A, = 0. 


Extension to Generalized Constraints 


We define a set of generalized constraints involving M + N 
displacements A,, with corresponding forces P;, ais the vanishing 
of M linear combinations of displacements 


= 0, =1,2,..... 


together with N equilibrium conditions 


> w=1,2,...... N) 


Such a set of constraints could be produced, for example, by 
attaching to the structure a second, weightless but perfectly rigid 
structure, the two structures being connected so as to have M + 
N displacement components in common. As a specific instance, 
if the second structure were a rigid bar, pinned at four points to 
the side of a continuous horizontal beam, there would be two 
equations restricting the relative vertical displacements at the 
pins and two equations between the forces, expressing equi- 
librium of the rigid bar. 

If m, n can refer to any of the points r and 7, we can write 
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4 
| 
| 
| 
t 
| | By hypothesis, P, = 0, so this expression reduces to c 
tie | 
|, 


U = U,'(4, A) = 


> k,,,'A,4, (9) 
& 


We now introduce a set of generalized displacements defined by 


q, = A, 
mr (10) 
q = a; Ai, | 


where the constants @,, are not yet specified. By solving these 
simultaneous equations, all the A’s can be expressed as linear 
functions of the q’s, and the strain energy becomes 


where w and v can take any of the values r, s, v. 
This gives U as a homogeneous function of the q’s, so that from 
Euler’s theorem for homogeneous functions‘ 


ou,’ 


U = (Qn Ve) = 


‘/Oqy (note that this 


Q.4, (12) 


As the constraints take the form g, = 0 the second term vanishes, 
but g, # 0, since there are only M constraints. However, the 
quantities Q, by their definition and Equation (11), are linear 
functions of the q’s, hence of the A’s by Equations (10), and thus 


of the P’s, so that 
n= > 
n 


where it is easily shown that the coefficients a,,’ are the same as 
those obtained by solving Equations (10) for A: 


, 


=r, so that when = 


or, defining generalized forces by Q, = OU’; 
gives Q, = P,), 


=. Q4, + 


+ 


= 0 unless 
= > a,;'P; 
t 


There are now just sufficient constants a,, at our disposal to 
= B;,, and choosing a;, accordingly we 


8..P; = 


The quantities Q,, Q,, Q, are all linear functions of the q’s, 


so that Equation (11) transforms to 
1 


The co-ordinate z, now may relate to the disposition of the points 
involved in the constraint gq, = 0, or may be in some other way 
concerned with this particular constraint only, so that 


Since A, = q,, Qyr’ 


allow us to satisfy @,,’ 
have 


U= U;(Q,, Q., Q., 


Oky,/Or, Or OK,,/dr, ~ O 


*G. H. Hardy, “A Course in Pure Mathematies,”’ Cambridge Uni- 
versity Press, 9th edition, 1945, p. 334 
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but = 0 8) 


The quantity Q, is defined as 0U’;’/dg,; we need to prove that 
= ol 
From Equation (11) we have 


00, Ody 00, 
and by Equation (12), 


oq 
= 


hence on subtracting, 


ou; 
00, 
Then from Equation (13), g, = 0 becomes 
1 
> (Kys + = 0 (14) 
Also 
Q, = 0 (15) 


These two sets of simultaneous equations enable @, to be ex- 
pressed in terms of the Q,’s only, and since Q, = 0, equation 
(13) reduces to 

U = U,(Q,, z,) = UdP,, 2) (16) 


The proof now runs much as before. We have 


- + 


Now 0U;/0Q, = q, = 0; Q, = O regardless of the value of x,, 80 
that 0Q,/or, = 0. Therefore by Equation (13), 


ou; ou; 1 ( OK yt xe) 
+ Q,0 
Oz, or, 2 Or, or 
1 OK, 


equals 0, when z, takes such a value that Q, = 0. Also, 
or? og, \ oz, oz, 
ov, od, 
od, \ ox, or, 


From Equation (17) 0°U;/dr/2 has a factor Q,, and therefore 


vanishes. The last term also vanishes, because, as we have seen, 
0Q,/or, = 0. 
Hence 


277, OK 
or? 2 or, or, or, 
l OK ye OK ty od, 
xe) 9, 22 
Since Q, = 0, we then have 
ou, 1 (2 4 0, og, (18) 
or? 2 or, or or, 
From Equation (14), whens = ¢ 
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or, 
and whens = u # 


(2c + 
2 \ oz, 


The first term of this last equation vanishes because Q, = 0. 
Multiply the first equation by 0Q,/dz,, and each of the others 
by its appropriate 0Q,/dz,, and add them all together: 


1 Kye Key og, 
2 or 4 
0Q, 2Q, 
+ 


(s and u take all M possible values) 


1 
+ 2 (Kye + Key) = 0; 


= Kn + 


(M — 1 equations for different values of u) 


(19) 


Then by the same reasoning as before, Equations (18) and (19) 
show that 0*//,/dr,? is negative, and hence UU’, is a maximum 
when the z,’s take such values as make the Q,’s zero. 

From the last two of Equations (10) it is possible to express the 
M + N A,’s as linear functions of the generalized displacements 
q, and q,, the total number of which is also M + N. Then we 


can write 


ou,’ 

Q, 

defining 8,;, as 0A,;/dq,. We have seen already that Q, takes the 


> B,,P;, 80 that M equations Q, = 0 together with the N 


ad, 
dA; 24, 


form 


equations Q, = 0 are equivalent to M + N equations P; = 0. 
The maximum strain energy thus occurs when all the points 7 are 
unconstrained. 

The theorem in its generalized form, then, states: Jf the strain 
energy of a linear elastic structure can be expressed in terms of the 
given external loads and certain parameters x,, where each x, de- 
termines the position or some other property of a set of generalized 
constraints, then the strain-energy expression is a maximum with 
respect to variations of the x,'s when the constraining forces are zero. 


Example 


To find the point of maximum deflection of a constant-section 
cantilever loaded at its free end by a force and a couple, Fig. 1. 

At the point of maximum deflection the rotation is zero, so we 
apply a constraining couple distant z, from the free end such that 
the slope at s is zero. Then when s is the required point of maxi- 
mum deflection the constraining couple will be zero, and the strain 
energy & maximum, by the theorem. 

The beam to the left of s is effectively a cantilever built in at s, 
and its strain energy is 

(1/2E1) (My — Wx)%dz (20) 

The beam to the right of s has zero slope at each end, and by 
symmetry a point of contraflexure in the middle. No external 
vertical load has been introduced at s, so the shear force is W, 
constant along the beam. The right-hand part of the beam 
therefore can be considered as two cantilevers, each (L — z,)/2 
long and loaded by a single force W. The strain energy is 
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conmst- siming 


couple 
Mo 
Fig. 1 
L Zs 
2 X (1/2ED) f, 2 (21) 


Equations (20) and (21) express the total strain energy in terms 
of W and gz,. 

We now differentiate the strain energy with respect to z, and 
equate to zero, according to the theorem: 


U a 2 
or 2 


The solutions of this quadratic equation for x, are 


2Mo 
z=—-L, 


W 


2M. + WL 
3W 


To find which value gives a zero constraining couple we differenti- 
ate again: 


Ww 
2EI {W(L + — 4M} 


The first value of z,, substituted into this expression, gives 


2El OU Mo 


Par 
and since x, < L, 
2M, My Mo 
Ww L < L, and Ww L < L = Ww 


M 
that is, - -— Lis negative, so that U is a maximum, and the re- 


Ww 
quired result is 


Once again z, < L, 2M, + WL < 3WL, WL — M, < 3(WL — 
Mp»); hence WL — Mp is positive, so that U is a minimum, and 
this second value of z, does not fulfill the conditions of the theorem. 

This result, as was mentioned earlier, could certainly be ob- 
tained by other methods with considerable economy of effort, 
but the example does serve to illustrate a technique which has 
practical value in more complicated applications. 
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Plastic Stress-Strain Relationships— 
Some Experiments on the Effect of Loading 
Path and Loading History 


Tests have been carried out on thin closed-ended tubes of alpha brass subjected to various 
combinations of torque and internal pressure. The effect of loading, unloading, and 
reloading along different loading paths has been investigated, including the effect on 
the shape of the yield surface, and the form of the curve of representative stress and 
representative strain. The behavior of the material for initial loading suggests thet 
‘ the material is isotropic in the plane of the surface of the tube but is anisotropic in a 
radial direction. A form of yield criterion and representative stress which correlates 
these results has been deduced, but the results of the tests for the second loadings of 
the specimens cannot be correlated in terms of a nested set of similar yield surfaces. 
The evidence for or against the existence of corners or pointed vertices on the yield sur- 
face is inconclusive. 


S. S. GILL and J. PARKER 


Lecturers in Mechanical Engineering, 
College of Science and Technology, 
University of Manchester, 
Manchester, England. 


A SERIES of experiments has been carried out on thin 
closed-ended tubes of alpha brass subjected to various combina- 
tions of torque and internal pressure. The effects of loading path 
and loading history on the stress-strain relationships beyond 
the elastic limit were investigated by loading, unloading, and re- 


face of the tube and at 55'/; deg to the longitudinal axis of the 
tube. Except where otherwise stated, ‘tension’ in this paper will 
always mean this particular type of loading and the quotation 
marks will be omitted. 

Use was made of the fact that a simple tensile stress system can 


loading in various sequences of torsion, internal pressure, and be obtained by a particular ratio of torque to internal pressure lh 
“tension.”’ to investigate the isotropy of the material used. By carrying out x 

Some explanation of the term “‘tension’’ is required. Fora par- a tension test in which the direction of the torque was reversed, 
ticular ratio of torque to internal pressure applied to the specimen, __ the tensile stress in the plane of surface of the tube was inclined 
the stress system is a simple tensile stress in the plane of the sur- at —55'/; deg to the longitudinal axis; i.e., a mirror image of the ~ 
previous tension test. 

Contributed by the Applied Mechanics Division and presented at Conventional axial tensile tests also were carried out on tubes i 
the Annual Meeting, New York, N. Y., November 30-December 5, of the same material and dimensions to give the tensile properties 
1958, of Tue American Society or Mecuanicat ENGINEERS. in the longitudinal di - To i tigate further th 

Discussion of this paper should be addressed to the Secretary, “* Surther the me- 

ASME, 29 West 39th Street, New York, N. Y., and will be accepted chanical properties of the material in the plane of the surface of 
until April 10, 1959, for publication at a later date. Discussion re- _ the tube, a test was carried out on an open-ended tube, i.e., with 
ceived after the closing date will be returned. — sliding plugs to carry the end load due to internal pressure, sub- 

Note: Statements and opinions advanced in papers are to be jected to internal pressure 8o that the stress system was purely ten- : 
understood as individual expressions of their authors and not those 4 
of the Society. Manuscript received by ASME Applied Mechanics _Si/e and in a transverse direction in the plane of the surface of the 
Division, August 30, 1957. Paper No. 58—A-11. tube. Fig. 1 shows the stress-strain curves for the four types of ie! 

Nomenclature 
G2, ) & = representative stress (von assuming no permanent volume change to 
G3 P P Mises-Hencky ) obtain the radial plastic strain from the 
o, = longitudinal stress 1 measured values of €,? and ¢,”. The super- 
[(o, — + (a, — d he plastic f th 
o, = circumferential stress V2 script p denotes the plastic part of the 
= shear stress + (0; — strain component. 
€, = longitudinal strain €p” = representative plastic strain 
€, = circumferential strain (derived in on 9.0227 
y = shear strain é — ntative plastic strain wd,,*t 
p = internal pressure — €”)? 
T = torque o, = = 8p 
d; = internal diameter of speci- 7, 
men + — 
d diameter of speci 37 
= mean diameter of specimen = + + 3.765p 
t = wall thickness of specimen mé 
= i d 1 
Cr representative stress (de + + 
rived in Appendix) 2 for the specimen shown in Fig. 4 ies 


Journal of Applied Mechanics 


marcn 1959 / 77 


. ce 
\ 
on 
€ 
Mert 
ie 


TENSION. 
REVERSED TENSION } 


co CONVENTIONAL TENSION (LONGITUDINAL AXIS OF TUBE) 
oo ~ CIRCUMFERENTIAL TENSION PRESSURE 
u 


OATING END PLUG 


t 


(1000 


5 20 25 


EP (107?) 
Fig. 1 Stress-strain curves in tension 


tension test. Each test was repeated at least once and gave the 
same stress-strain curve. 

These results suggest that the test specimens were isotropic in 
the plane of the surface of the tube. As will be seen later, other 
tests suggest that the mechanical properties in a radial direction 
are different from those in the plane of the surface of the tube. 

This paper therefore gives experimental results on the effect of 
loading path and loading history for a material with this simple 
form of anisotropy. ‘ 


Loading Paths 


Any state of stress in the plane of the surface of the test speci- 
men can be represented by the co-ordinates of a point in stress 
space @,, 0,, 7, Fig. 2. Loading in internal pressure is loading in 
which o,/o, = 2.124; i.e., line Oo, which lies in the plane o,0c,,. 

It follows, therefore, that all states of stress caused by torsion 
and internal pressure are represented by points in the plane ¢,0r, 
Fig. 3, where 


a, = (02 + = 2.3480, = 8.841p 


Tension loading as referred to in the introduction is given by 
»/T = 1.61 as shown by the tension line in Fig. 3. 

The actual loading paths of the eleven specimens are tabulated 
in Fig. 3. The curve ABC is the intersection by the ¢,O7 plane of 
the von Mises-Hencky yield surface; i.e. 


26? = 96.1p? + 6.0017? = 1.2280,? + 6.0017? 
The ellipse ABC in Fig. 3 is plotted for ¢ = 13,000 psi. 


4 
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The test results show, in fact, that the material does not follow 
the von Mises-Hencky yield criterion but possesses the simple 
type of anisotropy described in the introduction. However, the 
loading paths of Fig. 3 were chosen for the program of tests be- 
fore the form of the actual yield surface was established by the 
tests. 


Experimental Details 


(a) Test Specimen. Fig. 4 shows the test specimen which was 
machined from 1*/,-in. square-section bar. The analysis of the 
material is Cu 69.42, Zn 30.56, Fe 0.02 per cent. The technique 
of manufacturing the test specimens to insure concentricity of 
bore and outside diameter has been described elsewhere |[1!.! 
After final machining, the specimens were heated to 600 C for 2' /. 
hr and then allowed to cool slowly in the furnace. 

(b) Test Rig. (i) Torsion and Internal Pressure: The test rig for 
applying torque and internal pressure to the test specimen is 
shown in Fig. 5. Two roller bearings were provided in the 
housing for the torque arm so that there was no endwise restraint 
on the change of length of the specimen. The specimen was 
held in square sockets concentric with the axis of rotation. 

In order to measure the pressure accurately, a pressure-gage 
tester was used and the pressure was determined by the weights 
on the gage-tester piston. 

(ii) Transverse Tension: In order to obtain a stress system which 
was purely tensile and in a transverse direction, the specimen Fig. 
4 was modified slightly. The ends were not threaded and two 
cylindrical plugs were made which were a sliding fit in the ends of 
the specimen, and the oil was supplied through one of these 
plugs. The rig described in the foregoing was modified slightly 
such that the longitudinal force due to the pressure was trans- 
mitted by the sliding plugs to the rig itself, and the specimen, 


1 Numbers in brackets indicate References at end of paper. 


T 
SOFT SOLOER THREAD 1-062 % 
END PLUG 1-230" ] 20 TRI 
| [square , | 


| 
Bross Tube Brazed To End Plug- 
Connected To 01! Pump By 
Fiexible Tube 


Fig. 4 Test specimen 
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which could be moved axially relative to the plugs, carried no 
longitudinal load. 

(iii) Axial Tension: Conventional tension tests were carried out 
on specimens of the same cross section and general form as the 
others but with the ends modified to suit the axial loading 
shackles which were used. The four Huggenberger extensometers, 
mounted at 90-deg radial intervals, showed that the load was 
truly axial. 

(c) Strain-Measuring Equipment. The techniques used for the 
measurement of the shear, longitudinal, and circumferential 
strains have been described briefly [2]. They are: 
by mirrors, telescopes, and curved scales. 
by two microscopes focused on two 


1 Shear strain 

2 Longitudinal strain 
fine lines on the test specimen. 

3 Circumferential strain—by pneumatic gaging heads, Fig. 6. 

The general arrangement is shown in Figs. 5 and 7. All the 
strain measurements are sensitive to 1 & 107°. 

(d) Test Procedure. In all tests a standard procedure was adopted 
in loading to eliminate any effects due to creep. After application 
of an increment of load the specimen was allowed to creep until the 
readings of the strain-measuring instruments were constant within 
the sensitivity of the instrument. The readings were then taken. 

The test specimen was always rocked slightly during pressure 
friction on the torque-arm 


increments to eliminate endwise 


bearing. 


Experimental Results 


The main experimental results are shown in Figs. 8-16. Figs.; 
S(a), 9(a), 10(a) show plots of — i.e., representative stress 
and plastic strain on the basis of the von Mises-Hencky yield 
criterion for nine tests. The curve of ¢ — & for the initial loading 
in tension (specimens I, II, IT in Fig. 8a), in torsion (specimens 
IV, V, VI in Fig. 9a), and internal pressure (specimens VII, 
VIII, IX in Fig. 10a) show sufficiently good agreement and con- 
sistency of mechanical properties on the initial loading (except at 
low strains) to justify comparing the three types of initial load- 
ing and also comparing the effect of the subsequent loading paths. 

The discrepancies in the 6 — é* curves for any one loading, 
e.g., tension, torsion, or internal pressure, at low strains seem to 
be a feature of the material. The point of initial yield seems to 
vary, but specimens which remain elastic to a higher stress seem 
to yield a larger amount once they start, and “catch up’’ to al- 
most the same stress-strain curve. 
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Note that there is no “yield” in this sense on the second loading, 
where the initial loading is torsion or internal pressure. There is 
an instantaneous yield on second loading when the initial loading 
is tension, which is to be expected since there is no change in 
the type of loading; i.e., the stress-strain curve on the two load- 
ings is continuovs. 

Fig. 11(a) gives the mean curves of ¢ — @ for the three initial 
loading paths. These curves obviously suggest the use of a differ- 
ent yield criterion and representative stress to describe the be- 
havior of the material. 

Proceeding from the experimental evidence given in the intro- 
duction that the material is isotropic in the plane of the surface of 
the tube and noting that the stress system due to internal pressure 
alone is almost the same as the stress system resulting from tor- 
sion alone (apart from a hydrostatic stress component which 
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Representative stress-strain curves 


should not influence yield), it seems reasonable to attempt to 
correlate these results by means of an anisotropic yield criterion 
(see Appendix ). 

Using the constants shown in the Appendix and the cor- 
responding definition of effective strain €,”, correlation to within 
+1 per cent is obtained for the initial loading paths. This is 
shown in Fig. 11(b). 

Figs. 8(b), 9(b), 10(b) show the results of the nine tests plotted 
with o, as the representative stress and €,” as the representative 
strain for the initial and subsequent loadings. 

Fig. 12(a), (6) shows the curve of &@ — @ and ap — €,” for 
specimens X and XI. Note the agreement between the initial 
loadings of specimen X and specimens IV, V, VI, Fig. 9. Also 
note the agreement between the initial loadings of specimen XI 
and specimens VII, VIII, IX, Fig. 10. This gives further con- 


Transactions of the ASME 


| 
| | i| | 
| a | 
| | | 
| i || 
| 
_ 
one uf Tension | 
TENSION 
| 
| | 
4, 


SPECIMEN Vl INTERNAL PRESSURE — UNLOAD- TENSION (TO G=13000 LB. TENSION 


- SPECIMEN VI - 
SPECIMEN IX - 


TORSION 
INTERN AL 
PRESSURE 


TENSION ° - 


INTERNAL 


Rr 
TORSION 


€ 
aes 


END OF 
TENSION 
LOADING 


TENSION 


TENSION 


(1000 Lp, /sa@. in) 


UNLOADING ——> 


(b) 


| 
| 
| 
| 


Fig. 10 


€P (16°) SECOND LOADING 


Representative stress-strain curves 


- TORSION=—— 


- INTERNAL— 
PRESSURE 


INITIAL LOADING= TENSION——MEAN OF sPeciMENS II. 


W. 


TENSION 


TORSION 


3 


(1000 IN.) 


Fig. 11 


firmation of the repeatability of the mechanical properties of the 
test specimens. 

Figs. 13-15 show the magnitude and direction of the plastic- 
strain increment vectors for the loadings of specimens I- IX after 
their initial loading, unloading, and reloading in tension to point 
B, Fig. 3. 

The choice of the components of the plastic-strain increment 
vectors plotted in Figs. 13-15 requires explanation. 

Consider the stress space shown in Fig. 2 with co-ordinate axes 
o,, 0, T. The stress system corresponding to the experiments 
may be represented by points in the ¢,O7-plane. 

If the plastic-strain increments dy”, de,”, de,” are plotted on the 
same axes us the stresses 7, ¢,, 0, so that the increment of plastic 
work 
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dW? = rdy” + o,de” + ole,” 


then the plastic-strain increment vector with 
dy”, de”, de,” will be normal to the yield surface in this stress 
space (Drucker, 1951) [3). 


components 


In the two-dimensional section ¢,07 of the stress space we 
obtain 


dW? = rdy? + ode?” + ofl” 


_ (de » 4 2.124de,”) 
2.348 


= rdy? + 
tdy? + o,de,” 
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Hence the plastic-strain increments to be plotted on the same 
axes as T and @, are dy” and de,” where 


de.” + 2.124de,” 
2.348 


This choice of components for the plastic-strain increment vec- 
tors is such, therefore, that the vector represents a normal to the 
yield curve in the ¢,O07-plane at that point of the loading path for 
the particular specimen. 
The points of the loading path at which the increment vectors 
are drawn are the mid-points of the increment of load. 
Fig. 16 plots similar information to that given in Figs. 13-15 
but it only gives the direction and not the magnitude of the 
plastic-strain increment vectors. These directions are plotted as 


a function of op. 

Note that below gp = 13,000 psi no points are given for the 
slopes of the plastic-strain increment vectors but only a chain 
dotted line. By referring to Figs. 8, 9, 10, it is clear that the 
plastic strains below op = 13,000 psi; i.e., the plastic strains on 
the tensile loading OB, Fig. 3, are small. Thus the values of the 
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Fig. 14 Strain-increment vectors for second loadings 


slope de,”/dy” are very sensitive to small errors in either de,” 
or dy” for any one increment of load. The chain dotted line 
gives the mean value of de,”/dy” for the tension loading OB up 
to gp = 13,000 psi. 

Also given in Fig. 16 are the slopes of the plastic-strain incre- 
ment vectors for the initial loading OB up to ag = 13,000 psi of 
specimens I, IT, III in tension. The magnitudes of these are not 
given in Fig. 13 to avoid confusion. 

The full lines in Fig. 16 represent the values of the slopes of the 
normals to the yield surface a, as functions of o, corresponding 
to the loading paths of specimens I to IX. 

The slope of the normal to (2¢,? = 1.40,? + 5.55r*) is 0.252 
a,/t, which for tension loading is 0.406. 


Consideration of Experimental Results 


Consider the curves of ¢ — @ and og — €,” for the eleven 
specimens as given in Figs. 8, 9, 10, 12. 

Clearly the specimens initially loaded in internal pressure to 
& = 13,000 psi, Fig. 10, have been subjected to an effectively 
higher state of stress than the specimens loaded to the same value 
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of & in tension and torsion. Thus when specimen VII, initially 
loaded in internal pressure, is unloaded and then reloaded along 
the tension path, the curve of representative stress-strain (¢ — 
é”) for this second loading is higher (after a transition region) than 
for the initial loading, Fig. 10. 

However, the plot of a, — €,”, while correlating the initial 
loadings, still leaves the representative stress-strain curve (op — 
€z”) higher than would be expected for the second loading of the 
specimen. A sharp departure on second loading at a value of a, 
corresponding to that attained on initial loading, as is found in 
tension, Fig. 8, would be expected if the yield surfaces produced by 
initial loading were a nested set of surfaces of the form of ap. 
In fact, for any second loading in a loading path different from 
the initial loading, there appears to be no sharp point which can 
be defined with clarity as the point on the yield surface for the 
second loading corresponding to the yield surface from which the 
specimen has been unloaded. 

For all second loadings along different paths from the initial 
loading, the curve of go, — €,”, which correlates the initial load- 
ings so well, is invariably higher than the continuation of the 
Tr — €,” curve of the initial loading. This is true for all speci- 
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mens IV to IX, which would suggest that the yield function does 
not depend upon stress alone but is strongly influenced by the 
prestrain and strain history. Although a representative stress 
Op permits the correlation of the initial radial loadings, it does not 
correlate the more complicated second loadings—the plastic work 
is path dependent. 

Specimens I, II, III initially loaded in tension show the sharp 
increase in plastic strain at gg, = 13,000 psi, which would be 
expected. For these specimens the a, — €,?-curves for the second 
loading correlate very well for all loading paths and form a con- 
tinuous curve with the og — €,?-curve for initial loading, Fig. 
8(b). 

Referring to Figs. 9, 10 and considering the second loading, it 
appears that while the og — €,”-curve is always higher than the 
continuation of the gg — €,?-curve for initial loading, the speci- 
men is softer for loading in the same manner as the initial load- 
ing. Thus for second loading, the torsion loading is lowest in Fig. 
9 and the internal pressure loading lowest in Fig. 10. However, 
the tension loading of specimen VII is higher than the torsion 
loading (specimen VIII) so that no generalization is possible. 
The og — €,” curves for specimens X and XI for second loading 
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should be noted. The curves for second loading are in both cases 
higher than a continuation of the first loading. 

Now consider the plastic-strain increment vectors. While Figs. 
13, 14, 15 show the magnitudes and directions of the plastic-strain 
increment vectors most clear!y, the results are more easily dis- 
cussed by reference to Fig. 16. 

Fig. 16(a), (6) refers to specimens I, II, III initially loaded 
in tension. On initial loading the slopes of the increment vectors 
are shown in Fig. 16(a), and on second loading in tension up to op 
= 13,000 psi the mean slopes are 0.36, 0.36, 0.41, respectively. 
After op = 13,000 psi, the general trend of the slopes closely 
resembles the theoretical slopes of the normals of the yield sur- 
faces if allowance is made for the lower values of the mean slope 
below gp = 13,000 psi for specimens I and II. The somewhat 
lower slope of the strain-increment vectors for specimens I and 
II on second loading is also noticeable on the initial loading, 
Fig. 16(a). 

Similar remarks apply to the results shown in Fig. 16(c) for 
specimens IV, V, VI initially loaded in torsion, except that allow- 
ing for the lower value of the slope of the plastic-strain increment 
vectors up to gz = 13,000 psi, the slopes on internal pressure load- 
ing are relatively high. One point is evident about the slopes of 
the plastic-strain increment vectors for the tension loading up to 
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Cr = 13,000 psi. They are all consistently lower than the 
corresponding values for specimens I, II, III, an effect which may 
be attributed to the effect of the initial torsion loading on the 
yield surfaces. 

Note that the specimens initially loaded in torsion up to ¢ = 
13,000 psi would be expected to reach the J, yield surface cor- 
responding to the initial loading at cg = 12,500 psi. Thus the 
loading path is, in fact, loading in tension, between gy = 12,500 
and 13,000 psi beyond which point the three specimens follow 
their respective loading paths in tension, torsion, or internal 
pressure. Between og = 12,500 and 13,000 psi, the slope of the 
plastic strain-increment vectors in fact corresponds to a tension 
loading. 

For specimens VII, VIII, IX, loaded initially in internal pres- 
sure, Fig. 16(d) shows the slopes of the plastic-strain increment 
vectors. The mean values of the slopes of these vectors on the 
tension loading up to g, = 13,000 psi are 0.43, 0.35, 0.39, respec- 
tively. It might be expected that these slopes would be higher 
than the corresponding slopes for the specimens loaded initially 
in tension, but there is no conclusively significant difference as 
in the case of specimens IV, V, VI initially loaded in torsion 
which have a definitely lower slope for loading up to gg = 13,000 
psi. 
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‘Lhe slopes of the vectors for specimens VII, VIII, IX above 
7, = 13,000 psi are more difficult to explain simply. The slopes 
are in general greater than the slopes of the normals to successive 
0» yield surfaces for the loading paths. This is particularly true 
for specimen LX. One important point should be noted. These 
specimens, loaded initially in internal pressure up to ¢ = 13,000 
psi (.e., ®, = 13,900 psi), would not be expected to reach the 
yield surface on second loading when the loading point reaches the 
end of the tension loading, Fig. 3. The first stages of the loadings 
along BX, BY, BZ, Fig. 3, will be inside the yield surface and the 
slopes of the plastic-strain increment vectors as the loading 
crosses the a, yield surface will be different for each specimen. 
If, in facet, the behavior of the material could be explained in 
terms of a nested set of o,-surfaces, then the slopes of the plastic- 
strain increment vectors at the points where the specimens VII, 
VIII, IX cross the yield surface at ag = 13,900 psi would be 
0.406, 0.36, 0.47, respectively. 

Thus the diffegences in the values of the slopes obtained in this 
region cannot be taken as conclusive evidence of a ‘‘corner’’ on the 
yield surface. The low values of the slopes of the vectors for 
specimen VIII between ogy = 13,000 and 13,900 psi may be due to 
experimental error since this is on the “rounding” or ‘“‘transition”’ 
part of the curve where de,” and dy? are small and hence the 
ratio of (de,”)/(dy”) is not particularly accurate. 

In general, the slopes of the plastic-strain increment vectors 
follow « pattern which cannot be explained simply in terms of a 
nested set of o,-surfaces. There is a strong tendency for initial 
internal pressure to increase the value of the slope of the vectors 
above dp = 13,900 psi, and a somewhat weaker tendency for 
initial torsion to lower the value of the slope (with the exception 
of the internal pressure loading of specimen V1). 

Generally, internal pressure loading appears to have a dispro- 
portionately large effect on this material, which must be at- 
tributed to the anisotropic property of the material in a radial 
direction. 

Some other points of interest in the experimental results which 
are not brought out by the data reported in the foregoing are as 
follows: 

1 Initial loading in internal pressure always gave a very small 
negative plastic shear-strain, which suggests that the yield surface 
intersects the o,-axis as shown in Fig. 17. 

2 Initial torsion always gave a much smaller plastic decrease 
in diameter, which suggests that the yield surface intersects the 
T-axis as shown in Fig. 17. Although consistently evident, this 
effect is extremely small. 

3. The same effect was found for specimens X and XI on their 
second loadings. The slopes of the vectors were slightly greater 
in both cases for the second loadings. 

4 The behavior of the longitudinal strain €,” was of interest. 
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Fig. 17 Intersection of yield 
surface with o, and r-axes 


ay 


86 / MARCH 1959 


Theoretically, if ¢,/o, = 2, with no permanent volume change, 
and if the von Mises-Hencky yield criterion holds, then €,? = 0. 

The values obtained for €,? were, of course, very smal! com- 
pared with those for €,? and yy? and were either positive or nega- 
tive as shown in Table 1, where the positive sign corresponds to an 
elongation of the specimen. They show a regular and consistent 
pattern. 


Table 1 Variation in sign of longitudinal strain ¢,? 


Speci- 

men Initial loading Second loading 
I Tension +ve Tension +ve 

II Tension +ve Torsion —ve* 
Ill Tension +re Internal pressure + ve 
IV Torsion 0 Tension +ve 

Vv Torsion 0 Torsion +vet 
VI Torsion 0 Internal pressure +ve 
VII Internal pressure —ve Tension +ve 

Vill Internal pressure —ve Torsion +vet 
IX Internal pressure —ve Internal pressure  +ve 


* This was very small and “‘erratic,”’ i.e., the sign of de,” was some- 
times positive and sometimes negative, but the general trend, i.e., 
Xde,”, was negative. 

+ «” increased with increasing torque and then began to decrease 
as the torque was increased further. 


Conclusions 


1 The test specimens had repeatable mechanical properties on 
initial loading which justifies a comparison of their initial loadings 
with each other and also a comparison of the behavior of the 
specimens on the second loading. 

2 The behavior of the specimens on initial loading can be well 
explained (see Appendix) in terms of the yield criterion of a ma- 
terial which is isotropic in the plane of the surface of the tube but 
anisotropic in a radial direction. 

3 For all second loading paths which differ from the initial 
loading, the curve of gp — €,” is higher than the extrapolation of 
this curve from the initial loadings. 

4 The slopes of the plastic-strain increment vectors on second 
loading which may be interpreted as normals to the yield surface 
at the particular loading points [3] are not consistent with a 
nested set of surfaces of the form op based on the anisotropic yield 
criterion which correlates the initial loadings. 

5 In line with the initial anisotropy which is manifest in the 
& — @-curve for initial loading in internal pressure, the effect of 
internal pressure on the second loading is in general more pro- 
nounced than the effect of other loadings. The effect on the 
slopes of the plastic-strain increment vectors is noticeable al- 
though there is no simple consistent pattern evident in Fig. 16. 

6 The evidence for a corner on the yield surface at point B 
for loading in the different directions is not conclusive or definite. 
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APPENDIX 


Consider a simple form of yield criterion for an anisotropic ma- 
terial as suggested by Hill [4]; ie. 


20,’ = F(a, — o,)? + Go, — o,)? + — 
+ 2Lr,,? + 2Mr,,2 + 2Nr,,? (1) 


For the particular form of anisotropy of the test specimens, i.e., 
isotropy in the ¢, z-plane, i.e., the plane of the surface of the tube, 
we may write the yield criterion in the foregoing form, where 


N=F +2H =G+2H andL = M (2) 


Noting that for the loading system used, o, = 0, T,, = Te = 0, 
we have for the yield criterion: 


20,? = Fo,? + Fo? + H(o, — o,)? + 2Nr,,? 


where V = F + 2H. 

Consider the intersection of this yield surface by the plane 
o,Or, Fig. 2. 

We have ¢, = ¢,/2.348 and o, = (2.124/2.348)¢, and hence 
20,’ = (F + H)o,* — 2H(0.386)0,? + 2N7,,?, where F + 2H = 
N; ie., we can write the equation of the intersection of the 
yield surface with the ¢,07-plane in the form 


= Ao,* + Br? 


where A and B are independent constants available to fit the ex- 
perimental results for the three loadings. By choosing the repre- 
sentative stress gp to equal the tensile yield stress in the plane of 
the surface of the test specimen, only one arbitrary constant is 
available to fit the results in either torsion or internal pressure. It 
is shown below that the yield criterion, 


20,7 = 1.40,? + 5.557? 
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satisfies both torsion and internal pressure simultaneously. 
For torsion 


and for internal pressure 


(1.23\"" 
1.07 


Now refer to Fig. 11(a) where curves for ¢ — @ are given for 
the initial loading in tension, torsion, and internal pressure. 

At any given @ (except for low values which are erratic) the 
values of & in tension/torsion/internal pressure are in the ratio 
1/1.03/(1/1.08). Thus a plot of og — €,” as shown in Fig. 11(b) 
will correlate the results closely. 

We may conclude that, for the initial loading, the material is 
isotropic in the plane of the surface of the tube and that the 
yield criterion in the ¢,Or-plane may be written in the form 


20,7 = 1.40,? + 5.55r* (3) 
or alternatively 


f = 20,7 = 20,2 + 20,2 — 1.5520,0, + 5.557? (4) 


Representative Plastic Strain 


A definition of representative plastic strain corresponding to 
this anisotropic yield criterion, equation (4), may be obtained 
from the assumption that the plastic work is a fundamental 
measure of the amount of plastic deformation; i.e., the increment 
of plastic work [5]: 

dW? = 


Since f is a quadratic in the stresses this leads to an expression for 
dé” in terms of the plastic-strain increments alone: 


= 0.767 (2(de,”)? + 2(de,”)? 
+ 1.552de + (5) 


marcH 1959 / 87 


2 


or 5.55 
— 

{ 

| 

4 
on 


A Differential Stress-Strain Relation 
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A differential stress-strain relation is derived for a medium composed of a hexagonal 


close-packed array of elastic spheres in contact. 


The stress-strain relation is based on 


the theory of elastic bodies in contact, and includes the effects of both normal and tan- 


gential components of contact forces. 


Results of an experiment performed as a test of 


the differential stress-strain relation are presented. 


Introduction 


les face-centered cubic and the hexagonal close- 
packed arrays of like spheres in contact have the same density. 
This is the greatest density that can be obtained with spheres all 
of the same size. Differential stress-strain relations already have 
been derived for a medium composed of identical elastic spheres 
arranged in the face-centered cubic array [1].? These relations 
are based on a study of the behavior of the individual spheres 
considered as elastic bodies in contact, and include the effects of 
both normal and tangential components of the contact forces. 
The relation between the normal component of force N and the 
relative normal displacement @ of the centers of the spheres is 
based on the theory of Hertz [2]. The theories of Cattaneo [3], 
Mindlin [4], and Mindlin and Deresiewicz [5] provide the relation 
between the tangential component of force 7’ and the tangential 
displacement 6. As this relation is inelastic the stress-strain rela- 
tion for the medium depends on load history and is, accordingly, 
expressed in terms of increments of stress and strain. In the 
present paper the same theoretical approach is used to obtain the 
differential stress-strain relation for a medium composed of a 
hexagonal close-packed array of identical elastic spheres. 


Compliances 


For the hexagonal close-packed array the initial state of stress 
in the medium is taken as isotropic and the entire previous stress 
history is specified as consisting solely of variations in the magni- 
tude of the isotropic stress. The reason for imposing this restric- 
tion and the limitations it places on the results are explained in a 
previous paper [1]. With this stress history the normal forces 


initially are all equal and the tangential forces all zero. The 
initial normal compliance is given by 
C = da/dN = (1 — v)/2pag (1) 


and the initial tangential compliance by 


' This investigation was supported by the Office of Naval Research, 
in part under Contract Nonr-266(09), with Columbia University, and 
in part under Contract Nonr-562(14) with Brown University. 

* Numbers in brackets designate References at end of paper. 

Contributed by the Applied Mechanics Division and presented at 
at the Annual Meeting, November 30-December 5, 1958, New York, 
N. Y., of Toe American Society or MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 10, 1959, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Nore; Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, November 13, 1957. Paper No. 58—A-53. 
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S = db/dT = (2 — v)/Apay (2) 


where dp is the radius of the initial circle of contact between 
spheres, and v and y are, respectively, Poisson’s ratio and the 
shear modulus of the spheres. These compliances may be taken 
as constants if additional variations in stress are such that the 
total stress never departs from the initial stress by more than a 
small increment. 


Stress-Strain Relation 


The differential stress-strain relation for the hexagonal close- 
packed array is presented below. Its derivation is not given 
in detail since it follows that used for the face-centered cubic 
array [1]. However, the principal steps are outlined and the 
effects of the differences in the two arrays discussed. 

To obtain the differential stress-strain relation it is necessary 
first to determine the increments in the contact forces which 
correspond to an arbitrary increment in the stress applied to the 
medium. For either the face-centered cubic or the hexagonal 
close-packed array this involves the solution of a statically inde- 
terminate problem, that is, the contact forces cannot be deter- 
mined uniquely by satisfying only equations expressing the con- 
ditions of equilibrium for the spheres in the medium. It is neces- 
sary to satisfy as well equations expressing the compatibility of 
the relative displacements of the centers of the spheres. In the 
case of the face-centered cubic array the contact forces were de- 
termined by satisfying simultaneously 18 independent equations: 
9 equilibrium and 9 compatibility equations. In the hexagonal 
close-packed array the geometric symmetries are different so that 
the total number of independent equations will not be the same. 

In either array each sphere makes 12 contacts with neighbor- 
ing spheres. Since there are three components of force at a con- 
tact, one normal and two tangential, there is a total of 36 com- 
ponents of contact forces acting on a sphere. In the face-centered 
cubie array, the contact points are located diametrally opposite 
one another on the sphere, so that under a homogeneous incre- 
ment in stress the increments in contact forces are equal in pairs. 
This reduces the total number of independent contact forces for 
this array from 36 to 18. The face-centered cubic and the 
hexagonal close-packed arrays are distinguished by the relative 
positions of the spheres in alternate layers; it is in the hexagonal 
close-packed array that spheres in alternate layers lie vertically 
above each other. 

Fig. 1 shows a section through a portion of the medium lying 
between parallel planes. It may be seen that of the twelve con- 
tacts on a sphere six occur in pairs lying diametrally opposite one 
another and six occur singly. Accordingly, for the hexagonal 
close-packed array under a homogeneous increment in stress the 
total number of independent contact forces is reduced from 36 to 
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Fig. 1 Hexagonal close-packed medium. Section shown is perpendicu- 
lar to z-axis and lies between parallel planes. Numbers identify contacts. 


27. These are determined by satisfying simultaneously 27 inde- 
pendent equations. Of these, 12 are equilibrium equations, which 
contain the increments in the applied forces, and 15 are com- 
patibility equations expressed in terms of the compliances and of 
the increments in the contact forces. 

The normal and the tangential components of the force incre- 
ment at a contact are designated by dN,, d7,, and dt,, in which 
the subscript 7 takes on the values 1 through 9 to identify similarly 
numbered contacts in Fig. 1. The tangential components of force 
dT; and dt; lie, respectively, within and normal to the sectional 
planes in Fig. 1. (A positive sign indicates that the normal 
component of force is compressive. For the tangential com- 
ponents the sign is arbitrary; it agrees with the sign of the 
corresponding tangential displacement when the two lie in the 
same direction.) The stress is most conveniently defined by re- 
ferring to an elemental unit volume representative of the hex- 
agonal close-packed medium. The unit volume chosen is the 
vertical cylinder with the hexagonal section A-B-C-D-E-F shown 
By fitting together such elements all of the same 
Stress 


in Fig. 1. 
orientation, the hexagonal close-packed array is formed. 
components are defined as the corresponding force components on 
the faces of the elemental unit divided by the area of the face. 
(Since shear-stress components on perpendicular faces are equal, 
it follows that the corresponding shear forces are to each other 
as the ratio of their respective areas.) In terms of the Cartesian 
system of co-ordinates of Fig. 1, increments in the stress com- 
ponents are designated by do,; where the subscripts ¢ and 7 may 
be any one of x, y, orz. Fig. 2 shows the increments in the forces 
acting on the faces of the unit volume A-B-C-D-E-F of Fig. 1. 
The area of a vertical face is designated by A, and that of the 


top or bottom face Ay. It is easily shown that 


Table 1 
Direction cosines of outward _——_—_-—_—- —- 
normal to face of unit volume zr-component 
0, 0, 1 —Ardox, 
0, 1,0 —Asdesy 


—(V 3de,, + do,,)As/2 


3/2, 1/2, 0 
=—(V/3 dena dazy)As/2 


3 /2, —1/2,0 
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Ag = R*/3 and Ay = 273 R? 
where # is the radius of a sphere. 

As stated previously, equilibrium in the hexagonal! close-packed 
array is insured by 12 independent equations relating the incre- 
ments in contact forces to the arbitrary increment in stress. 
These equations are derived in much the same way as in the case 
of the face-centered cubic array, although in the present instance 
the symmetries involved are not as obvious, so that greater care 
must be exercised. In addition there is a system of forces arising 
in the hexagonal close-packed array for which there is no 
correspondence in the face-centered cubie case. These forces, 
however, form self-equilibrating systems within the individual 
spheres. An example occurs in the case of the increment in stress 
do,, which, as may be demonstrated, gives rise to force incre- 
ments on the sphere sections across the zy-plane as shown in Fig. 
3. It is obvious from a study of the figure that there is no re- 
sultant force acting on the unit volume chosen to represent the 
medium or on a half-sphere with #ts section in the ry-plane. Re- 
sults indicate that 


dF = 8/3 (k — 1)R%do,,/3(3k* + 22k + 23) 


Increments in the other components of stress lead to additional 
force systems of the same nature. Although these are all self- 
equilibrating systems they must be taken into account in obtain- 
ing equilibrium conditions for portions of spheres such as those 
designated by A, C, or E in Fig. 3. It may be recalled that there 
are no such forces for the unit volume chosen to represent the 
face-centered cubic medium. Indeed, it may be proved from 
symmetry considerations that no such forces can exist in that 
case. Similarly, symmetry was used in the present instance to 
establish the existence and the positions of each of these self- 
equilibrating systems. In addition, the choice of the particular 
unit volume to represent the array was made with this in mind, 
since these additional unknown forces complicate the problem. 

Equilibrium conditions are easiest to establish for those spheres 
or portions of spheres which have no self-equilibrating force sys- 
tems, or at least very few of them. Such are the three portions 
of spheres of the unit volume A-B-C-D-E-F whose centers lie in 
the mid-plane of the section shown in Fig. 1. (The centers of two 
of these spheres are designated by G and H while the third J lies 
beneath point D; G, H, J determine a plane parallel to the zy- 
plane.) From symmetry considerations it may be proved that 
there are no self-equilibrating force systems acting on these 
sphere portions if the increment in the stress on the medium 
contains no component da,, but is otherwise arbitrary, The 
inclusion of do,, would lead to self-equilibrating forces directed 
parallel to the y-axis. The conditions of equilibrium for the three 
portions of spheres G, H, and J lead to nine independent equa- 
tions. Three additional independent equations are found by 
going outside the unit volume and expressing equilibrium con- 
ditions for a half-sphere with its section in the zy-plane. (This is 
equivalent to writing equilibrium conditions for the portions of 
spheres of the unit volume with centers at points A, C, and E con- 
sidered as a single body.) The reason for the choice of this half- 
sphere is that the resultant of all self-equilibrating forces acting 
on it vanishes. Equilibrium has thus been used to provide 12 in- 
dependent equations relating the 27 increments in the contact 
forces to the corresponding increments in applied stress. 


Incremental forces on faces of hexagonal unit volume A-B-C-D-E-F in Fig. 1 


———Incremental forces -— -- 
y-component 2-component 
—Arde,, —A rdow 
—Asdoyy —Asdey, 
—(V 3 do., + doy,)As/2 —(V 3 dow + doy)As/2 
—(V 3 dos — doy,)As/2 —(V 3 dow — doy)As/2 
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Fig. 2. Incremental forces on faces of unit volume A-B-C-D-E-F of Fig. 1 
E 
F c 
A 
FALE 


Fig. 3  Self-equilibrating system of forces dF arising under a stress 
increment 


There remain two questions to be answered before the equi- 
librium equations are written, The first, which concerns the 
component do,,, is treated below where it is shown that the 
increments in*contact forces due to this stress component may 
be found from the stress increment do,, by making use of sym- 
metry and superposition. The additional question remains as to 
how the increments in forces acting on the faces of the unit volume 
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in Fig. 2 are apportioned among the individual sections of 
spheres. By using the symmetries of the array it may be shown 
that the force on any face is divided in proportion to the area of 
sphere on which it acts. Take for example the force on the verti- 
cal face through A-B in Fig. 1. One half of this force acts at H, 
one quarter at A, and the remaining quarter on the bottom 
corner, The same rule for apportioning forces obtained in the 
face-centered cubic array. The proof of this result, however, is 
somewhat more involved in the present instance. (It requires 
use of the antisymmetries with respect to the z-axis which exist 
between adjacent layers of spheres; a layer being defined as 
those spheres having their centers in any one plane parallel to the 
ry-plane). 

Making use of the results of the foregoing discussion it is com- 
paratively easy to obtain the equilibrium equations. For the 
half-sphere with sectional plane parallel to the zy-plane equi- 
librium under an arbitrary increment in stress requires that 


dN, + — — 3(dty + dt) 
+ V2 (dT, + dT, — 2dT,) = 2/3 Ardo,, 
dN, — + dts — dtg + 2 (dT, — ATs) = 2Azdo,, (3) 


2(dNg + dNg + dNs) — /2 (dT, + dT, + 
V6 A;do,, 


while the portion of sphere in the unit volume of Fig. 1 whose 
center is at J is in equilibrium if 


Ny + dNs + dNg + dN; + + 
— 3(dt, + dts + dle + dt;) 
+272 (dT, + dT, + dT, + ATs) 
— 273 (dT; + dT;) = Asdo,, 


dN, + — — dN; + 2(dN2 — 
+ 2(dt, + dt; — dtg — dt;) 
+272 (dT, + dT, — dT, — 
+ 273 (dT; — dT;) = 2/3 Asdo,, + 


2(dN, — dN, + dNg — — + dts) 
—V2 (dT, — dT, + dT, — = 3 V2 A <do,, } 


in which dF,, represents the self-equilibrating force due to do,,. 
Similarly for the portion of sphere whose center is at G 


dN, + dN; — 2(dNs + dNo) — — 3(dty + dts) 
+ V2 (dT, +dT;) —2V 2 (dT, + +403 AT, | 
+273 dT; = —3Ado,, +373 Asdo,, 


AN, + dN; + 4dN, + 2dN; + dt, dts 2(dts dt.) 
+ (dT, + dT;) + 2V3 a7; (5) 
= — V3 Asdo,, — AF,, 


4(dN, — dN, + dN, — dN,) + 40/6 (dt; + dts) 
-—2 V2 (dT, - dT; + aTs 
= -3V 2 Asdo,, + } 


and finally in the case of the portion of sphere whose center is at 
H, the equilibrium equations are obtained from Equations (5) 
simply by letting the subscripts 2, 6, and 7 replace 3, 4, and 5, 
respectively, and by changing the signs of d7’;, dt), dts, dls, and of 
do,,, and do,,. 

It is possible to write also equations representing the equilib- 
rium of forces acting on a whole sphere. These equations are 
equivalent to the sum of the force equilibrium equations for 
spheres G, H, and J above, and hence not independent. Simi- 
larly, expressions for the equilibrium of moments is dependent on 
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equations already given, so that from equilibrium conditions one 


obtains a total of 12 equations containing the 27 unknown com- 


ponents of force. Additional equations are needed and these are 
provided by the conditions of compatibility of relative displace- 
ments of the centers of the spheres. 

The compatibility relations are expressed most conveniently in 
terms of the relative displacements of the centers of the spheres, 
designated by da,, dA;, and dé;, to correspond, respectively, to 
the force increments dN,, d7',, and dt;, where i takes on in turn the 
values 1 through 9 to represent the contacts shown in Fig. 1. In 
order to satisfy the requirement that the displacements of the 
centers of the spheres in the array be single-valued, the vector 
distance around any closed path going through the centers of the 
spheres must vanish both before and after the medium is strained. 
Hence the sum of the relative displacements of the centers of the 
spheres around any closed path must vanish. For the spheres A, 
C, and E in Fig. 1 this requirement is met if 


vV 3 (da, — da;) — 2dA, — dA, + dA; = 0 
—2da,; + da; + da, + V3 (dA; + dA.) = 0 (6) 
db, + db, = 0 


while for all remaining paths between centers of spheres in the 
array it is met by twelve independent equations which may be 
obtained from 


da, — 3da, + 2da, + V2 dA, + V3 dA, 
+ 2/2 dA, + = 


da, — da, + dA, dA, 
+ db, + 2y,d6, = 0 


V 2 da, — V2 da, — dA, + dA, + V3 B,dé, = 0 


by letting p = 4, 5, 6, 7asq = 2, 2,3, 3 andr = 8, 9, 8, 9, re- 
spectively, where 


= +1 B; = -1 Bs = +1 = —1 


Equations (6) and (7) may be expressed in terms of force incre- 
ments by using 


CdN; dA, = SAT, 


where i takes on in turn the values 1 through 9 to correspond to 
similarly numbered contacts in Fig. 1. The compliances C and S 
given by Equations (1) and (2) are the same for all contacts if 
the initial stress is isotropic and if the total stress never departs 
from the initial stress by more than a small increment. After 
substituting Equations (8) into Equations (6) and (7) the latter 
two sets of equations along with Equations (4) and (5) provide 27 
independent linear equations containing the components of the 
applied stress and the 27 components of contact force which are 
to be determined. The solution of these equations is presented 
below following a discussion of the effect of an increment in 
do,,. 

As pointed out in the foregoing, the determination of the con- 
tact forces due to an increment in the stress component dg,, is 
made more difficult by the presence of a system of self-equilibrat- 
ing forces. However, these forces can be determined by making 
use of the trigonal symmetry of the array. If do,,’ and do,,” 
represent increments in the normal stress in the directions of the 
z’ and z”-axes, respectively, Fig. 1, then 


da; = di, = Sdt, (8) 


do,, = (do,,” — do,,")V/ 3/3 


This means that the dependence of the contact forces on do,, 
can be determined by a superposition involving do,,” and do,,’. 
Furthermore, the effect of these last two stress increments on the 
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contact forces is easily found by using the solution for do,, and 
by making use of the symmetries of the array. Consider, for 
instance, the action of a stress increment do,,. It can be shown 
that in this case dN, = D,do,, and dN, = dN; = (D, — D,)do,, 
where D,, D2, and Ds are constants given below. Under an in- 
crement in stress do,,’ from considerations of symmetry dN, = 
Dao,,’ and dN; = dN, = (D, — D,)da,,’, while under an inere- 
ment do,,” it may be seen that dN; = D,do,," and dN, = dN; = 
— De)do,,”. Hence for an increment in stress do,, one ob- 
tains 


dN, = 0 

dN, = V3 (D, — De — D,)do,,/3 

dN, = V3 (D, — Dz + De)do,,/3 
by superposing the foregoing stress components. [In the ex- 
pressions below, the constant D, has been used instead of (D. — 
Ds — D,)/3). Actually, some of the other stress components also 
could have been found by symmetry and superposition. 

Solution of the equilibrium and compatibility equations for the 


contact forces in terms of the stress increment yields the following 
expressions 


dN, = D(do,, — do,,) + Ddo,, + D,do,, 7 
dT, = 
dt, = 6Ddo,, 


dN2,dN; = Ddo,, — D&do,, — do,,) 


+ Ddo,, + V3k Ddo,, 
dT,= Di -V 3 do,, + do,, + do,,) 
dt, dt; = 3D(¥de,, — V3 do,,) 
dN, = Dido,, +do,,) + Dedo,, 
+ kD(—do,, + do,, + a,B, V3 de,,) 
+272 kDa, 3 do,, + B,do,.) | (9) 
= V2 [Dido,, + do,, — 2da,,) 
+ D&—do,, + do,, + a,B, V3 
+ Dia, V3 de,, + B,do,,) 


dT, 


di, = Di —V 3 do,, + V3 do,, — a,B,do,,) 
+ V2 Dia, V3 — 38,do,,) 


dNy,dN, = + do,,) + Dedo,, 
+ 2kD(do,, — do,,) 4/2 kDao,, 
aT,, dT, = Ddo,, + — 2de,,) 
+ Dido,, — do,,) 2Ddo,, 
dt, dty = +2+/6 — J 
where 


p = 4,5, 6, o0r7 
a, = +1 a, = —!1 = —!1 a, = +1 


B= +1 B=-1 B=tl B= 


i-k +k /2 
l+k A 3 


1 + 2k) V2 i-kv2 
2(1 + 2k) y De v R? 
3 
(5 +k) 3 v3 
D, = D= R? 
A 3 °A2+k) 3 
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1 V2 12 V2 
2 = - 2 
and where 


k = S/C = (2 — v)/A1 —v) A = 3k* + 22k + 23 


If, as in reference [1], increments in strain de;; are found from 
the relative incremental displacements of the centers of the 
spheres, the differential stress-strain relations are given by 


= eyde,, + + evde,, 
= ede,, + ende,, + ende,, 
do,, = eyde,, + ende,, + 
do,, = 2ude,, 
do,, = 2yde,, 


do,, 


(10) 


= 

where 
29k? + 170k + 89 
24+/2 (k + 5)SR 


(k — + 49) 
24/2(k + 5)SR 


= C33 


SR 


_ + 1) 
k+2 


Cee = (Cu — C12)/2 


SR 


Cu 


These elastic constants may be expressed in terms of the ma- 
terial constants and of the initial isotropic stress o» acting on the 
medium. Since the initial normal foree Ny at the contacts is 
equal to 1/2 R%a, and since the Hertz theory gives for the 
initial radius a of the contact circle 

v) N 


a,3 
Su 


0 


then by use of Equations (1) and (2) the elastic constants may be 
put in the form 


1152 — 1848v + 3yu20, ]'/* | 
c = 


| 
v(120 — 109r) 3u20, | 
24(2 — v\(12 — — v)? 
3(2 — ») | 201 — »)? 
( (11) 
Cg - | 
3(2 — v) — v)? 
6 — [ 
Cu = 
— ») La — 
576 — + 417v? 3u2a, 
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Wave Propagation in the Granular Medium 


The differential stress-strain relations are applicable, without 
integration, to a study of the problem of wave propagation as 
long as the stress increments accompanying the wave disturbance 
are small in comparison with the initial stress on the medium. 
As a result of the anisotropy implied in Equations (10), or in the 
case of the face-centered cubic array Equations (18) of the pre- 
vious paper [1], it is evident that the velocity of propagation of 
plane waves depends upon the direction of the wave normal as 
well as the values of the elastic constants. The analysis used in the 
present instance follows the usual procedure in which the stress- 
strain relations are used to establish the equations of motion in 
terms of displacement components, as follows 


Oru ou O*u 
Cu + Ces oy? + Cu + + Ces) | 
| 
Cis Cas) ia Pr, ar? | 
Cee ar? + oy? + Cu + + Ces) 
(12) 
ov | 
+ + Cu) = Pm an 
O*w | 
Cu ar? + Cu dy? + Cas dz? 
O*u | 
+ (eis + Cu) (2 + ox) = 


where p,, is the mass density of the granular medium. A plane 
wave of length \ and velocity V can be propagated in the medium 
if 


(lz + my+nz— Vt) 


(u, v, w) = (A,, A,, A,)e?™ (13) 


represents a solution of the equations of motion (12). Here A,, 
A,, and A, are the rectangular components of the amplitude of 
displacement, and /, m, and n those of a normal to the wave front. 
Inserting Equations (13) into Equations (12) yields the three 
homogeneous equations 


+ + can? — p,,V2)A, + (Ci2 + A, 
+ (¢is+ A, 


(ere + A, + (em? + cool? + can? — p,,V®)A, 
+ (eis + cu)mn A, = 0 | 


(eis + cu) In A, + (1s + Cu)mn A, 
+ (cyl? + + + p,,V2)A, 


The condition that the determinant of the coefficients of the A’s 
vanish yields a cubic equation in p,,V*. Its three roots cor- 
respond, in general, to three different values of the velocity of 
propagation for any particular orientation of the wave front as 
specified by 1, m, n. Suppose, for instance, that the wave front 
lies in a plane parallel to the ry-plane of Fig. 1, so that / = m = 0 
and n = 1. The three velocities of propagation are given by 


(15) 


p,,V? = Cua, Cos 


The first of these represents the velocity of a dilatational wave. 
This may be seen by inserting its value in Equations (14) from 
which one obtains for the amplitude A, = A, = 0 while A, is 
undetermined and hence arbitrary. In the same way it may be 
shown that the last two velocities in Equations (15) represent 
shear waves since, in either case, the displacement is parallel to 
the plane of the wave front. 
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The dilatational wave whose velocity is given in Equations 
(15) is the most rapid wave that can be propagated in the hexago- 
nal close-packed array. Using the expression for cs; from Equa- 
tion (11) one obtains for this velocity 


2A2k +1) 43 — 2) 
= 3/2 SR 32 ->») 


It is interesting to note that Equation (16) also represents the 
velocity of propagation of the most rapid dilatational wave in the 
face-centered cubie array, in which case the normal to the wave 
front makes equal angles with the co-ordinate axes defined in the 
previous paper. Hence for either array the most rapid wave is 
propagated in a direction normal to the planes of the layers of 
spheres. 

Also of interest is the fact that in spite of the evident anisot- 
ropy of the two arrays there is only a small variation in the 
magnitudes of the velocities as the direction of propagation 
changes. Indeed, if Poisson’s ratio for the material of the 
spheres vanishes the arrays are isotropic, as can be seen from the 
expressions for their elastic constants. In this case Poisson’s 
ratio for the medium is zero and the elastic modulus is 1/ 2 /SR, 
so that the velocities of the dilatational and the two shear waves 
are given by 


‘2 /SR, 2/2SR, Vv 2 /2SR 


respectively, for either the hexagonal close-packed or the face- 
centered cubic array. On the other hand, the anisotropy of the 
arrays is most pronounced if Poisson’s ratio for the matvrial of the 
spheres is one half. Even in this case, however, there is only a 
difference of about 1.9 per cent between the velocities of the most 
rapid and the slowest dilatational waves in the hexagonal close- 
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packed array. For the face-centered cubic case this difference is 
about 3.3 per cent. 


Resonance Tests of Granular Bars 


The experimental method followed is described in detail in 
reference [1]. Granular bars were made up of steel bearing balls 
arranged in the hexagonal close-packed array, Table 2, and were 
subjected to an initial isotropic stress. Compressional waves 
were propagated in the granular bars and their velocites deter- 
mined by resonance tests. The axes of the bars were oriented in 
the z and y-directions of Fig. 1. (These directions were chosen to 
avoid a coupling with flexural waves.) If the diameter of the steel 
balls is sufficiently small in comparison with the linear dimen- 
sions of the granular bars, then Equations (10) provide the rela- 
tion between stress and strain increments in the bar. Further- 
more if the linear dimensions of the cross section of the bar are 
small in comparison with the wave length, then according to the 
elementary theory of longitudinal vibrations of slender bars the 
expressions for the wave velocity in terms of the material con- 
stants are 


= p,.V,? = en — 
Pr z Pn v Cu = Cis? 


In the case of steel balls these become 
V, = V, = 13450,’ fps 


where the isotropic stress o» is given in pounds per square inch. 
This value of wave velocity may be compared to a value of 


V,=V,= 9800,'/* fps 


obtained on the basis of a theory taking into account only the 
normal forges at the contacts. 
The dimensional tolerance of the steel balls in the granular 
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Table 2 Description of granular bars 


Direction of 
longitudinal 
axis of bar, re- 
ferred to co-or- 


dinate axes in Length, Length-to- Number of spheres 
Fig. 1 in. width ratio in bar 
7.97 1795 
“ee 7.89 1911 


bars was 10 X 10 in. This is the same as that of the “high- 
tolerance’ balls used in the previous experiments. In Figs. 4 and 
5 the experimental values of wave velocity are presented along 
with theoretical values. The line S = © represents the wave 
velocities obtained on the basis of a theory taking into account 
only the normal forces at the contacts. As in the case of the face- 
centered cubic array, experimental values of wave velocity are 
closer to the values predicted on the basis of the theory which 
includes the tangential contact forces. This is particularly true 
at the higher pressures where it is expected that the effects of 
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dimensional variations in the balls are least. In this pressure 
range the percentage difference between experimental and 
theoretical values is about the same as for bars of the face- 
centered cubic array. 
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A Mathematical Model Depicting the Stress- 
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Strain Diagram and the Hysteresis Loop 


A model is made up of elastoplastic elements, all of which have the same value of Young's 


modulus E, but which have different values of yield stress. It is shown that the dimen- 
sionless tangent modulus graph E,/E represents the cumulative frequency distri- 


bution of those elements which are in the elastic region. 


From the frequency distribu- 


tion, the equations for the stress-strain diagram and the hysteresis loop can be written. 


Tass inelastic, time-independent, stress-strain dia- 
gram plays an important part in structural theory and design. 
It controls the ultimate tensile stress and elongation for ductile 
materials; it forms the basis for inelastic buckling theories, and 
is probably connected with the phenomenon of fatigue. 

Although the inelastic stress-strain diagram has been expressed 
empirically by various equations, these reveal little about the 
fundamental nature of the relationships between plastic strain 
and stress. 

The following analysis shows that a mathematical model may 
be used to portray the stress-strain diagram, and furthermore, 
that the model will generate hysteresis loops when plastic defor- 
mation is experienced. It is felt that such a model may play an 
important part in the study of fatigue. 

The study of fatigue is a complicated subject if only because of 
the many variables associated with it. These variables are well 
mentioned in the literature. A great portion of the existing data 
available on fatigue testing is generally concerned with the re- 
sults obtained from tests based upon cycling between fixed load 
limits. Normally, however, under service conditions, a component 
will not experience cycling between fixed stress amplitudes for 
the duration of its life. It is much more likely that, as it is cycled, 
the stress amplitudes will change; that is, at different times of its 
history there will be peaks, plateaus, and valleys, all possibly of 
varying duration. The number of possible spectra of interest is 
large. This coupled with the fact that fatigue testing is a costly 
affair means that attempts to deal with spectra of this nature are 
projects of tremendous magnitude. 

To do this in physical reality is a Herculean task. It is to be 
hoped that by making the transition from physical reality to the 
mathematical model and then to the modern computer the task 
may be reduced immeasurably. 

A number of workers have shown that fatigue may well be re- 
lated to the characteristics of the hysteresis loop. Thus with a 
mathematical model which can generate hysteresis loops from 
the stress-strain diagram, much can be accomplished. Once a 
satisfactory mathematical model is obtained which possesses the 
behavior patterns of real physical specimens, then the model may 
be tested under the variety of conditions that is of concern—the 
test taking place in the computer rather than in the laboratory. 

To obtain the equations of the stress-strain curve and the 


Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y., November 30-December 5, 
1958, of Toe AMERICAN Society OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 10, 1959, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, October 25, 1957. Paper No. 58—-A-68. 


Journal of Applied Mechanics 


hysteresis loop, a physical model is postulated which is made up 
of a number of elastoplastic elements. 


The Model 


The idea of simulating a curved stress-strain diagram by the 
combined action of a number of elastoplastic elements is not new 
8. P. Timoshenko! outlines a working model which may be used 
to generate a typical stress-strain curve, and produce hysteresis 
loops 

Fig. 1(a) shows such a model. It consists of a fixed base A, 
and two movable blocks B and C, which can slide along the steel 
rod fixed in A. The block B can slide freely while the block C, 
attached to B by the helical spring, moves against an adjustable 
friction. Fig. 1(6) represents the relation between the force P 
applied to block B and the displacement of this block. At m the 
friction of the block C is overcome, and sliding continues without 
increase in the load. 

18. P. Timoshenko, “Strength of Materials,’’ Part 2, second edi- 
tion, D. Van Nostrand Co., New York, N. Y., 1940. 
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Fig. 1(c) shows the cycle obtained by applying a load first in 
one direction, and then in the other, Other phenomena in tension 
and compression, such as deviation from the straight-line law at 
the proportional limit, sudden yielding at the yield point, hys- 
teresis loops, residual stresses, and so on, may be demonstrated 
with a model consisting of several units similar to that in Fig. 
I(a), put side by side with all the blocks B clamped together. 

Each unit may be considered to represent a crystal in a multi- 
crystalline specimen. The beginning of sliding of the individual 
blocks C represents yielding in individual crystals. By adjusting 
the friction in the blocks C, diagrams of various types may be 
obtained. 

When the friction of the individual blocks differs greatly one 
from the other, there will be a large difference between the pro- 
portional limit and the yield point, as in Fig. 1(d@). By making 
the frictions equal, a diagram such as in Fig. 1(b) is obtained repre- 
senting a well-defined yield point. If the friction of individual 
blocks C differs, then they will begin to slide at different posi- 
tions of B, and, after unloading, certain forces will remain in 
the springs, representing residual stresses produced by stretching 
multicrystalline specimens. 

For any given set of the friction of blocks C, we have an es- 
sentially cycle-independent system; that is, for any given pre- 
scribed cyclic loading, the model will repeat its periodic motion in- 
definitely. 


Relative Frequency Distribution 


Consider a typical stress-strain curve such as one of those 
shown in Fig. 2. We are interested in writing an expression for 
this curve in terms of some frequency distribution based upon a 
composite group of elastoplastic elements. 

We consider the specimen as a bundle of elements, all of which 
have some extension at which they yield, and by the same token, 
some load at which they yield. We assume that Hooke’s law is 
valid up to the strain at which they yield. We also assume that 
once a strand yields, it exerts a constant force at extensions 
greater than the yield point. 

The specimen is taken to have unit area and as being made up 
of some N elements of equal area. The N elements will all have 
different extensions at which they will yield, but, of course, within 
narrow limits, we may consider that numbers of elements have 
the same extensions 

Isolating some individual element, 1, we define its load charac- 
teristic as shown in Fig. 3. The stress is designated by s, the 
strain by €, and the yield stress by s;. 

In the elastic range, i.e., € < €,, it is given that the load is pro- 
portional to the strain, and we may write, using E for the modulus 
of elasticity, 


s = Ee 


In the plastic range € > €; the load is constant and we may 
write 


8, = Ee; 


We have dealt with the contribution of a single element. Let us 
now turn our attention to the contribution of all of the elements. 
The composite diagram of all N-elements will have the appearance 
as shown in Fig. 4. 

The diagram is pictorial, inasmuch as no attempt has been 
made to indicate the numbers of elements which have essentially 
the same load characteristics. However, we take it that there is 
some varying “density” of yield points as a function of the strain. 

If we divide the abscissa into a number of finite intervals, we 
may count the number of elements which have their yield point 
in any given interval, and, of course, having the total number of 
elements NV obtain the frequency of observations in any given 
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Fig. 2 Stress-strain diagram 


€ 
Fig.3 Single-element load characteristic 
s 
Eo En 
€ 
Fig. 4 Composite load diagram 
interval. The result will be that we have a frequency of yield 


points as a function of the strain ¢, f(e). An arbitrary plot, as 
shown in Fig. 5, would perhaps have the characteristics as shown. 

Let us assume that the strain scale has been divided into some 
k groups. If we sum up the respective f, of the & groups, we have 


k 


1=0 


For any € < €, the value of the summation will be zero; for 
any € < € < €,, it will be some intermediate value between 0 and 
1; and for any € > €,, it will be 1. 

Let us now consider the total load for any given strain. The 
total load S will be made up of the summation of all the individual 
loads, some of which may be in the elastic stage and some of 
which may be in the plastic stage. 
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Fig. 5 Frequency distribution of yield points 


If we are at some strain, which includes all groups up to the j 
group, then the fraction of elements in the plastic region will be 


1=0 


The fraction of elements still in the elastic region will be the re- 


mainder 
j 
Dis 


1=0 


From the individual element load characteristic, we have in the 
elastic region, s = Ee, and in the plastic region, s; = Ee,. 

Writing the expression for the total load S, as a function of the 
strain, as the sum of two contributions, we have 


S = Ee (: + E > (1) 


1=0 1=0 


The first term represents the elastic contribution, and the 
second the plastic contribution. 

If we permit the number of groups covering the range to ap- 
proach infinity, we may write our expression in terms of a 
continuous variable, rather than a discrete one, and we have, 
using n as a dummy variable, 


S=E£E [« (1 jin)an)) + ngindn | (2) 


We now have Equation (2) as the total load in terms of some 
frequency distribution, f(€). 


Cumulative Frequency Distribution 


We have obtained the equation for the total load in terms of 
some frequency distribution. It is of interest now to examine 
the slope of the curve, Equation (2). Its derivative is 


dS 
f(njdn + fle) 
de 0 
and finally 
dS 
f(njdn (3) 
de 0 


Equation (3) is the expression for the tangent modulus. 

We may refer to a plot of the slope of the stress-strain curve, 
as a function of the strain, as the tangent modulus graph. For 
convenience, we will make this graph dimensionless by plotting 
the ordinates as the ratios of tangent modulus E, to Young’s 


modules E. 
E, 
— =] — fin)dn (4) 
E 0 
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And we see that the dimensionless tangent modulus graph 
represents the cumulative frequency distribution of those ele- 
ments which are in the elastic region. 

When the upper limit of the integral is less than the extension at 
which the first yielding occurs, the value of the integral is zero, 
and the dimensionless tangent modulus is 1. When the upper 
limit of the integral is greater than the extension at which the last 
member yields, the value of the integral will be 1, and the tangent 
modulus will be 0. 


Cycling Characteristics 


Let us consider a given stress-strain diagram made up of some 
given frequency distribution. However, in addition to our initial 
considerations, we will also concern ourselves with the compres- 
sion portion of the diagram, Fig. 6. 

The diagram indicates some arbitrary distribution, and is con- 
structed such that the distributions in both the tensile and com- 
pressive portions are the same. Though only a single element is 
shown yielding at any particular extension, it is to be understood 
that these elements represent some fixed number of elements as 
determined by the frequency distribution. 

Picking some random strand, if it is cycled between fixed limits 
(—e, and ¢,), it will have the characteristic shape shown in Fig. 7. 

The composite diagram of all strands would then have the ap- 
pearance, when cycled between the limits of (—€, to €,) shown in 
Fig. 8. 

We may note the symmetry about the initial modulus of elas- 
ticity, and thus concern ourselves with only one direction. 

Let us consider the case in which we are at —e, and are going 
to proceed to €,. Our distribution is as shown in Fig. 9. 


Fig.6 Composite tensi pression diagram 


[e+ (€,~€1] 
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Fig.7 Individual hysteresis loop 
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We note that the frequency distribution is no longer the same 
as the original frequency distribution. 

The original distribution was characterized by some function 
S(€) and at €,, we had that 


f, S(n)dn (fraction in plastic portion) 
and 


1 fin)dn (fraction in elastic portion) 


Now in cycling between —e, and €,, the elements which were 
elastic stay elastic; that is, the fraction represented by 


d 
f, 
remains unaltered. 


However, the fraction in the plastic portion represented by 


fe S(n)dn 


now assumes some new distribution f,(€) between the limits of 


and €,, or 


From the diagram of the action of the single strand, we see that 
the elongation at which a single strand will yield is displaced by 
an amount equal to the amount of plastic elongation. 

Thus the new distribution may be written as 


fie =f (‘ “) 


and when € = —e,, we have f;(—e,) = (0); andeé = €,, we have 
file,) = f(e,). It follows that 


0 


Let us now determine the load at some arbitrary extension €,. 

The load will be made up of the sum of the contribution of 
those members which have yielded and those which are still in 
the elastic range. 

Let us first consider the contribution of those members which 
have yielded between —e, and €,. These members are all a part 
of the new distribution, and we may write 


es 
Now let us consider the contribution of those members which 
have not yielded. First, we will sum up the contributions of the 
new distribution which have not yielded. 
These strands have the equation 


= E(e + €, — €,) 


and are between the limits of €, and €,. We may write this con- 
tribution as the sum of three integrals 


We have now accounted for all the members of the new dis- 
tribution. There still exist the remaining members of the original 
distribution which have never experienced yielding. Their con- 
tribution may be written as 
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Fig. 8 Composite hysteresis loop 
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Fig. 9 Composite unidirectional distribution 


Ee, f 
€s 


We are now in the position to write the load at any extension 
€,. The plot of values between the limits of —e, and €,, will be 
the upper portion of the hysteresis loop, and by symmetry we 
have the i ver pine as previously mentioned. Summing up 
all contributions, we have 


This then is the equation for the hysteresis loop. 


Characteristic Representation 


By plotting the dimensionless tangent modulus graph of 
aluminum 75S-T6 on probability paper, it is found that the fre- 
quency distribution may be expressed as a logarithmic normal 
distribution with its origin displaced? A _ resulting typical 
hysteresis loop is shown in Fig. 10. 


21. R. Whiteman, ‘““Mathematical Analysis of the Hysteresis Loop 
as a Basis for Attrition Phenomena,’’ PhD thesis, University of 
California, Los Angeles, 1957. 
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Fig. 10 Typical hysteresis loop 


Width of Hysteresis Loop 


The model may be utilized to depict the stress-strain diagram 
as obtained by the customary tensile test and will generate 
hysteresis loops in terms of any given initial frequency distribu- 
tion. The characteristics of the loop, as defined up to now, are 
such that it will repeat itself indefinitely. Given that the loop 
repeats itself, then the width of the hysteresis loop will remain 
constant. 

The maximum extension €, is considered as being made up of 
an elastic contribution and a plastic contribution. Thus if we 
subtract the elastic contribution, the remainder represents the 
plastic strain. 

The width of the hysteresis loop W may then be written in 
terms of the plastic strain 


W = 2, (6) 


as shown in Fig. 10. 


Change of Width of Hysteresis Loop 


Of the initial frequency distribution, we state that only that 
portion of the frequency distribution less than €,, the plastic por- 
tion, experiences any change. The portion above e¢,, the elastic 
portion, remains unaltered. 

If we consider that that portion of the original distribution 
which experiences no plastic deformation (yield points greater 
than €,) is elastic and remains elastic, then there is no effect of 
cycling upon those members. Thus if there is any effect upon 
any of the elements, it must be confined to those elements which 
have experienced plastic deformation. 

If then, as a result of the process of cycling, the distribution of 
the plastic elements changes such that the contribution of the 
plastic portion is altered, then a change must take place in the 
maximum extension €,; that is to say, if we are cycling between 
fixed load limits, the maximum strain will vary in accordance 
with how the frequency distribution is altered. And thus its 
history will provide an indication of the changes which are taking 
place in the specimen. In the same manner that the maximum 
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extension €, changes, it also follows that the shape and conse- 
quently the width of the hysteresis loop also change. From this 
it follows that the changes of width of the hysteresis loop may be 
used to indicate the history of the specimen. 

Let us postulate that, as a result of a prior cycle, some portion 
of the plastic fraction yields at a lower load. For the purposes of 
physical visualization only, let us consider one member of the 
plastic portion. The lowering of the load would result if we con- 
sidered that wear was taking place under block C, as shown in 
Fig. 1(c). 

As the cycling progresses, and the load distribution between 
the elastic and plastic portions changes, we have that the strain 
€, will be some function of the number of cycles NV. 

Writing the load equation in terms of €,(N), and using sub- 
scripts e and p to indicate the elastic and plastic portions, respec- 
tively, we have 


«(N) 
S=E f, Sn, N)dn¢ 
e(N) 

f, n(N)f,(n, N)an | (7) 


Since we are cycling between constant load limits, the deriva- 
tive of this equation with respect to NV must be zero. Thus if we 
differentiate the load equation and set it equal to zero, we can 
solve for the maximum strain as a function of NV, and subsequently 
obtain the width of the hysteresis loop in terms of the number of 
cycles, N 


dS | ea N) of.(n, N 


0 


of,(n, N on(N 
+ f San) + f,(n, N) dn 


an 
+ f,le(N), N] aN | (8) 


Since (ds)/(dN) = 0, the term in the square brackets must be 
equal to zero, We also note that f,(n, N) is independent of N, 
the number of cycles. Rewriting then in terms of de,(N)/(dN), 


we have 

e(N) of, (n, N on(N 

de,(N) 0 oN on f 


€(N)f,fe(N)] + 1 -{ 


0 


V) 
S(n)dn + f,le(N), NI 


If we integrate this expression, we can obtain ¢€,, the maximum 
extension of the hysteresis loop as a function of N, the number of 
cycles, Calculating the elastic strain corresponding to the maxi- 
mum load, and subtracting it from the total strain, we obtain the 
plastic strain. Having the plastic strain, we have the width of the 
hysteresis loop as a function of N, the number of cycles. 

In order to solve the equation, we must know how the fre- 
quency distribution varies with N, the number of cycles. 


Conclusions 


By postulating a given program for the plastic portion of the 
frequency distribution during the process of cycling, it has been 
shown? that the changes in the hysteresis loop are similar to those 
which occur in reality. Selection of a suitable program can be 
used to generate the Bauschinger effect. 
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The model as such possesses a certain amount of inherent flexi- 
bility since the characteristics of the generated hysteresis loops 
depend upon the programming of the changes which occur in the 
frequency distribution. 

Since it is relatively easy to run a number of different programs 
in a computer, many interesting vistas become evident. Starting 
with a known stress-strain diagram and a known history of the 
change of the hysteresis-loop width, the function which produces 
the history from the initial frequency distribution can be deter- 
mined. Comparison of such information from different types of 
materials or classes of materials should indicate whether or not 
the behavior under cyclic conditions can be expressed by some 
simple function or some small group of functions. 
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It may very well be possible that all changes which take place 
in the frequency distribution can be categorized by one func- 
tion—this is perhaps overoptimistic—or by a few simple classes of 
functions. Furthermore, if the resulting functions can be related 
to the initial frequency distribution, it will mean that it will be 
possible to predict the life characteristics of the material on the 
basis of the static test. 
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A Definition of Stable Inelastic 


The definitions given previously for work-hardening and perfect plasticity are broadened 
to cover viscous effects. As before, the system considered is isothermal and includes both 
the body and the time-dependent set of forces acting upon it. An external agency is sup- 
posed to apply an additional set of forces to the already loaded body. It is now postu- 


lated that the work done by the external agency on the additional displacements it pro- 


duces is positive. 


Some of the restrictions thus imposed on permissible stress-strain 


relations are explored. Especial attention is paid to simple laws of creep. Uniqueness 


Introduction 


I. description of material, terms such as elastic, 
viscous, and plastic are employed separately or in combination 
as in elastic-plastic, viscoelastic, and viscoplastic. Their mean- 
ing is quite clear in a qualitative sense. The difficulty lies in 
obtaining a broad and physically valid definition of terms which 
will lead to a useful mathematical formulation of general stress- 
strain relations. Any restrictions imposed limit the class of ma- 
terials which are described and so are arbitrary to a considera- 
ble extent. In this paper and its predecessors [1, 2],? small de- 
formations only are considered and the restriction is to “stabil- 
ity” of material in the strict sense. The term “‘stability”’ is em- 
ployed here without full justification but with the hope that its 
connotations will prove helpful. 

An elastic body is reversible and nondissipative and time inde- 
pendent under isothermal conditions. All work done on the body 
is stored as strain energy and can be recovered on unloading. The 
stress-strain curve in simple tension may have any one of a wide 
variety of shapes including the unstable portions shown in Fig. 1. 
If stable elastic material is specified the drop in stress with in- 
crease in strain must be ruled out explicitly. 


! The results presented in this paper were obtained in the course of 
research sponsored by the Office of Naval Research under Contract 
Nonr-562(20) with Brown University. 

2? Numbers in brackets designate References at end of paper. 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, New York, N. Y., November 30—December 5, 
1958, of Toe American Society oF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 10, 1959, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division. November 1, 1957. Paper No. 58—A-31. 
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Fig. 1 An elastic material (reversible): Curve rising to the right ct > 0 
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of solution also is studied 


Plasticity denotes irreversibility and permanent or residual 
strain upon unloading. In the narrow but convenient terminology 
of the mathematical theory of plasticity, time independence of 
material properties is understood despite the frequent use of terms 
such as strain rate and velocity. Time always enters homogene- 
ously in all equations of statics. A given loading path produces 
the same deformations regardless of the actual time history of the 
loading. Fig. 2 gives possible simple tension curves for a ma- 
terial combining linear elasticity and work-hardening plasticity. 
The phenomenon of the upper yield point in mild steel is a con- 
vincing demonstration of the fact that instability of material in 
the mechanical sense is encountered in the physical world. A 
gradually falling stress-strain curve likewise is a physical possi- 
bility although not found in structural metals when actual rather 
than nominal stress is plotted. If stable elastic-plastic material 
is specified, therefore, the drop in stress must be ruled out ex- 
plicitly. 

Time effects are present to some extent in all real materials. 
When the stress-strain curve is affected significantly by the rate of 
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Fig. 2 An elastic-plastic material (time-indep 
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Fig. 3 Viscoelastic models 


march 1959 / 101 


| 
| 
\ 
[ 


oy 
| 
| 
| 
| 
| UNSTABLE 
WH 
Senden): Rising curve 
aé>0 


loading or more generally by the time history of the loading, 
where time enters in an essential manner, the term viscosity or 
the modifier visco is used. The idealization known as linear visco- 
easticity may be visualized in terms of combinations of linearly 
elastic springs and Newtonian dashpots, Fig. 3. Nonlinearity of 
the springs and the dashpots poses no conceptual difficulty nor 
does the inclusion of elastic-plastic, ‘‘spring’’ elements. Falling 
stress-strain curves are easily produced by a simple time history 
in the most elementary Kelvin or Maxwell models. Instability 
now has a more obscure meaning and certainly must involve 
time. For example, a falling curve on a plot of stress versus 
strain-rate for a Maxwell type material would denote viscous in- 
stability, Fig. 3. 


Previous Postulate for Elastic and Plastic Materials 


A fundamental definition was advanced previously for a stable 
elastic or work-hardening time-independent material [1, 2]. Con- 
sider a body of such material at rest acted upon by a set of 
boundary tractions 7’; and body forces F,, Fig. 4(a). An ex- 
ternal agency is supposed to add slowly a set of surface tractions 
AT’, and body forces AF;. The displacements of the body will 
change as added force is applied and equilibrium is maintained. 
It was postulated that the work done by the external agency dur- 
ing the application of force must be positive and over a cycle of 
application and removal, positive or zero, zero only when purely 
elastic changes take place. In such a cycle, work cannot be ex- 
tracted from the system of the body and the set of forces acting 
upon it. Materials following this postulated behavior are stable. 
A falling stress-strain curve in simple tension is ruled out as is far 
more complicated behavior which normally might not be con- 
sidered unstable. Despite the severity of the definition, the 
consequences do seem in accord with all existing intuitive con- 
cepts. 

The implications or consequences of the fundamental definition 
are remarkably strong for the mathematical theory of plasticity. 
The yield or subsequent loading surface f(o;,) = k* which sepa- 
rates states of stress which can be joined by a purely elastic path 
from those requiring elastic-plastic action, Fig. 5, must be convex. 


T, + 47, 


(a) (b) 


Fig. 4 Existing system (a) and existing system plus external agency (b) 
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Fig. 5 The fundamental definition requires convexity and normality in 
plasticity 
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Fw thermore, as shown, the plastic strain increment or strain 
“rate” must be normal to the surface at a smooth point €;;? = 
A2f/de;, or lie between the outward normals to adjacent points at 
a corner. 

Both convexity and normality had been postulated long before 
[3, 4], and it is certainly valid to question the value of replacing 
one set of postulates by another. One answer is that it is desirable 
to have the smallest number of postulates. A better statement, 
perhaps, is that fundamental definitions have many specific im- 
plications beyond those of immediate use. Direct experimental 
study and theoretical consideration of a basic postulate form the 
basis of unlimited future applications. On the other hand, it 
should be remembered that the definition of stable time-inde- 
pendent material is a definition and not a law of nature. Unstable 
materials of various kinds do exist. Also, frictional systems of the 
Coulomb type do not follow the postulate [5]. A subclass of ma- 
terials, therefore, is specified and the problem reduces to how well 
particular solids are described. 


An Extended Postulate or Definition 


The absence of time effects in the mathematical theory of elas- 
ticity and plasticity is not matched in the physical world [6). 
Bodies under constant load will creep, bodies under constant 
deformation will relax. For many structural metals at working 
temperatures the time effects are small enough to be ignored in 
practical applications and the previous postulate is adequate. 
However, all metals at elevated temperatures and most materials 
at room temperature display app. eciable time effects. A modified 
and broadened postulate, therefore, is required. 

When time or viscous effects are appreciable, it is no longer true 
that the work done by an external agency need be positive. Spring 
elements as in Fig. 3 generally will contain energy which can be 
extracted from the system. A body under constant load usually 
does not maintain an unchanged configuration. Application of 
additional force to an already loaded body by an external agency 
is accompanied by a change in the displacement history, partly 
due to the existing force system and partly produced by the ex- 
ternal agency. Fig. 4 may now be reinterpreted. Fig. 4(a) 
shows the surface tractions 7’; and body forces F, which are func- 
tions of time. The displacements u,, the stresses o,;, and the 
strains €;; are likewise functions of time. Fig. 4(b) shows the 
existing system plus the external agency and the combined effect. 
The added surface tractions A7’; and the added body forces AF; 
also vary with time as do the changes in displacement, stress, and 
strain Au;, Ao;;, Ae;,, which result from the action of the external 
agency superposed on the existing set of forces. Except for the 
very special fully linear case, it will not be true that A7’, and AF, 
acting alone (7; = 0, F; = 0) would cause Au,, Ao,;, Ae;;. It is 
T,; + AT, and F; + AF, which produce u; + Au;, 7;; + Ao;,, €, 
+ Ae;,, all of which are functions of time. 

A fundamental definition of a stable inelastic (elastic-visco- 
plastic) material under isothermal conditions can now be stated: 


The work done by the external agency on the change 
in displacements it produces must be positive or zero. 


It is seen immediately that the previous postulate is included in 
this broader one because no change in displacement takes place 
in an elastic work-hardening material at constant load. 

The question of reasonableness of the definition does not lie 
within present conventional mechanics or thermodynamics be- 
cause the work is done by a difference between two force systems 
on a difference between two displacement histories. An intuitive 
statement is that, in general terms, displacements due to the ad- 
dition of force should be in the “direction’’ of the force or at least 
not be opposed. This is clearly so for simple tension. 

Suppose, for example, that one of the models of Fig. 3 is 
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stretching out under the tensile force shown. Certainly the ad- 
dition of a tensile force AT’ (external agency) will produce addi- 
tional stretch initially and will not decrease the over-all extension. 
Both the initial rate of doing work on the additional displacement 
AT Au and the total work of the external agency on the addi- 
tional displacement J-AT Au dt must be positive. It is equally 
evident that addition of a compressive force will decrease the rate 
of extension initially and once again AT Aw and {AT Au dt are 
positive. 

Now suppose that a Kelvin type model, Fig. 3, had recently 
supported a much larger tensile force than the one shown acting so 
that a spring element is in an overstretched state. The specimen 
would then contract under the existing tensile force. Addition of 
a compressive force (external agency) would speed up the con- 
traction, addition of a tensile force would slow it down. Once 
more Az initially is in the direction of AT’, and AT Az is positive. 

On the other hand, the actual rates of work such as 7'a or 
T(u + Aw) or AT(% + Aw) may be either positive or negative 
depending upon the loading and previous history of the specimen. 
Nevertheless, our intuitive feeling for the behavior of a tensile 
specimen of any stable material with or without time dependence 
is expressed by the fundamental definition in each case. Propor- 
tional or radial loading examples in two or three dimensions are 
equally clear. Positive work is done by the external agency on 
the change in displacements it causes. The extension to general 
loading seems reasonable. In fact, it appears likely that the 
definition is an appropriate one for stability of motion of any 
mechanical system, but this question will not be examined here. 

The definition may be put in unambiguous mathematical form 
for small deformations as 


if AT,AudA + f, AF at 
t=O (JA \ 


where the dot indicates derivative with respect to time, and t = 0 


(1) 


is the instant of time at which the external agency begins to apply 
force. The summation convention is followed for repeated sub- 
scripts in the same term, for example, AT, Au; = AT,Aua, + 
AT, Aw, + AT Au, and, for later use 


= 0,€, + +} TryVey + Ty2V yz + Ter 
in the usual notation. 

It is sometimes more instructive to think of two alternative 
paths of loading 7,;°, F;, and 7, F;, which diverge at 
t = 0, Fig. 6. Each would produce its own u,, 0;;, € The 
definition then has the mathematical form 


which is really identical te (1). It has the advantage of focusing 
attention on the meaning of the incremental quantities and the 
type of stability which is postulated. 


Stability in Large and Small—Permissibility of Path 


Stability in the large and stability in the small correspond re- 
spectively to ¢, unrestricted and to ¢, limited to the immediate 
neighborhood of ¢ = 0. As has been stated, the requirement of 
stability is an arbitrary one in a sense. The requirement that the 
tensile stress-strain curve for an elastic-plastic body be a con- 
tinuously rising one (complete stability ) is not of real consequence 
when the stress point is on a portion of the curve which rises and 
small (infinitesimal) changes in stress are examined (stability in 
the small 

There is a further choice involved within each classification of 
stability. Any path labeled (1) in Fig. 6 may be permitted or in- 
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stead 7 and F;™ may be restricted to constant values, their 
values at ¢ = 0. It must be kept in mind always that in elastic 
materials are irreversible and not all paths are permissible paths 
in general. For example, at ¢ = ¢, the system will be at A if it 
follows path (1) and at B if it follows path (2). With few excep- 
tions, « straight-line path from A to B, 


T; = + a( T®), F; = PO + al = P&) 


with @ going from 0 to 1, will not change the state at (1) to the 
state at (2). Furthermore, no neighboring path to the straight 
line will exist which is capable of giving the same final state B. 
In fact, for the most general materials there is no available path 
whatsoever from (1) to (2); path (2) is the only way of producing 
the state of the material at B. 

In view of the irreversibility there is no clear decision to be 
made on how much stability to require. Stability in the small 
with path (1) restricted to the point corresponding to t = 0 would 
seem essential. The generalized definition without restriction, or 
stability of material in the complete sense, seems desirable. Some 
of its consequences will be explored in what follows. 


Stress-Strain Relations 


The consequences of the basic postulate with respect to stress- 
strain relations are strongest and seen most easily for a homogene- 
ous system whose mass or kinetic energy can be neglected. Sur- 
face tractions, body forces, and velocities in Inequality (2) then 
can be replaced by stresses o,; and strain rates €,; through the 
theorem of virtual work. 


T,*u,'dA +f, F,*u,'dV = | 


where 7;*, F;*, o,;* are any set of equilibrium values and u,’, €;; 
are any compatible set [7]. There need be no relation between the 
equilibrium and the compatible sets. Substitution of 7, — 
T, for T,*, a — a for u,’, and so on, in the virtual-work ex- 


For any continuous u,’ 


(3) 


pression (3) thus is permissible although in general 7°? — 7, 
F< — alone will not produce Integration over 
the volume can be omitted for a homogeneous state of stress and 
strain with the result that Inequality (2) requires 


— 


— > 0 


(4) 
In the neighborhood of ¢ = 0 the stresses and strain rates can 
be expanded in a power series for each of the paths (1) and (2), 
the subscript zero denoting the value at ¢ = 0. 


= + + lol?/2 + .. 
io 


= + + 4 


The two paths are identical up to ¢ = 0 so that stress and strain 
are the same at = 0, = Jo, and €; Jo = Jo. 
Time derivatives of these quantities need not be the same so that 
strain rates and stress rates may differ. For ¢, very close tot = 0, 
Inequality (4) gives 


j 


>0 


1 


As t, may be made vanishingly small, it is necessary that 
[64 — — > 0 


If, however, €,;°? = €,;" then it is necessary that 
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| 

| 

= 
- 
‘ 
(7) 


[o,, — lo >0 (8) 


This process may be continued to higher and higher time deriva- 
tives of strain and of stress as well if ¢;,° =¢,,, and soon. The 
general requirement in the sense of (7) and (8) is 


ot” Jo ot" ot” Jo 


with m and n each >1. Inequality (9) insures stability in the 
small in the broad sense. 

If o;; is restricted to remain constant at @,;‘” Jo, as time goes 
on, for the more restricted definition of stability in the small, (7) 
and (8) are replaced by 


Jo > 0 (10) 


For time-independent materials the “ terms disappear com- 
pletely, leaving the earlier result ¢,,€;; > 0. 

Return now to stability in the large and to time-dependent ma- 
terials. If the load path OA of Fig. 6 is traversed very rapidly 
and then the system remains at A, and a similar time history 
holds for path OB, the fundamental postulate in the form (4) 
requires 


— — &;4) > 0 (12) 


In general, the strain rates €,;" and €,;4 will depend, of course, 
upon this specially selected time history. Here the distinction 
between the broad and narrow definition of stability does not 
arise because the path OAB traversed with extreme rapidity 
gives the same state point B as path OB, for materials which 
need time to deform. 

Many special paths may be considered but their treatment will 
be deferred. Specific results for plasticity, linear viscoelasticity, 
and creep will be discussed next. 


Consequences for Plasticity 


As has been mentioned, the previous postulate for time- 
independent materials, with o,;"’ held constant, has strong 
implications in plasticity. All vield and subsequent loading sur- 
faces f(o,;, €;, history of loading) = k* must be convex. The 
plastic strain-rate vector €;,” must be normal to the surface in 
stress space, Fig. 5, in the extended sense. At a smooth point of 
f = k*, for (Of/de,,,,)¢,,, > 0 or an outward pointing ¢ which 
produces plastic deformation 


, SF OF 


(13 


= 


where G may be a function of stress, strain, and the prior history 
of loading. It also may depend upon the stress rate ¢,;. Time 
is not truly relevant so that G must be homogeneous of order zero 
in eg. 


G= f" + 


(Fn Fmn)® 


The broader definition in this paper, of stability in the small, 
restricts G still more. It is permissible to deal with plastic strain 
rates only and substitution in Inequality (7) gives 


00; ; Winn 
. 


The magnitude of the stress rate is arbitrary and can be chosen 
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Fig. 6 Paths of loading. Arrows join points of same time. 


to give a constant value of the component (0f/0¢;,,)¢,;; normal to 
the yield or loading surface. Suppose this is done for each pair 
(1) and (2) so that the left bracket of (14) is zero. The bracketed 
expression containing G" and G® then must likewise be zero. 
If not, a very small increase or decrease in the magnitude of @, ; 
or the opposite for ¢,,“" will violate Inequality (14). Therefore 
G® = G© or G is independent of ¢;;. The stress-strain relation 
(13) thus is restricted to linearity in the increments or rates of 
stress and strain. All incremental stress-strain relations now in 
use are linear or are combinations of linear forms as a matter of 
convenience. Although no preconceived notions are upset, it is 
of great interest and postibly of value to know that a single postu- 
late or definition leads inevitably to all the main features of plas- 
tic stress-strain relations. 

Stability in the small alone was employed in this application of 
the postulate, but stability in the large is needed for convexity. 
As stated before, there is always the possibility that stability in 
the large with the new postulate may be more restrictive than is 
reasonable on physical grounds for all paths of loading in all ma- 
terials. 


Consequences for Linear Viscoelasticity 


A linear viscoelastic material may be defined in terms of models, 
Fig. 3, with linear springs and dashpots in combination [8]. 
An equivalent definition may be given by one or more differential 
equations in which time derivatives of any order may appear but 
stress and strain enter linearly. The difference between two solu- 
tions of such equations is a solution as well. Therefore if stress 
state and history o;;" produce €,;‘ and stress state and history 
o,; produce — o,; will give — €;. A 
stable linear viscoelastic material according to definition as ex- 
pressed by the basic Ineouality (4) must obey 


te 
g;,€,dt > 0 (15) 


This is no surprise at all as it is simply a statement that work 
must be done on an unstressed and unstrained viscoelastic ma- 
terial in order to deform it. Any combination of linear springs 
and dashpots thus provides a stable material. Although the result 
is not unexpected, it is comforting to know that the implications 
of the broadened definition are in accord with physical intuition. 


Consequences for Creep 


Nonlinearity is the rule rather than the exception in inelastic 
materials. The creep of metals in particular is markedly non- 
linear. Consider now a Maxwell type material, Fig. 3, which de- 
forms indefinitely under constant load. The elastic response can 
be ignored in discussing the viscous. Suppose that, for con- 
venience and for reasonable agreement with actual behavior, the 
viscous strain rate €;;” is a function of stress alone. As the existing 
state of stress determines the strain rate, the stress rate has no 
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immediate influence; [¢,;° — — in Inequality 
(7) is automatically zero at any instant of time when two paths of 
loading diverge. Inequality (8) for stability in the small, however, 
does provide a nontrivial restriction on the creep-strain relation. 
Stability in the large gives far more spectacular and useful re- 
sults. Referring to Inequality (12), the restriction on the path or 
time history of loading is lifted. (0,;8 — o,,4)(€,% — €,4) > 0 
applies to any two stress states at any time because € is supposed 
to depend upon ¢@ alone and so is not path dependent. In par- 
ticular, ¢;; * may be chosen as the stress-free state and the result is 
= W(o,;") > 0 (16) 


C5; 


or the rate of doing work is always positive. As the strain rate is 
viscous, and, therefore, dissipative, this too is an obvious result 
whereas (12) is not. 

The restrictions on stress-strain relations in creep imposed by 
(12) and (16) are strong and may be explored for each special 
case. In pictorial terms, as shown in Figs. 7 and 8, the strain- 
rate vector makes an acute angle with the stress vector, 0; ;"€,;85 > 
0; the increment in strain rate for any stress path is in the direc- 
tion of the change in stress (o,;% — 0,;4)(€,," — €;4) > 0. 

Suppose, for example, that it is possible to write 


(17) 

where ¢ is a function of the existing state of stress only. The 
surface ¢ = const in stress space then bears some pictorial re- 
semblance to the vield surface in plasticity. The strain-rate vec- 
tor is normal to the surface. As illustrated in Fig. 8(a), a stress 
path tangential to the surface at one point cannot intersect the 
surface at another point. If it did, Inequality (12) would be 
violated. Normality therefore leads to convexity of the surface ¢ 
= const. Normality in the extended sense, as at a corner of such 
a surface likewise requires convexity if (12) is to be satisfied, Fig. 
8(b). 

A common assumption for creep in simple tension (not neces- 
sarily in accord with the actual physical behavior) is that the 
strain rate is proportional to some power n of the stress [9]. A 
generalization of this hypothesis is to choose ¢ in (17) as a homo- 
geneous function of stress of degree n + 1. Substituting in (16), 
the rate of doing work or rate of dissipation is from Euler’s 
theorem on homogeneous functions 


(18) 


W(o,;) (n + 


Under these conditions ¢ = const is a surface in stress space of 
constant rate of dissipation of energy. Therefore W = const de- 
fines a convex surface in stress space. 

The additional assumption of isotropy requires W to be a fune- 
tion of the stress invariants, for example, the sum of the principal 
stresses J; and the invariants 

1 


Js 85 J; 8558 
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Fig. 8 (a) Normality é; = 0¢/00;; and Inequality (12) requires con- 
vexity. (b) A corner also is permissible. 


of the stress-deviation tensor s,;; {10}. Considerable discussion 
of convex homogeneous functions of stress with these invariants 
has been given in papers on plasticity [10, 11] and need not be 
repeated here. As an example, the requirement of convexity re- 
stricts the constant ¢ in 


(n + = W = — 


to no more than 2.25. 


Uniqueness of Solution to Equilibrium Boundary-Value 
Problems | 12, 13) 


Consider a body at time t = 0 whose state at each point can be 
specified completely as, for example, the initial unstressed and 
unstrained condition. Suppose surface tractions 7, are specified 
on the portion of the surface A 7, displacements u, on the remain- 
ing portion Ay, and body forces F, throughout the volume V, each 
given as a function of time. The question of uniqueness concerns 
the possibility of two (or more) solutions @) and @) for the interior 
stresses, strains, and displacements or any of their time deriva- 
tives. 

Assume that two equilibrium solutions do exist which satisfy 
the boundary conditions. Substitute their difference in the equa- 
tion of virtual work (3) just as in the description following Equation 
(3). The general result is that the left-hand side is always zero 
and for any order of time derivative of stress and strain 


o™ 
0 = - — 6,69 
Jy Lom ol” 


o" 


which is reminiscent of Inequality (9) except that here the nota- 
tion is meant to include the zero order as well; i.e. 


— o,; — ej), — ete. 
Uniqueness in the sense of 


o” o”™ 


is assured if the integrand of (19) is positive. Just as in the 
special case of plasticity, a discussion of uniqueness in such great 
generality cannot be more specific [13]. Any lack of uniqueness 
which may be present in the stress-strain relation appears here as 
well. With this understanding the term uniqueness will be used 
without qualification in the following. 

Reference to Inequality (7) shows that stability in the small 
guarantees uniqueness of ¢,,; or €,; at each instant of time. If €, 
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is dependent on ,,, and not ¢,;, Inequality (8) takes over and €,, or 
¢,, is shown directly to be unique. This type of consideration is 
of importance in the study of dynamic problems in which mass or 
inertia cannot be neglected. If needed, this process can be con- 
tinued to any term of Inequality (9). The initial state and the 
complete history of loading, therefore, determine the stress and 
the strain uniquely throughout any body composed of inelastic 
material obeying the definition of stability in the small. 

It might be expected that stability in the large guarantees 
uniqueness of stress independent of the path of loading. This is 
true for any material undergoing the rapid loading type of path 
described for Inequality (12). It also is true for those stable ma- 
terials following any creep law in which the strain rate depends 
upon the stress only because they too must obey Inequality (12). 
It is not true for most materials. 

Certainly the fundamental definition does require that if a 
path exists from A to B, Fig. 6, the work done by the external 
agency on the change in displacements it produces must be posi- 
tive or zero, 


B 
f — — €,4)dt > 0 


However, in general, the integral bears little or no relevance to 
the virtual work term — 0,;4)(€;;8 — whose positive- 
ness assures uniqueness. Furthermore, no path AB is a permis- 
sible one in the general case. 


Dynamics 


All of the emphasis so far has been on equilibrium problems. 
Mass and kinetic energy have been ignored, although velocity 
and acceleration terms are finite. As will be seen, the inclusion of 
dynamic terms does not affect the conclusions to be drawn and, 
in fact, makes less demands on the stress-strain relations. Homo- 
geneous states of stress and strain are not appropriate and the 
steps which lead to Inequality (4) give instead the more inclusive 


le 
t=0 v 


1 
+24 = pfu —apav' (20) 
»2 


where the second term is the value of the volume integral at ¢, 
minus the value at the time of divergence of paths, t = 0. If the 
external agency applies load slowly, the acceleration w, is the 
same for the two paths (1) and (2), Fig. 6. Necessarily, in all 
cases the velocity u,;@ throughout the volume is the same as 
a, at ¢ = 0 and the second term of (20) is positive or zero at all 
times ¢,. The Inequality (4) is much more significant, therefore, 
than (20). 
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Conclusions 


A single pc. ‘ulate or definition is advanced for all ‘“‘stable’’ in- 
elastic materials undergoing small deformations un Jer isothermal 
conditions. Its implications are far-reaching In plasticity 
theory, which is a particularly well-explored subject, the concepts 
of convexity, normality, and incremental linearity all are conse- 
quences of the definition. An interesting result also is obtained 
for a generalization of the simple tension creep law € = Ka". 
The surface of constant rate of dissipation for the special case is 
convex and € is normal to it just as for the yield surface in plas- 
ticity. However, nonlinear viscous behavior coupled with elastic 
and plastic action is an almost unknown field. Much more must 
be done before the value of the postulate can be determined. 
Stability in the large is an especially troublesome point. Never- 
theless, the uniqueness of solution assured by the definition is a 
good indication of its acceptability as a starting point. The rela- 
tion of the definition to stability of motion in the classical sense 
should be explored along with its extension to cover varying 
temperature. 
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Retarded Flow of Bingham Materials 


The solutions for three cases of retarded flow of a rigid-viscous material are given. 
These cases are: (a) Sliding parallel plates; (b) Couette flow between concentric cylin- 


ders; and (c) axial flow through a circular pipe. For Couette flow two types of loading- 
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= the analysis of flow of non-Newtonian 
materials has received considerable attention. One of the im- 
portant non-Newtonian types of materials is the rigid-viscous 
(Bingham) material. This section gives a brief review of publica- 
tions pertaining to the subject of this paper. 

In 1919, E. C. Bingham [1}' proposed the one-dimensional 
stress-deformation-rate equation for a rigid-viscous material. In 
1921, E. Buckingham [2] used Bingham’s stress-deformation-rate 
relation to obtain the solution for axial flow through a circular 
cylinder. M. Reiner [3], in 1929, used the same equation to 
solve the problem of Couette flow between concentric cylinders 
under relative rotation. Prager and Hohenemser [4], in 1932, 
formulated three-dimensional stress-deformation-rate relations 
appropriate for rigid-viscous flow. 

More recent work on Bingham materials has been carried out 
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unloading paths are found. The results of this analysis explain some of the dis- 
crepancies between experimental results and theoretical predictions for a Bingham 


by J. G. Oldroyd [5] in 1947. Oldroyd solved several specific 
problems and investigated energy considerations for the flow 
pattern of this type material. Prager [6] has developed limit 
theorems for the flow of rigid-viscous materials and has estab- 
lished means of obtaining upper and lower bounds for the loads 
The authors [7] have solved various problems in bearing and oil- 
field practice using the three-dimensional form of the Bingham 
equations. 

Experimental investigations on the behavior of lubricating 
greases include work by G. Cohen and J. W. Oren [8], C. R. Single- 
terry and E. E. Stone [9], H. E. Mahncke and W. Tabor [10], 
and N. Marusov [11]. In oil-field technology, R. J. 8. Pigott 
[12], F. H. Dunn, W. F. Nuss, and R. W. Beck [13], and G. 8. 
Ormsby [14] have published results of experimental research. 


Present Status of Theory 


Apparently the most suitable set of equations to describe flow 


Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, October 10, 1957. Paper No. 58-—A-34. 


Nomenclature— 


component of deformation rate tensor; i.e., in Car- 
tesian co-ordinates: 


1 / ou, + Ou; 
= 
\dz; oz, 


hk = thickness of layer of Bingham material between 
flat plates, Fig. 1(a) 
J, = quadratic invariant of reduced stress tensor, i.e., 
1 
J, = - 
A = axial pressure gradient in circular pipe flow 
Kyoax = Maximum value of pressure gradient 
! = length of cylinders for Couette flow, Fig. 2 
po = hydrostatic pressure at z = 0 
p = mean pressure in Bingham material; i.e., 
3 
1 
= 3 & 
r, 0,2 = cylindrical spatial co-ordinate system 
r, = radius of cylindrical boundary between deforming 


and undeforming material, Fig. 2 
radius of inner cylinder for Couette flow, Fig. 2 
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radius of outer stationary cylinder for Couette 
flow, Fig. 2 

R = inner radius of circular cylinder 

r* = radius of cylindrical boundary between deforming 

and undeforming material in axial flow through 

circular cylinder 


Tmin® = minimum value of radius of cylindrical boundary 
between deforming and undeforming material in 
axial flow through circular cylinder 

Q = volume rate of axial flow through circular cylinder 
S;; = component of reduced stress tensor,  Le., 
T = external torque applied to inner cylinder for 
Couette flow, Fig. 2 
u,, Ue, Uy = radial, tangential, and axial-velocity components 
V = relative velocity of upper flat plate under pure shear, 
Fig. l(a 
6,; = Kronecker delta 
uw = slope of stress-deformation rate diagram for pure 
shear, Fig. 1(b) 
o;; = component of stress tensor 
To = critical value of +/J» for post initial loading 
7, = critical value of J: for initial loading 
w = angular velocity of inner cylinder for Couette flow, 


Fig. 2 
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of an incompressible rigid-viscous material is 


d,; = 0 for VJ2 < To 


) S,; for VJ: > To (1) 


where y is the viscosity, d;, is a component of the deformation 
rate tensor, J; is the quadratic invariant of the reduced stress 
tensor, To is the critical shear stress of the material for one-dimen- 
sional shear, and S,; is a component of the reduced stress tensor. 

Equations (1) show that no deformation occurs unless the com- 
bination of stresses, measured by ~/J2, exceeds the critical value 
To. The excess of the quadratic invariant over its critical 
value governs the rate of deformation. Equations (1) also point 
out that, at a generic point in a region of deformation, the ratio 
of a deformation-rate component to the corresponding reduced- 
stress component is constant. 

In addition to using Relations (1) and the equations of equi- 
librium, compatibility, and the appropriate boundary conditions, a 
method has been proposed by Prager [6] for obtaining upper and 
lower bounds for a given loading condition of a rigid-viscous ma- 
terial. However, this method of limit analysis has not proved to 
be as powerful for Bingham materials as the corresponding pro- 
cedure is on perfectly plastic materials; the reason for this being 
that in Bingham materials no tangential-velocity discontinuities 
can be permitted. 


Introduction 


Using the methods just outlined, various analytical solutions for 
flow problems have been obtained and compared to experimental 
results. For steady-state conditions these solutions predict the 
flow of an ordinary Bingham material in terms of the material 
properties 7) and yu independent of the loading history. However, 
many materials which can be approximated as Bingham materials, 
when deformation is being maintained, possess the property of jell- 
ing when in a state of rest for a certain period of time. This flow 
for a Bingham material of this latter type is referred to as retarded 
Bingham flow. Mathematically, the property of jelling means 
that the value of the quadratic invariant necessary to initiate flow 
exceeds the value of the material constant 79? obtained from ex- 
periments for sustained flow. Although the physical mechanism 
is different, this phenomenon observed in Bingham materials 
corresponds in some respects to the phenomenon of upper and 
lower yield points present in mild steel 

Cases when the jelling phenomena are of engineering im- 
portance are applications with intermittent operation;  e.g., 
starting of grease-lubricated bearings. 

Experimentally, the influence of this jelling process has long 
been recognized and usually the material constants are deter- 
mined from tests in the so-called “worked’’ and ‘unworked’”’ 
states. 

The purpose of this study is to determine—by solving specific 


\ 
/ 


Fig. 1 


problems—the effect of jelling on the flow field in a retarded 
Bingham material. The equations proposed here for the initial 
monotonic loading of an element of a jelled Bingham material 
are: 

for VJs <7) 


)s for > (2) 


while for post initial loading the set of Equations (1) is assumed 
valid. To simplify analysis the transition from 7, to 7 as the 
critical value of the quadratic invariant for retarded flow is as- 
sumed to occur instantaneously when 7; is initially exceeded. 

Obviously, Equations (1) and (2) imply that the load-deforma- 
tion-rate solution is a function of the loading history. Equations 
(1) and (2) will now be used to analyze the retarded flow (a) in a 
rigid-viscous layer between sliding parallel plates, (b) between 
rotating cylinders (Couette analog), and (c) through a circular 
cylinder (Hagen-Poiseuille analog). 


Flow of a Rigid-Viscous Layer Between Sliding Parallel 
Plates 


Fig. 1(a) shows the geometry of the system and the symbols 
used. 7 is the applied shear stress, V the relative velocity be- 
tween the plates, and A their normal distance. The loading path 
considered is monotonic loading to 7 > 7; and arbitrary unloading 
to zero stress: The solution for this problem is, Fig. 1(b): 

For initial loading 


V=0 


h = iT| Ve 


for T < 7 


for tT > 7; (3) 


It is interesting to note that as a consequence of the assumed 
immediate transition from 7; to To at the onset of flow, in the 
steady-state solution for initial loading the velocity “jumps’’ from 
zero to — To). 

For post initial loading 


for T < To 


| — w% for T > To (4) 


Flow of a Rigid-Viscous Layer Between Concentric Cylinders 


The loading considered here is a monotonically increasing ex- 
ternal torque 7’, Fig. 2, which starts at zero value, reaches a maxi- 
mum value 7T'max, and then monotonically decreases to zero. 
The angular velocity w of the inner cylinder is to be determined 
as a function of the external torque 7. The symbols r, and r, de- 
note the radii of the outer and inner cylinders, respectively, and / 
the length of the cylinders (//r, > 1). 


(a) Geometry of system of rigid-viscous layer between fiat plates. (b) Shear stress versus 


rate of deformation. Solid line represents initial loading; dotted line represents post-initial loading. 
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Neglecting inertia effects, the stress solution which satisfies the 
equilibrium equations and boundary conditions is given by the 
following set: 


S,, = See = S,. = 0 


= 04 = 0 
= (5) 
with 


Vd: = and u, = u,=0 


First, consider the initial loading of the jelled material. Physi- 
cally, three different flow patterns will have to be anticipated. If 
everywhere in the material field 0, < 7;, no deformation will 
oceur (Case 1). According to Equations (5) flow will initiate at 
the radius of the inner cylinder where J, has its maximum value. 
If o,6 > 71, in only part of the material then local deformation 
in a region between the transition radius r, and the inside radius 
r, will take place (Case 2). If everywhere in the field o,@ > 7, 
then the deformation rate will be finite through the whole ma- 
terial (Case 3). The solutions for the three cases are as follows: 
Case 1. For the initial loading, if 


—— <7, then w=0 (6) 
since the yield point has not been exceeded anywhere in the 
material. 

Case 2. If 


< (7) 


then the transition radius ry) to the cylindrical boundary between 
rigid and deforming material will be given by: 


For the region between r, and r, there results from the stress- 
deformation rate Equations (1): 


DEFORMING T 
MATERIAL 
RIGIO 
MATERIAL 


Fig. 2 Geometry of system of rigid-viscous layer between concentric 
cylinders 
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(9) 


and with the boundary condition ue = 0 for r = 7, so that the 
velocity field will be continuous, there follows for the tangential 
velocity 


= 


+ 2 nr) (10) 
and the angular velocity of the inner cylinder becomes: 
w= = To In 


+ 2 n) (11) 
T 


>T or >T% (12) 


Case 3, valid for 


then due to the boundary condition following from the no-slip 


hypothesis 


uy=0 for r=r, 


there results 


1) 
ug = : il ( - ) + tor In "| (13) 


and the angular velocity of the inner cylinder becomes: 


wirer, fr fi r 
I= = -_ 4+ T ] (14) 


Now to consider unloading; for this case the resulting equations 
depend on the maximum value of the external torque Tmax ap- 
plied in the loading process and again, as before, different physi- 
cal situations may occur. 

If the maximum torque has caused no flow (Case 1), Le., 


<T (15) 
2nir,? 


then unloading causes no flow and the material will remain in its 
initial state. 
If flow occurred in a region bounded by r, and 7) (Case 2), Le., 
(16) 
2nir,? 2nir,? 


three separate steps in the solutions are required to describe the 
flow as the external torque decreases to zero. The shear stress at 
the transition boundary is 7, when unloading begins and the 
stress-deformation rate equations governing flow in the de- 
formed region are Equations (1). When unloading commences 
the boundary radius r, remains stationary until the value of the 
shear stress o,9 at this boundary reaches the value to. This be- 
havior is described by the relation: 


<< T < Tmax (17) 


and in this case solving Equations (1) there results for the tan- 
gential velocity: 


1 Tr l T mon 
= l (18) 
E ( =) 2 ] 
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and accordingly 


2 


w= 


1 Tmax 

When the torque has decreased to the point that the shear stress 
at r, is 7) then, for further unloading, the effects of 7, have been 
removed and unloading proceeds the same as for a Bingham ma- 
terial with a yield point in shear of 7. For the range of the ex- 
ternal 7’, described by 


< T < (20) 


the solution of Equations (1) for a continuous velocity field is 


+ l + (21) 
=—j|-- —— — Tor 
and the angular velocity becomes 
wlr=r, 


1 1 
+ > Tol 


+ — (22) 
2alror,? 2 | 

and, finally, the third step of unloading for Case 2 occurs when 
the shear stress nowhere exceeds 7, or, 


T < 2nlr,27o (23) 
and there ensues 
ug = 0 and w=0 (24) 


For Case 3 the entire region of material is deforming and for 
unloading the material constants 7) and yw govern the flow pattern 
and, as for Case 2, there exist three steps for the unloading 
process. This means that 7, in no way influences the solution. 
When unloading begins, the entire region continues to deform 
until 


T = 2xlr,*7o (25) 


is satisfied (step 1). For external torques immediately below this 
value a boundary between flowing and rigid material will appear 
(step 2) and its radius will decrease as the torque decreases until 
finally the entire region becomes rigid (step 3, see Reference 
{15]). The solution for the steps are given below: 

When the torque is sufficiently large to cause flow in the entire 
field, that is, 


< T < (step 1) (26) 
then Equations (1) with the boundary condition of no slip at r, 
give 
Tr 1 1 To 
ug = + Tor ln (27) 
and 
a) 
results. 


The solution for cases when there is a transition between re- 
gions of deforming and undeforming material is the same as for 
the corresponding step in Case 2. Therefore when the inequality 


< T < (step 2) (29) 
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holds, the tangential flow velocity becomes 


1 T + 1 , T + 1 (30) 
and, accordingly, the angular velocity is given by 


=r, 1 [ 
— 


Finally, when 

T < (step 3) (32) 

flow stops, yielding 
ue =0 and w=0 (33) 

Fig. 3 shows a complete loading cycle for the case where 


*=2 and — 
To 


(34) 


On this curve the initial loading is given by the solid line 
O-A-B-C-D. Two unloading situations are considered of which 
the first starts at B and the second at D. The various sections of 
the graphical representation correspond to the following cases as 
analyzed before: 


Loading and unloading in Case 1 (Tmax < 2m/r,27,) path lies on 
O-A-O. 


Loading and unloading in Case 2 Tnax < 2mlr,271) 
path lies on O-A-B-F-G-O. 


Loading and unloading in Case 3 (Tmax > 2m/r,°7) 


path lies on O-A-C-D-E-G-O. (35) 
| | | 
| | 
| 
4 
35 | 
8 
/ 
// 
| 
iy 
Ls if 
de 
fF 
4c 


q 


Fig. 3 Initial loading and unloading path for Couette flow of Bingham 
material (r;/ro = 4, r./r; = 2) 
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Axial Flow of a Rigid-Viscous Material Through a Circular 
Cylinder 


Consider a long right circular cylinder of inner radius R. The 
z-axis of the cylindrical co-ordinate system, r, 6, z, is coincident 
with the geometric axis of the cylinder. Due to symmetry of 
loading and geometry and incompressibility of the material the 
velocity field takes the form: 


ug = 0 
u, = 0 (36) 
u, = u,(r) 


The stress field satisfying the equilibrium conditions and leading 
to a compatible flow field is 


= 00 = = Kz — po 
= Kr, = 09, = 0 (37) 


where po is the hydrostatic pressure at the cross section z = 0 
and K the axial pressure gradient. Now there follows: 


1 | 
VJs = 2 Kr (38) 
| 


The reader will note that this governing function of stresses, 
/J2, is a maximum in the field at the outer radius R and, as a 
result, under increasing values of K, the flow initiates at r = R 
and an undeformed concentric core of material will move axially 
at a uniform velocity (see references [2] and [15]). 

Now for initial monotonic loading, no flow occurs if 


1 
or 11> > KR (39) 
If 
1< KR (40) 


then flow will start and the radius of the concentric boundary be- 
tween deforming and undeforming material, r*, is determined 
as the position where the shear stress a2 equals 7, or 


r* = (41) 


Now from the stress-deformation rate Equations (2) there 
follows: 


Ou, 
= 0 for r<r* 
or 
(42) 
ou l To 
—! = Kr — for r*<r<R 
or 2u 
and with the boundary condition 
u. = 0 for r=R (43) 


the axial-flow velocity becomes 

K 2 
u,= G (x ) for O<r<r* 
and (44) 


K 
u,= (R? — r*) = (R for <r 
dy 
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The volume rate of flow, Q, for this initial loading condition is 
(R* 
= dr = — | — - 


4 rT? 
=~ 3 (45) 


The loading path to be considered consists of the initial mono- 
tonic loading branch treated in the foregoing and is concluded by 
monotonic unloading from the maximum pressure gradient Kmax 
to zero pressure gradient given below: 

The minimum core radius r.,i,* reached at the end of loading is 


<8) 


Tmin 


Unloading will be influenced by the size of the rigid core that 
results from the maximum pressure gradient applied in loading. 
Now, as unloading proceeds, two stages of the flow pattern have 
to be considered. When unloading begins, the shear stress at 
the core radius is 7; while the yield point of the material around the 
core is T). Therefore the radius of the core remains unchanged 
as long as the inequality 


Ti > 2 Kenn” > To (47) 


holds. The axial velocities u, obtained from Equations (1), with 
use of the no-slip hypothesis and continuity requirement are 


K G ) _ (x ) 
du | 
for O< (48) 


and 


for rmin® <r< R (49) 
4 


For the volume rate of flow Q in the case of this first step of un- 
loading, there results: 


R K (R* 47,4 
Q= u,rdr = ( ) 
0 4 4 
4 
— Te 3K (50) 


As the pressure gradient is reduced further the shear stress at the 
initial core radius becomes less than Te and consequently the 
radius of the core increases. This second step of unloading occurs 
when 


< Te < KR (51) 
2 2 


holds and then, again using Equations (1), the no-slip hypothesis, 
and continuity relations the axial core velocity becomes 


u, = K (ve (x 
du K? K 


while in the deforming part 


K 
(R? — r?) — (R for 
du 


2r, 
-<r<R (53) 
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for O<r<— (52) 
K 


The corresponding volume rate of flow Q becomes 


R 2rk? (1 4 8 To! 
Q= = (3 KR 3 T + 3 (54) 


Finally, when 


KR < (55) 
there is no flow, i.e., 
u, = 0 (56) 
Q=0 (57) 
Fig. 4 shows the loading and unloading paths for the case of 
4 and = 3 (58) 
To 2r; 


The various branches of this load-rate of flow curve are: 
Initial loading 


2 
0-A with O< K< (no flow) 
1-B with 
A- with = 
R 
Unloading 
BC we li *) 
- with > an core radius = PTmin 
R R 
0.5 
(-D with K > 
R 
0.57; 
D-O with O< K< R (no flow) 


Discussion and Conclusions 


The analytical results of the three preceding sections of this 
paper illustrate the phenomena of loading-path dependence of 
the load versus deformation-rate diagram of retarded flow in a 
jelling Bingham material. This dependence is well known from 
many experiments; for example, from intermittent running of 
grease-lubricated bearings, shutdowns at oil-well drilling, and so 
on. The Relations (2) in combination with Equations (1) there- 
fore, seem suitable to predict analytically the characterizing val- 
ues for initiation and maintaining of flow of a rigid-viscous 
material with retarded flow behavior. 

The Couette flow and the Hagen-Poiseuille flow as treated in 
the two preceding sections point out that in principle two different 
types of flow fields may be encountered. In the ease of flow of a 
plastic layer between concentric cylinders in relative rotation—a 
sufficiently large external torque provided—the entire field of ma- 
terial will undergo deformation. In the second case of laminar 
flow through a circular cylinder for any type of axial loading only 
part of the material will deform, while a concentric portion of the 
Bingham material will perform a rigid-body motion. The radius 
r* of this core, however, depends on the value of the applied axial 
pressure gradient K and, as pointed out by analysis, will also be 
a function of loading history. 

The analytical results allow graphical representation as given 
in Figs. 3 and 4. The curve drawn in Fig. 3 showing the load- 
deformation-rate relation for a Couette flow pattern of a layer of 


112 / marcH 1959 


03 
0.2 


Fig.4 Loading and unloading path of retarded Hagen-Poiseville flow for 


rif to =4 


retarded Bingham material will have to be considered for experi- 
ments to determine the material constants uw, 7, and 7. In 
particular, for prediction of the external torque to start a grease- 
lubricated bearing after a long enough interval of rest, the ex- 
perimental results in connection with the load-deformation-rate 
relation represented in Fig. 3 will be of importance. 

It should be noticed as a physically very interesting result 
from Fig. 4, showing the retarded plug flow behavior, that the 
branches describing loading (full line) and unloading (dotted 
line) show a change in the sign of the radius of curvature. 
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pressure gradients. 


= object of the present investigation was to test 
experimentally an assumption on which the perturbation theory 
of Meyer [1]? is based. Since the theory concerns smal! perturba- 
tions, three contributions to the effect which errors in the shape 
of the nozzle walls have on the Mach-number distribution in the 
test-rhombus can be distinguished clearly. The first contribution 
arises from the errors in wall shape in the subsonic portion of the 
nozzle; these produce, in the first place, a perturbation of the 
subsonic part of the flow field, which implies in turn, however, a 
perturbation of the transonic and supersonic parts. The second 
contribution arises from the errors in wall shape in the transonic 
portion, and the third from those in the supersonic portion. 
Only the third contribution is calculated in reference [1], and 
that such a theory should be useful implies the assumption that 
the first and second contributions to the Mach-number perturba- 
tion in the test-rhombus are negligible compared with the third 
contribution. 

Since the tilting of liner blocks, Fig. 1, produces errors in nozzle 
shape which are of the same order of magnitude in the subsonic, 
transonic, and supersonic portions, it offers a simple method of ob- 
taining evidence concerning the validity of this assumption. In 
fact, the theory under test is a linear-perturbation theory according 
to which the three contributions are additive. The difference be- 
tween the measured Mach-number perturbation and that pre- 
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on the Mach-number distribution in the test-rhombus is determined on the basis of the 
linear-perturbation theory of reference {1].* 
confirm that the first-order subsonic and transonic perturbations of the flow may be 
neglected compared with the supersonic perturbations, and (b) indicate that appreciable 
effects not accounted for by the first-order theory occur when the flow possesses high local 


Experiments are reported which (a) 


dicted by the theory of reference [1] therefore represents the sum 
of the first and second contributions. 

For the experiments reported here, this difference turns out to 
be unexpected. The theory is concerned with two-dimensional 
flow symmetrical about the longitudinal axis of the nozzle, Fig. 2. 
The nozzle was constructed so that its geometry conformed 
closely to these symmetries, and the tilting was arranged so as to 
conserve them closely. The difference between the measured 
and predicted perturbations in the test-rhombus, however, will be 


LINER POSITIONING SCREWS 


JOINT FAIRING 


CONTRACTION INER TERN, 
Fig. 1 
ys \ 
\ 
8 
LONGITUDINAL TRANSVERSE x 
AXIS AXIS 


OF TEST RHOMBUS 


Fig.2 Liner shape and co-ordinate system. For clarity, the ordinates are 
exaggerated in comparison with the abscissas. 


Nomenclature 
x, y = Cartesian co-ordinates in the 6 = angle of rotation uw = Mach angle 
plane of the flow —, » = Cartesian components of transla- w = Prandtl angle 
tion 
ro = abscissa of upstream corner of . 
= local stream direction Suffixes 
q 6’ = difference of local stream direc- r = refers to rotation of liner with 
M = local Mach number tion at corresponding points of throat point fixed 
= difference of local Mach number wo flows « = refers to pure translation of liner 
M’ 1iff f local Mach I two fl fers to | translat f | 
at corresponding points of two « = liner curvature in direction normal to axis of 
flows Kun = throat curvature symmetry 
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seen to be almost compietely asymmetricai and three-dimen- 
sional (if it be permitted to use this word as the antithesis, rather 
than generalization, of two-dimensional). 

On a linearized theory, the asymmetrical and three-dimensional 
perturbations may be eliminated by subtraction and, when this is 
done, the difference between the measured and predicted Mach- 
number distributions is shown to be no larger than the margin of 
uncertainty (estimated in the Appendix) of the theoretical pre- 
diction due to certain approximations. The effect which the 
symmetrical and two-dimensional subsonic and transonic pertur- 
bations produced by the tilting have on the Mach-number dis- 
tribution in the test-rhombus is therefore small compared with 
the effect of the purely supersonic symmetrical and two-dimen- 
sional perturbations, and the experiment thus confirms the va- 
lidity of the assumption under test. 

The appearance of an asymmetrical and three-dimensional per- 
turbation in the test-rhombus presents an anomaly, however, 
since on the one hand, they cannot originate from the tilting, and 
on the other hand, the effect of any additional perturbations 
present to begin with should, on any linear theory, cancel out 
wien only the differences between small perturbations are 
measured, as in the present experiment. Attention is therefore 
drawn to a little noted assumption implicit in linearized perturba- 
tion theories, namely, that the basic field that is being perturbed 
should not possess large gradients. The study of second-order 
perturbation effects is beyond the scope of this investigation, but 
it is shown by a simple argument in the section, “‘Discussion,”’ 
that appreciable second-order effects must in general be an- 
ticipated when the basic flow field contains even weak shock 
waves. It is also shown that the flow field employed for the 
present experiment did contain weak asymmetrical and three- 
dimensional shock waves, and that the order of magnitude of their 
strength is consistent with the conjecture that they were re- 
sponsible for the unexpected perturbations disclosed by the ex- 
periment. 

A by-product of the present investigation which may be worth 
noting is the determination of the Mach-number perturbations 
M,’ and M,’ in the test-rhombus due to unit rotation and unit 
translation, respectively, of the liner blocks, Fig. 4, for a nozzle of 
conventional type. While the details will differ for different con- 
ventional nozzles for the same Mach number (2.4), the general 
shape of the curves is representative. For the conversion to other 
Mach numbers, see reference [1]. 


Theory 


It will be assumed that the original nozzle produces a flow which 
is two-dimensional and symmetrical, and that the displacement 
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of the liner blocks is such as to conserve these properties of the 
flow. The flow will be referred to Cartesian co-ordinates xz, y, 
with x increasing in the direction of flow along the axis of sym- 
metry, and the origin and unit of length will be chosen so that the 
throat-points of the liners in the original position are at (0, +1). 
Since the flow is symmetrical, it will suffice to consider the upper 
liner (y > 0). Any displacement of this liner can be thought of as 
a rotation about an arbitrary fixed point, which will be chosen to 
be the point (0, 1), followed by a translation which leaves the 
surface slope at any liner point invariant with respect to the fixed 
system of reference. If the origina! co-ordinates of any liner 
point are z,, ¥:, then its co-ordinates after a small displacement 
will be 


m= — — 196 + = yi +216 + 7, 


where 6, £, and 7 are small constants, squares and products of 
which are neglected; §£ and 7 represent the components of the 
translation vector, and 6 the angle of rotation. If the original 
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inclination of the liner surface with respect to the z-axis is 6,(z;), 
then the inclination after the displacement is 6.(z.) = 0;(z:) + 6.8 
If #:(z, y:) and 6:(z2, yz) denote more generally the distribution of 
stream direction in the two flow fields, 


= x2, Ye) + (x1 22)002/dzx2 + (nm Y2)082/dy2, 


to the first order‘ and the stream direction at the point (x, 1) 
after tilting differs from that before tilting by 


= 6{1 + — 1)00/da — 
— £00/or — ndO/dy (1) 


if (2,, y:) i¢ a point on the original liner. To the first order, the 
partial derivatives may be evaluated at (x, y:). The term pro- 
portional to — is a null perturbation (cf. Appendix) and will be 
omitted, By equations (1), (2), (15), and (8) to (10) of reference 
[2], the partial derivatives of @ may be expressed in terms of liner 
curvature x, Mach angle uw, Prandtl angle'w, and distance s along 
the liner by 


00/02 = x cos 6 — sin cot dw/ds, 
06/dy = sin 6 + cos cot p dw/ds 


For conventional nozzles 6, 2:«, and (y,; — 1)/z are all rather 
small, Fig. 2, and if their squares and products be neglected 
against unity 


00/dy = Ox + cot pdw/ds = 0d0/dz + cot p dw/dxr 
2,00/dy = x; cot up dw/ds = x, cot dw/dz 
— = 0, 


since ds = {1 + 0(6@?)|dz. If suffixes 1 be dropped, symbols with- 
out suffix and prime now being understood to refer to the original 
design flow and liner, (1) becomes 


where 


0,’ = 


r 


1 — x, cot p dw/dr (2) 


and 


6,’ = + cot } 


are “influence functions” representing the effect of perturbations 
of liner slope due to unit rotation and translation, respectively. 

The experiments were carried out with a nczzle for M = 2.41 
the design of which is outlined in reference [3] where the Mach- 
number distributions on axis and liner are also given. A more 
revealing description of the design is afforded by Fig. 3, which 
shows, the distributions of d0/dz & x and dw/dz along the liner 
against distance along the axis, measured from the throat in 
multiples of the half-throat width. The nozzle is seen to be de- 
signed for continuous pressure gradient (of which dw/dz is a 
measure ) and wall curvature, but discontinuities of the second and 
higher derivatives were admitted. For this nozzle, the Mach- 
number perturbations M,’ and M,’ induced on the longitudinal 
axis of the test-rhombus by the distributions 6,’ and 6,’, respec- 


+It will be noted that the displaced liners form their throat at 
a2 = & — 5/ken, ye = +(1 + n), where x denotes the liner curvature 
at the original throat point. This lack of correspondence of throat 
co-ordinates could be eliminated by a null perturbation (cf. Appen- 
dix). The main nondimensional parameter defining the throat 
geometry is, however, the product of half-width and curvature, which 
the displacement changes from to Ken(1 + 9) + (E — 8/Ken) (de en, 
to the first order, and a true perturbation of the transonic part of the 
flow can therefore be avoided only if 


n = (6 — Kent) (dx /dz) en 


* The higher partial derivatives of @ are bounded even near branch 
lines (Appendix of reference [2]). 

tdw = q~' cot dq, where q is the velocity magnitude, and w = 0 
when q takes its sonic value. 
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tively, according to the first approximation of reference [1], are 
shown in Fig. 4 against distance z — x) from the upstream corner 
of the test-rhombus. From the curve of M,’, a translation of the 
liners is seen to cause a change in the mean Mach number, but 
little variation of local Mach number, along the axis of the test- 
rhombus. A rotation is seen to cause a much larger change in the 
mean Mach number but also a marked variation of local Mach 
number, especially toward the downstream end of the test- 
rhombus. 

For completeness, it may be mentioned that the treatment of 
the tilting problem on inviscid theory is justified. The pressure 
gradient along the liners is entirely favorable, and the small and 
smooth pressure perturbation induced by the tilting is associated 
with changes in displacement thickness which are small com- 
pared with the liner displacements due directly to the tilting. 


Experiment 


The tests were carried out in a 6-in. X 3-in. intermittent blow- 
down tunnel, with solid liner blocks mounted adjustably in the 
test-section casing, Fig. 1. To tilt the liners from the nominal 
position, the downstream mounting was changed and the up- 
stream mounting then adjusted to restore the original throat 
width (in order to avoid more than second-order translation), 
care being taken to insure equal displacements near both side- 
walls and symmetry of the displacements with reference to the 
casing. The angle of rotation for the outward tilting was deter- 
mined by measurement of the distance between the downstream 
ends of the blocks to be 6; = 0.00485 radian, with symmetry of 
tilting assured to within + 0.00002 radian. The steps produced 
by the tilting at the joints of liner blocks and low-speed contrac- 
tion (Fig. 1, the local Mach number at the joints was about 0.14) 
were faired smoothly with plastic to prevent separation. The 
tunnel was then run to measure the static pressure at a number 
of holes in the sidewall of the test section, on the transverse axis 
of the test-rhombus, Figs. 1 and 2. To obtain a check on the 
symmetry and two-dimensional character of the flow, the 
measurements were extended over the whole of the transverse 
axis, and made on both sidewalls of the test section. The tunnel 
was now opened to adjust the mounting again, and an angle of 
rotation 6. = —0.00393 was obtained for the inward tilting, with 
similar accuracy of symmetry. A second run with pressure 
measurement followed, to establish the difference between the 
respective Mach numbers obtained in the two runs, at each 
hole. 

While the direct measurement of the Mach-number differences 
eliminated the first-order effect of the many irrelevant small per- 
turbations of the design flow present in the experiment, the ac- 
curate measurement of such small differences required a reference. 
This was provided by the static pressure at a point in the test- 
rhombus of a small auxiliary nozzle of fixed geometry, operated 
off the same settling chamber, at exactly the same stagnation 
pressure, and at the same nominal Mach number, as the main 
nozzle. The small differences between this reference pressure and 
the static pressures at individual holes were measured directly 
with the difference manometer of reference [4], with water as 
working liquid, so that ample manometric accuracy even for the 
present purpose was obtained. The readings were found steady 
and repeatable to +5 X 10~* in Mach number. The absolute 
static and stagnation pressures were measured with a freezing 
manometer of similar design, with mercury as working liquid. 
The stagnation of pressure was 50 psia, and the humidity, 1.2 x 
Ib per lb. 

The result of the experiment is shown in Fig. 5, where the 
Mach-number differences on the transverse test-rhombus axis 
are plotted against distance |y| from the axis of symmetry. Each 
experimental point represents the difference between the respec- 
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Fig. 6(c) Side A of test section 


tive local Mach numbers for the outward and inward tilted 
positions. The curve predicted by the theory for 6 = 6, — 6 = 
0.00878 is shown for comparison. 


Discussion 


The general trend of the experimental points of Fig. 5 is seen to 
reproduce the characteristic shape of the theoretical curve. With 
regard to the difference between the measured and predicted per- 
turbations two points should be noted: (a) The measuring errors 
amount to less than 3 per cent of the “‘scatter’’ apparent in Fig. 5. 
(b) If, for any value of |y, the average over the four measured 
values of M’ is taken, it is found to depart from the predicted 
value of M’ by less than the estimated error in the prediction 
due to the approximations made in the calculation (ef. Appendix). 
The difference between the measured and predicted perturba- 
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Fig. 6(b) Side B of test section 


tions therefore represents a perturbation that is asymmetrical 
and the antithesis of two-dimensional. Hence, this difference 
cannot be attributed to the two-dimensional symmetrical first- 
order perturbation of the subsonic and transonic parts of the 
flow neglected by the theory. The experiment therefore shows 
that the basic assumption of reference [1] is justified. 

The individual measured Mach-number distributions along the 
transverse axis of the test-rhombus, Figs. 6(a, b), show indeed 
that the flow is neither strictly two-dimensional nor strictly sym- 
metrical, but the deviations from symmetry and two-dimensional 
character are only of the order of +0.01 in Mach number and 
would, according to linear-perturbation theory, not be expected 
to affect the Mach-number differences induced by a symmetrical, 
two-dimensional displacement of the liners. The Mach-number 
distributions of Figs. 6(a, 6) show, however, the presence of high 


* So far as measurement on the sidewalls can establish it. 
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local Mach-number gradients in the flow, which are not envisaged 
by the theory. 

That such gradients must be anticipated to have an appreciable 
effect on the measured perturbation due to tilting is most easily 
seen by considering a strictly two-dimensional nozzle flow, the 
perfection of which is marred only by a single weak shock wave 
caused by a local imperfection in one liner. After tilting, the 
shock wave will be found again, slightly modified in strength (as 
predicted by the theory), but also shifted to a slightly different 
position in the test-rhombus. This shift is caused by the dis- 
placement of the imperfection itself due to tilting, and is neglected 
in the theory, owing to the linearization of the boundary condi- 
tions (see section on Theory). Such neglect is justified, to the 
first order, provided the pressure gradient is nowhere large. But 
a very smull displacement of the pressure pattern may cause an 
appreciable recorded pressure change, if it happens to move a 
shock wave across a pressure hole. 

Analogous considerations apply to the three-dimensional per- 
turbations of two-dimensional nozzle flows, and appreciable 
second-order effects must be anticipated also for these, when 
high local pressure gradients are present. That the local irregu- 
larities with high gradient of the individual Mach-number dis- 
tributions, Figs. 6(a, b), are of the right order of magnitude to 
explain the discrepancy between experimental results and 
theoretical prediction, Fig. 5, can be seen as follows: Smooth 
“mean” curves through the individual measured Mach-number 
distributions are shown dashed in Figs. 6(a, b), and the Mach- 
number differences obtained from these curves, instead of from 
the individual measurements, are plotted against |y| in Fig. 7. 
The theoretical curve is also shown in Fig. 7, and comparison 
with Fig. 5 shows that the scatter has been all but eliminated. 
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APPENDIX 
Null Perturbations 


The equations of inviscid fluid motion referred to Cartesian 
co-ordinates are invariant under any co-ordinate transformation 
consisting of a rotation, translation, and homogeneous dilation; 
i.e., a transformation 


ris = (1 + a)(x, cos € — yo sin €) + b, 


vs = (1 + a)(ze sin € + ye cos €) + ¢, (3) 
where a, b, c, and € are arbitrary constants. The velocity magni- 
tude (and hence also the Prandtl angle w) at any point of a flow 
field is not changed by such a transformation, but the stream 
direction referred to some fixed direction is changed from @2( 2x2, y2) 
to O:(23, Ys) = yo) + € The transformation defines two 
different descriptions of the same flow field and thus, formally, 
two flow fields. Moreover, corresponding points of the two fields 
may be defined as those where 72, 2, and 5, y; have, respectively, 
the same values. If ¢ denotes either of 0 + w, @ — w, its re 
spective values at corresponding points then differ by 


(x2, Y2) = yr) — 2, Y2) 
= € — €y; + b)dg/dr — (€22 + Oy, 
if the transformation is sufficiently small for squares and prod- 


ucts of a, b, c, and ¢€ to be negligible and the first and higher 
derivatives of ¢ are not large. The perturbations 


= 1 + ye,’ — 29,’ 


/ Ox, ¢. og /dy, 


therefore represent a set of particular solutions of the perturbation 
equations of reference [1). 

For nozzle flows, these solutions represent null perturbations in 
the sense that they vanish identically in the test-rhombus. Any 
symmetrical tilting displacement of the nozzle liners may there- 
fore be modified by superposing a deformation of the liners repre- 
sented by 6’ = a8,’ + b0,’, with 6,’ = 00/dz, and 0,’ = 1d6/dzr 
+ y00/dy, without change to the symmetry of the field and to the 
Mach-number perturbation predicted in the test-rhombus. In 
particular, ifa = —n, b = — € = = 0, the deformed, 
tilted nozzle has the same throat co-ordinate (0, +1) as the 
original nozzle. 

Since these null perturbations are exact solutions of the pertur- 
bation equations, they may be employed conveniently to get an 
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indication of the error inherent in the approximations introduced 
in reference [1] and in the section on “Theory” of this paper, 
during the process of solution of these equations, by applying 
those same approximations to the calculation of null perturba- 
tions and comparing the result with the exact result. Accord- 
ingly, the Mach-number perturbations M,’ and M,’ induced on 
the axis of the test-rhombus by the distributions 0,’ and 6,’, 
respectively, were computed, as indicated in the section on 
“Theory,” for the nozzle employed in the present experiments, 
and the result is shown in Fig. 4. That M,’ and M,’ do not 
vanish identically is due to (a) the inaccuracy of the first ap- 
proximation of reference [1], (6) the neglect of 6? and similar 
terms against unity, and (c) the inaccuracy of the numerical dif- 
ferentiation required to compute dw/dz and d@/dz, and hence @’ 
and the reflection factor \ of reference [1], from the nozzle-design 
data. 

These are also the primary sources of error for the computations 
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made to predict the result of the tilting experiment. The curves 
in Fig. 4 represent influence curves, however, rather than actual 
perturbatians, and any comparison depends on the choice of the 
ratios a/n, b/5, etc. A definite choice is suggested by the fact 
that use of the transformation (3) in order to base the perturba- 
tion calculations on a comparison of two flow fields possessing 
the same throat co-ordinates would have led to 0’ = 6(@,’ — 
6,'/Kin) — (0,’ — 0,’), rather than (1), and this differs from the 
formula (2) actually employed by 78,’ — 66,'/ku. Thus M,’; 
(KuM,’), which reaches nearly +4 per cent, may be expected to 
give an indication of the error in the results for rotation (and 
M,’'/M,’, which amounts to 5 to 8 per cent, in those for parallel 
translation). The neglect of 6? and similar terms accounts 
plausibly for errors of the same order, since 6? < 0.04 for the 
nozzle employed. The numerical differentiation is made par- 
ticularly awkward by the nonanalytical character of the data, 
and errors of a similar order must be anticipated also from this 
source 
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An analytical solution for transient laminar film condensation on a vertical plate is ob- 
tained using the method of characteristics. 
the plate temperature, initially the same as that of the saturated vapor, is suddenly 
Results are obtained for transient heat-transfer coefficients and for the time 


The situation considered is one in which 


required to achieve steady state. 


Introduction 


= aR film condensation on a vertical plate has 
been a subject of study since 1916! and still continues to be of in- 
All analytical work heretofore carried out has been for 
In the present study, attention will 


terest.? 
the steady-state situation. 
be focused on the transient problem. 


GRAVITY 
FIELD 


Fig. 1 


The physical model and the co-ordinate system are shown sche- 
matically in Fig. 1. A vertical plate is suspended in a large body 
of nonmoving pure vapor. The vapor is at its saturation tem- 
Initially, the plate is also at Tsat and there is no 
Then the plate temperature is instantaneously 
T sat), and condensation commences. A 


perature, 7'sat. 
condensation. 
dropped to < 
transient period ensues, during which a film of condensate de- 
velops on the plate. After sufficient time has elapsed, the film 
will achieve its steady-state thickness given by? 6,, ~ 2'/. It is 
assumed that dropwise condensation does not occur at any time 
throughout the process. 

Our aim is to study the development of the film, with particular 
attention to transient heat-transfer coefficients and to the time 
required to attain steady state. 


Analysis 


The mathematical formulation is made by writing the con- 
servation laws. Consider first the equation of motion in the 

Nusselt, Oberflichenkondensation des Wasserdampfes,”’ 
Zeitschrift des Vereines Deutscher Ingenieure, vol. 60, 1916, pp. 541 
and 569. 

*W. M. Rohsenow, ‘Heat Transfer and Temperature Distribution 
in Laminar-Film Condensation,”” Trans. ASME, vol. 78, 1956, pp. 
1645-1648. 
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the Annual Meeting, New York, N. Y., November 30-December 5, 
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Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
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ceived after the closing date will be returned. 
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the Society. Manuscript received by ASME Applied Mechanics 
Division, June 24, 1957. Paper No. 58-—A-13. 
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direction parallel to the plate. When inertia terms are neglected, 
as is usual in condensation theory, there results the following 
simple force balance: 


dy? 


(Pp — pg 
Aside from p,, which represents the vapor density, the fluid prop- 
erties are those of the condensate. Fluid property variations are 
neglected. A solution of this equation obeying the boundary 
conditions that uv = 0 at y = 0, and that 0u/Oy = O (no shear 
(ep — y 
2 


-(4)] 
Qu 5 


It is to be remembered that the film thickness 6 is a function of 
both the position z and the time ¢. 

Next, the energy balance on an element of fluid having height 
dz and thickness 6 is written as 


6 Pay 
pe — Tsar)dy + WT — 
ol 0 Oz 0 


oM ( oT 
fo —k (2) 
Oz Oy J y=0 


The left-hand side represents the energy stored and convected. 
The first term on the right is the energy liberated as latent heat, 
while the last term is the heat conducted from the fluid to the 
The symbols h,, and 0. /0z denote the latent heat and 
It has been 


stress) at y = 6 is 


=h 


wall. 
condensation rate per unit length, respectively. 
shown by Rohsenow? that, for the range of parameters occurring 
in most applications, a linear temperature profile serves as an ex- 
cellent approximation. That this steady-state finding can be 
carried over to the transient situation can be inferred from an 
analogous problem of transient ice formation. We then write 


T Tm = (To 7.) (4 -1)- -1) (3) 


The energy equation may then be integrated, giving the result 
oM 47 Tk 3pc(p — p,)g6? 06 pe 06 
dz h,, Su dz 2 oa 


Finally, the application of the conservation of mass leads to 


ra) le 4 06 oM 
dy - = (4) 
Oz 0 tid p ol Oz 


where the left side represents the mass convected and stored, and 
the right side is the mass addition due to condensation. Intro- 
ducing the velocity from Equation (1) and 0.7 /0z from Equation 

3 L. R. Ingersoll, O. J. Zobel, and A. C. Ingersoll, ‘‘Heat Conduc- 


tion,””’ McGraw-Hill Book Company, Inc., New York, N. Y., 1948, 
pp. 194-198. 
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(2a) into the conservation-of-mass equation yields the following 
first-order partial differential equation for 6 as a function of z and 
é: 


28 
kpAT dz 


ph,,’ ( 1 cAT 06 
+ — — 
ke 8 ot 
where h,,’ is Rohsenow’s abbreviation for 


hy, + cAT 

Solution by Method of Characteristics. A closed-form analytical 
solution of Equation (4a) may be obtained by the method of 
characteristics. Only the high lights of the solution will be given 
here; but Hildebrand‘ gives a good treatment of equations of this 
type. We start by pointing out that the solution of Equation 
(4a) is equivalent to the solution of the following pair of ordinary 
differential equations 


dz al (5) 


5° pip — 5 ph 1+ = 
kAT 8 h,, 
The boundary conditions are that 6 = 0 at z = O for all ¢, and 
6 = Oatt = O forall z. 
On the z — ¢ plane, where our interest is confined only to the 


first quadrant, there is a single family of characteristic lines whose 
differential equation is 


(: 4 ut) 
a h,,’ 


=~ (Sa) 
dz g(p — p,) 


On each charecteristic, the film thickness 6 is related to the in- 
dependent variables by 


kwAT 
pip — p,)gh,, 


kAT 
1 cAT 
8 | 


These last equations, (5b), integrate in an elementary fashion 


or 
(5b) 


6 dé = dt 


and the results permit us to evaluate the characteristic lines from 
For the characteristics intersecting the z-axis, we 


hyo’ T 
kgAT(p — p,) 8 hy,’ 


where 2p is the intercept; while the equation of those intersecting 


Equation (5a). 


find 


the ¢-axis is 


B. Hildebrand, ‘Advanced Calculus for Engineers,”’ Prentice- 
Hall, Ine., New York, N. Y., 1949, pp. 368 378. 
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1 cAT 
1+— (6b) 

— p,) 8 h,,’ 
The limiting characteristic through the origin divides the z — ¢ 
plane into two regions (see Fig. 2). The area below this limit- 
ing characteristic corresponds to the transient domain, while the 


REGION 
LIMITING 


| STEADY STATE 
CHARACTERISTIC 


ONE - DIMENSIONAL 
TRANSIENT REGION 


z 
Fig. 2. Regions on the z-t plane formed by limiting characteristic 
area above this line is the steady-state region. The equation of 
this limiting characteristic thus gives the time required to 
achieve steady-state conditions at any position 2. 
Film-thickness results based on Equations (5b) will be given 
later. 


Results 


The time required to achieve steady-state condensation at any 
position z is found from Equation (6a) or (6b) to be 


1 cAT 
kgAT(p — p,) 8 h,,’ 


where A7’ = Toa — 7', and hy,’ = hy, + (3/8)cAT. 


example, suppose that saturated water vapor at 1 atm (7's 


As an 


212 F) is condensing on a plate whose temperature has been 
dropped to 100 F. 
achieve steady state is 0.7 see at z 

Another result of interest is the growth rate of the film thick- 


For these conditions, the time required to 
6 in. and | see at z = 1 ft 


ness 6. From the solution of Equations (5b) it is found that 
tkvAT 


V4 (Ss 
é,, = zi, t2t,, 
— 


Finally, we may compute the heat-transfer coefficient during the 
Using the standard definition of the local heat- 


transient period. 
transfer coefficient; Le., 

k(OT /Oy 
To — T 


u 


in conjunction with Equations (3) and (8), there results 


h, = h, sal bes t t. 
4vATz 


The local heat-transfer coefficient is seen to decrease with time 
until the steady-state value is achieved 
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Introduction 


7 paper deals with the effect of turbulence on 
the hydrodynamic theory of lubrication. Because of its simplicity, 
attention is focused on the slider bearing without side leakage. 

In hydrodynamic slider-bearing lubrication, two surfaces (slider 
and bearing), slightly inclined and separated by a fluid lubricant, 
are in relative tangential motion, Fig. 1. The lubricant, adhering 
to both surfaces, is drawn between them in such a way that a 
pressure is built up in the lubricant film sufficient to balance the 
applied normal load which acts to force the surfaces together. 
As long as the fluid film completely separates the rubbing parts, 
the lubrication is said to be perfect and is referred to as hydrody- 


The Effect of Turbulence on Slider- 
Bearing Lubrication 


Based on Prandtl’s mixing-length mechanism, the pressure equation for turbulent flow in 
slider-bearing lubrication is derived. An analytical solution is given and compared with 
the one for laminar flow. It is found that the turbulent effect increases the pressure and, 
consequently, the load-carrying capacity. However, the power loss also increases. 


differential equation for the pressure distribution in a lubricant 
film. Reynolds’ work is the basis of modern hydrodynamic 
theory of lubrication. 

However, it should be pointed out here that almost all studies 
on lubrication theory have been limited to laminar flow. 
Reynolds’ theory is not applicable if the flow is nonlaminar. 

Current industrial practice makes it important for us not to 
neglect this point, as turbulent flow may occur more and more 
frequently in the present trend toward high-speed, high-tempera- 


namic lubrication. 
Systematic analysis in lubrication theory was first achieved by y BEARING 
Osborne Reynolds [1]? in 1886. Proceeding from the Navier- 
Stokes equations and making certain assumptions appropriate to f 
the flow of a thin film of viscous fluid, Reynolds developed a . 
' This work was supported by the Office of Ordnance Research, / 
U.S. Army, and has been submitted by Y. T. Chou to Carnegie Insti- = 
tute of Technology in partial fulfillment of the requirement for the 
degree of Doctor of Philosophy. 
* Numbers in brackets designate References at end of paper. 'h 
Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, New York, N. Y., November 30-December 5, 
1958, of Tee AMERICAN Society or MECHANICAL ENGINEERS. 
Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted i 8 * 
until April 10, 1959, for publication at a later date. Discussion re- y 
ceived after the closing date will be returned, ' o SLIDER 
Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, July 31, 1957. Paper No. 58-—-A-30. Fig. 1 Slider-bearing configuration 
Nomenclature- 
Z, ¥, 2 = co-ordinate axes 7 = Reynolds stress F = friction force 
u, v», w = velocity components in the 1 = Prandtl mixing length H = power loss 
x, y, and z-directions, re- k = empirical constant a = he/h 
spectively = dp/dz n = (a —1)/B 
ui, 3, © = corresponding mean velocity C2, Cs, € = integration constants x, = 2/B 
components — = co-ordinate point on the X- r = constant defined by Equa- 
u’, v', w’ = corresponding turbulent fluc- axis where maximum pres- tion (26) 
tuating velocity compo- sure occurs s = constant defined by Equa- 
nents h = film thickness tion (27) 
p = lubricant pressure h. = inlet film thickness t = constant defined by Equa- 
Pp = corresponding mean pressure h, = outlet film thickness tion (28) 
p’ = corresponding turbulent fluc- U = slider velocity in z-direction m = constant defined by Equa- 
tuating pressure Q = flow rate tion (32) 
u = lubricant viscosity B = slider length n = constant defined by Equa- 
p = lubricant density W = load-carrying capacity tion (33) 


122 / marcH 1959 


Transactions of the ASME 


ture machine operations. Although several experimental reports 
have been published concerning the turbulent effect on hydrody- 
namic lubrication [2, 4], no work seems to be available on the 
slider bearing in this range. 

In the present work there is set up a simple mathematical 
model, based on well-known equations such that one is able to 
obtain an expression for the pressure distribution in a turbulent 
film for slider-bearing lubrication. An analytical solution is 
given and compared with the one for laminar flow. A numerical 
example is supplied to show the relative magnitudes. 


Development of Basic Equations 


The Reynolds equations of motion for the turbulent flow of an 
incompressible fluid [5, 6, or 7] are: 


ou ou ou 
or oy 


oz or 
&—w'r’) 
| or oy oz 
ob oo Op 25 
or + oy + oz 
(« ow ou ow ) op + py? 
ox oy oz oz 


where the bar represents the mean value. The prime refers to 
turbulent fluctuations, and 


2 2 2 
Ox? oy? oz? 
Since the number of unknowns is greater than the number of 
equations, Equations (1) are unsolvable unless certain simplifica- 
tions are imposed. For slider-bearing lubrication with no side 
leakage, Fig. 1, the following assumptions are valid: 

(AI) No change in z-direction. Hence the problem becomes 
two-dimensional, all quantities being independent of z. 

(AIT) 


= 0 


These are based on 0°7/dr? and 0*9/dz? being an order of mag- 
nitude smaller than 0*7/dy? and d%%/dy*, respectively, du’?/dx 
being smaller than du‘y’/dy. 

Equations (1) then reduce to 


(« ) op + ou 
a +o — — pu'r’ 
° or oy Or oy oy 
or oy oy oy oy 
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or oy 
From Equations (2) the differential equation for fully developed 
turbulent flow in slider-bearing lubrication without side leakage 
will be derived. 

The fluctuating velocities u’ and v’ may be related to the 
mean velocity components by applying Prandtl’s mixing-length 
theory. Since 00/dz is much smaller than 0a@/dy, we may write, 
according to Prandtl [6 or 7], 


| 
rT = —pu'r’ = pl* |—| — (3) 
where / is the mixing length. 


In order to effect a solution we make two more assumptions. 
These are: ' 


(AITT) 
0 (4) 
(AIV) 
pl? = k*y(h — y) (5) 


The justification of these assumptions is as follows: With large 
Reynolds number as in the case of turbulent flow, the turbulent 
friction is much larger than laminar friction [7]; thus Assump- 
tion (AIIT) is reasonable. Assumption (ATV) is arrived at by 
analogy with the assumption Prandtl made in pipe flow, namely, 
l = «xy. In the present case the boundary conditions to be satis- 
fied are different. They arer =Oaty = Oandy =h. Taking the 
simplest form we have assumed 


pt = k*y(h — y) 


where k is a constant the value of which must be deduced from 
experiment. Substituting Equations (3), (4), and (5) into the 
first of Equations (2), we have 


or oy ox 


ou} da | 
+ — — y) | 
oy | 


(6) 
dy dy 
Equation (6) is nonlinear and at present cannot be solved 
analytically, but an approximation can be made based on the 
physical aspects of the lubrication process. One of the charac- 
teristic features of hydrodynamic lubrieation is the thinness of the 
lubricant film. If we take y of the order 6 due to the thinness of 
the film, 0@/dz as 1, and apply an order of magnitude analysis, 
we find 


ou ou 1 op o jk da] 
oy p or (Oy lp wh ¥) dy dy f 
1 1 
5 6 


We see that the left-hand side is smaller than the terms on the 
right-hand side. It should be noted that 0a%/dy cannot be of the 
order of 1/6 throughout the entire region, as we know that a back 
flow [7] always exists in the convergent channel where a positive 
pressure gradient is present. However, this is not a serious point, 
since such a portion of fluid occupies only a very limited region and 
can be neglected without introducing any serious error when com- 
pared with the terms dropped out. Thus in the first approxima- 
tion, Equation (6) becomes 


dp ou \*I 
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Note here that dp/dz is written in place of Op/dzr. This is due to 
the smallness of 6, pv’, and y which insures that dp/dy is rela- 
tively small and can be assumed to be zero. The negative sign in 
front of the right-hand side is used because 0i/dy is negative in 
the whole region. 

Equation (7) is the pressure equation for slider-bearing lubrica- 
tion in turbulent range. 


Solution of the Pressure Equation for Turbulent Flow 
1 Pressure Distribution. Integrating /quation (7) with respect to 


y, we have 


9) (8) 


where c, is an integration function of z, and c, = dp/dr. Taking 
the square root of Equation (8) and rearranging, we obtain 
ou 
(9) 
oy k (yh — yf 


k*y(h — y) ( 


For physical reality, 
Ce — cy > Osince yh — y)>O 


In order to obtain a meaningful solution we have to examine the 
relative magnitudes of c, y, and c,. Let us assume that the 
p-r curve is convex with its maximum at z = &, Fig. 2. Then, we 
have two separate cases to consider: 


Case! 


z<é, >0 


Case Il 


z> é, <0 


We shall see later that these two parts actually yield the same 
solution. Let us study Case I. 

Case < 0. Since ce — cy > 0, we have c > 0 
and c¢ > eh. Simplifying Equation (9) and integrating with 
respect to y, we get 


dy + ¢s (10) 
— = 
where ¢; is an integration constant. 
Substituting sin? @ for y/h, 0 < 6 < m/2, we have 
h 
a= - vef(i-% 6) (MN) 
k Ce 


At this point let us examine Case IT. 


Casell. > c, < 0. Again, there are two possibilities; 
either > c20r If the former happens it can affect 
P 
p mox 
x 
0 6 
Fig. 2 
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only the regior very close to the right end. Neglecting this possi- 
bility has very little effect on the pressure distribution or the 
load-carrying capacity. The second possibility in Case II is 
similar to Case I except that here c, < 0. Because now we are 
only dealing with variable y, Case I and Case II may be com- 
bined into one single equation, and Equation (11) is valid for the 
whole interval 0 < z < B, where B is the length of the slider. 
Since the quantity c:h/c is less than 1, we may expand the inte- 
grand into a power series: 


1 eh 
(: sin? 0) =1— sin? 6 
Ce 2 C2 
232 
1 1 — 
2 4 Ce 
Hence Equation (11) becomes 
26 
k 2 C2 
2 


As a first approximation, let us take two terms, i.e., 


1 
os - k 1 9 


2 (@ — sin cos a +c 


sin? dO (13) 


or 


(14) 


The slope of the pressure curve is ¢;. This is small in the central 


portion. Examinations of c. shows it to be the shear stress in the 
viscous sublayer. For large velocities, this is probably a large 
quantity. Also h is small. Thus it seems justifiable to assume 


c:h/c2 not only less than 1, but small enough to allow us to use only 
two terms of the series. 
Substituting back y for h sin? 0, we get 


+ — y)I +e; (15) 
dee 


The integration constants cz. and ¢; can be determined from the 
given boundary conditions: 
1 y=0, a=U—-ca=U 


2 y=h, i=0— 


The velocity distribution across the thickness is shown at several 
points along the bearing and compared with the case of laminar 


flow, Fig. 3. 
Now consider the quantity Q, the flow rate, which is defined as 


h ~ 
f, tidy 


h 
— 


(16) 


(17) 
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x*B/4 x=B/2 x= 38/4 


LAMINAR FLOW 
TURBULENT FLOW 
Fig. 3 Mean velocity distribution 


or 


Q = Uh (18) 


2k Se» 


By the continuity principle dQ/dz = 0, this implies 


ah d ( oh 
19 


Integrating Equation (19) with respect to x, and simplifying, we 
obtain 


rh 
Sh+c=h (: + a) (20) 


where c is an integration constant. Squaring Equation (20) and 

rearranging we have 
10¢ 
lA At” 


or 

dp _ §24 + 21) 

dr Va h? 
Now 

h = hia — nr) (22) 
where 
a= hy? and 7 B 


Substituting Equation (22) into Equation (21) and integrating 
with respect to z, we have 


hin a hin \@ — nr a 
c 1 1 
or 


_ (: _a-1 ) 


la — (a — 
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where 
x, = 2/B 
c = —10h, = In 
100 \@ 1 
r= —24a* (26) 
ala — + 10ah;) (27) 
hi? 
a-1 J, c (28) 
a | 21 + 


Equation (24) represents the pressure distribution for slider-bear- 
ing lubrication in the turbulent range. It is different from the 
one derived for laminar flow (9); namely 


6uUB(a — 1) — 2) 


29 
hXa+1) [a — (@ — 


Wt Load-Carrying Capacity. The load-carrying capacity W is de- 


Substituting Equation (24) for p in Equation (30) gives 


keU2B j B 
W = Inf 1 — dz 
T*ha(a — 1) 0 a 


1 — tr) 

+8 af = act 
9 la —(a@ — 1)z]* 


or 
where 
m ) r+ at (32) 
a+l 
1 
— }s(2at — a + 1) +(@ — 1)*r} (33) 
at — 


Again, it is different from the laminar Equation (9); i.e., 


W,= — 2 : 
a +1/f 


it Friction Force and Powerloss. The friction force F acting on 
the slider is found by integrating the shear stress in the viscous 
sublayer over the total area. Thus for a slider with unit length 


F B ec 
= f, (35) 

From Equations (16), (21), and (35), 
kU? 78 be 
Fe= f (1s + + dz (36) 

Integrating, 
J (36h;2a + ce?) 

= , — <3cl + (a — 1)? 37 
tha 


The corresponding friction formula in laminar flow is 


3 In order to make c real, a cannot be greater than 2. 
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y 
‘ 
| 
| 
| 
fined by 
W = pds (30) 
| 
tx; ) (4) 


BUB 6(a@ — 1) 


The power loss H is defined by 


H = FU 
Hence 
= na+ dna (a@ (39) 
Whereas, in laminar case, 
H, = —— -—— 
(40) 


Numerical Example 


Consider a slider bearing with no side leakage operating under 
the following conditions: 


Slider length (B)..... 

Slider velocity (U).... - .. 2500 ips 

Inlet film thickness ... 0,002 in. 

Outlet film thickness (A;) 
Lubricant viscosity (4) (water at 20°C). 0.145 microreyn 


If the flow were laminar, the load-carrying capacity per unit 
slider width would be 2.30 X 10? lb, the maximum pressure 1.81 
X 10? psi, and the power loss 0.212 hp. The corresponding data 
for turbulent flow as determined by Equations (24), (31), and (39) 
are tabulated in Table 1 for various k. The pressure distributions 
in both cases, laminar and turbulent, are shown in Fig. 4. It is 
clear that the turbulence increases the pressure distribution and 
the load-carrying capacity of slider-bearing lubrication. However, 
the power loss also increases. 


Table 1 Turbulent-Flow Data 


k W, lb Pax psi H, hp 
1/100 3.30 * 104 3.08 & 104 3.93 X 10 
1/10 3.30 10° 3.08 10° 3.93 108 
1 3.30 & 108 3.08 108 3.93 & 105 
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Theory of Flight of the Sounding Rocket 


Vv. C. LIU 


Research Engineer, 
Engineering Research Institute, 
The University of Michigan, 
Ann Arbor, Mich. 


Solutions of the equations of motion of vertically ascending rockets (both in power flight 
and in free flight) are given in closed form. Atmospheric density is assumed to vary 
exponentially with altitude, and the variation of the drag coefficient of the rocket with 
Mach number is assumed to follow a definite pattern. (The validity of the latter as- 


sumption is established by its close agreement with measured results.) These solutions, 
given in terms of special transcendental functions, can be used for the rapid estimation 
of sounding-rocket performance, eliminating the often-used laborious process of step- 
wise integration. The general rocket-performance parameters prescribed in the analysis 
also can be used to advantage in comparing and selecting multistage sounding rockets. 


A JET-PROPELLED vehicle carrying sounding instru- 
ments for the measurements of upper atmospheric phenomena is 
called a sounding rocket. It is launched nearly vertically to gain 
the utmost peak altitude. As a first approximation, it is plausi- 
ble to assume that a sounding rocket in normal performance 
moves along a straight line at zero angle of yaw without spin. 

The preflight estimation of the performance of a sounding 
rocket, an important step in the design of the rocket as well as 
the sounding experiments, is usually made by a laborious step- 
wise integration of the equation of motion, which is nonlinear [1, 
2, 3).1. It would be highly desirable to have the performance 
functions, such as burnout velocity, peak altitude, and so on, ex- 
pressed in analytic form in terms of the general rocket-design 
parameters so that sounding rockets of various designs can be 
applied. An earlier work on the motion of projectiles in the at- 
mosphere [4], for which the drag coefficient is approximated as a 
special type of function of the flight Mach number and the at- 
mospheric dciusity is assumed to vary exponentially with altitude, 
appears to suit this purpose of analyzing the free-flight part of 
the trajectory. The present work extends the development to 
the case of power flight of the sounding rocket. 


1 Numbers in brackets designate References at end of paper. 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, New York, N. Y., November 30-December 5, 
1958, of THe AMERICAN Society OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 10, 1959, for publication at a later date. Discussion re- 
ceived after the closing date wi!l be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, September 30, 1957. Paper No. 58—A-32. 


The trajectory analysis of a rocket with the neglect of air re- 
sistance is classical. The application of the resistance-free analy- 
sis is not valid, in general, when the rocket is moving at a very 
high speed in the dense atmosphere. The extension of the classi- 
cal theory to the drag trajectory was made by Struble and Black 
[5] who, however, neglected the gravitational force. In the 
case of sounding rockets, neither can claim general applicability. 
It is shown in the following analysis that with a linear rate of 
propellant consumption, an assumption which is very close to the 
design condition, the equation of motion is integrable in closed 
form after a special transformation is introduced. 


Approximate Representation of Drag Coefficient 


In each of the three Mach-number ranges (subsonic, transonic, 
and supersonic), the aerodynamic drag coefficient of a projectile 
can be closely represented as follows [4]: 


Cp = Ci + + (1) 


The empirical constants C,, C2, and C; for each Mach-number 
range are to be determined from results of either measurements 
or theoretical analysis. 

The measured drag coefficients of rockets which have been used 
for sounding purposes are shown in Fig. 1 along with the ap- 
proximations based on (1). 


Power-Flight Analysis 


Consider a vertically ascending rocket of mass m which has a 
linear rate of propellant consumption; thus m = mo(1 — bt). Let 
the force of propulsion due to a jet of effective exhaust velocity v, 
(assumed constant) act along the longitudinal axis of the body. 


Nomenclature: 
t = time of flight A = representative cross-sec- o = bm(CpA)~ 
y = altitude (above sea level) tional ares of rocket Q = 2g9(ba)— 
g = gravitational acceleration Cp = drag coefficient of rocket v2 = Av,/a) — (C3/C, (a/o)? 
(assumed constant) defined as Cp = drag a = ApoH/m 
m = mass of the rocket (a fune- , ve ) Bessel function of order v of 
tion of ¢ during the power force / ps) vA -> = first and second kind, re- 
flight) (2) spectively 
b = specific rate of propellant a = free-stream sound velocity J,(2) = ddv/da 
consumption M = free-stream Mach number Y,"(2) = a¥v/dz 
(v/a) (2) = : 
v, = effective exhaust velocity of irical 
tot 1, = empirical constants for dra 
k C; coefficient, Equation (1) Ei(—§) dé ( € > 0) 
of rocket (to be specified for each of 
H = scale height of atmosphere the three Mach-number Subscript 0 denotes the condition cor- 
p = atmospheric density ranges of the rocket) responding tot = 0). 
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Fig. 1 Free-flight coefficient. For power flight, jet effect on Cy should be 
added. 
I Deacon [8] 
Cp = 044 — 0.008M? + 0.55M -? 
(—Cp = 0.21 + 1.2M-) 


A, measured values 


II Aerobee [3] 
Cp = 0.29 — 0.007M? + 0.62M 
(—Cp = 0.21 + 0.78M ~2) 
measured values 
V-2 
— Cp = 0.09 + 0.006M? + 0.49M > 1.15) 
Cp = —012 + 041M? + 0.016M~? (0.7 <M < 1.15) 


o, calculated values (using component-drag analysis) 


The general equation of motion of the rocket in power flight can 
be written 
dv 1 
m = bmw, — mg — pAv{C, + C.M? + C;M~*) (2) 
In most cases, especially for solid-propellant rockets, the sig- 
nificance of the drag force as compared to the other forces in (2), 
e.g., the thrust, is not very critical; therefore we may assume that 
p remains constant along the power-flight trajectory, and Cp is 
represented by a constant in the subsonic range, whereas C, = C, 
+ Cj;M~? in the supersonic range, Fig. 1. With these assump- 
tions, (2) can be transformed into an integrable form by means of 
the following substitutions: 


Let 
v dz 
= exp (3) 
where 
a = bn(CipA)™ 
2? = 2g(1 — = Q1 — bt) 
The substitution of (3) into (2) with C, = 0 leads to 
du 2v C; a \? 
which is the familiar Bessel’s equation of order vy where 
a\? 
o C; 
From (3) one obtains 
du (5) 
u dz 
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(Note: sl = sea level.) 


provided that u(z) denotes the general solution of (5), which may 

be expressed in terms of Bessel functions of the order v of the first 

kind, J,(z), and the second kind, Y,(z); thus 
v J,'(2) + BY,’(z) 


6) 
o J Az) + BY, (6 


where B is an arbitrary constant which can be eliminated by using 
the initial condition of v. Using the subscript 0 to denote the 
initial values of various quantities in (6), we have 


E Y (2) + ree) J,(2) 


E + ra) | J (2) 


E J (2) + J,'(2 ] Y,'(z) 


(7) 
E J (2) + Y,(z) 


Values of the composite performance parameters v? and 2 have 
been plotted versus altitude y, Figs. 2 and 3. Tables of Bessel 
functions J,(z) and Y,(z) are available in standard references 
[6, 7]. 

Formula (7) proves very effective and accurate in the case of 
solid-propellant rockets whose burning periods are short. To 
apply (7) to rockets with long burning periods (rockets such as 
Aerobees, liquid-propellant rockets with a burning period of 45 
sec ), one needs to divide the flight time into suitable intervals and 
then use the formula; the results thus obtained again check very 
well with those calculated by stepwise integration [3]. 
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Free-Flight Analysis 


During the free-flight period, the drag force on the rocket in the 
dense atmosphere usually becomes predominant; hence accurate 
representation of it becomes necessary. The variation of air 
density p with altitude y can be represented by p/po = exp 
[—(y — yo)/H)], where H denotes the scale height, which is de- 
fined as kT /mg (k = Boltzmann’s constant, 7 = atmospheric 
temperature, and m, = mean molecular mass of air). With p- 
variation prescribed as such and Cp given in (1), the equation of 
motion of a sounding rocket in free flight, namely, (2) with con- 
stant m and without the thrust term, can be integrated in terms of 
Bateman’s k-function [4], a special form of confluent hypergeo- 
metric function. 

The most common case of free-flight trajectory for a conven- 
tional sounding rocket starts with a high supersonic speed (cor- 
responding to the burnout point of the trajectory) and de- 
celerates gradually while gaining altitude. From the performance 
point of view, the flight in the range of supersonic speeds in the 
dense atmosphere thus corresponding to a large drag is of the ut- 
most interest. By the time transonic speed is approached, the 
rocket is usually in the rarefied atmosphere, and air resistance 
becomes negligible compared to gravitational force. On the 
basis of these premises, we choose the function for representing 
the drag coefficient as Cp = C; + C;\M~? (see Fig. 1; for the 
subsonic region, C; is assumed zero). 

Let p/po = exp [(y — yo)/H] = 2, Z = M?*, and a = ApoH/m. 
The equation of motion becomes 


2 
+ + al; (8) 
yr 
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where yy denotes the ratio of specific heats of air. The general 
solution of (8), including the initial condition, Z = Z» at x = 1, 
may be written 


C3 C; 
+ (Bi(—aCiz) — Bi(—aCy)] exp (aCs) (9) 


where Ei( —£) denotes the exponential integral of — When the 
arguments & in (9) are small, it is more accurate to evaluate the 
difference of the two exponential integrals directly from the inte- 
gral than from the use of function tables [6]. 

A chart of the performance parameter a versus altitude is given 
in Fig. 3. The use of formula (9) for the calculations of trajec- 
tories of different sounding rockets gives results which check 
favorably with those from stepwise integrations [3]. 


Conclusion 


The significance of the present analytic results concerning 
sounding-rocket performance which are believed new is twofold: 
(a) When tables of the special functions involved are available, 
one can calculate the trajectory using the charts given here much 
more rapidly than with the use of stepwise integration; (6) one 
also can use to advantage the composite performance parameters 
as guides for the selection of multistage combinations of solid- 
propellant rockets, a scheme that has been used very often in the 
field of sounding-rocket design for the attainment of optimum 
trajectory as well as economy. 

Trajectory calculation here refers to the normal performance of 
an ideal rocket, which has zero jet malalignment and ascends at 
zero angle of yaw without atmospheric-wind disturbances. In 
applying the present theory to the actual case, one has to take 
these factors into consideration; e.g., by adjusting the effective 
exhaust velocity and drag coefficient accordingly. 
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Burnt Velocity,” Jet Propulsion, vol. 27, 1957, p. 151. 

6 E. Jahnke and F. Emde, ‘Tables of Functions,”’ Dover Publica- 
tions, New York, N. Y., 1945. 

7 “Tables of Bessel Functions of Fractional Order,” vols. I and I, 
by the Computation Laboratory of the U. 8. National Bureau of 
Standards, Columbia University Press, New York, N. Y., 1948. 

8 R.H. Heitkotter, ‘Flight Investigation of the Performance of 
a Two-Stage Solid-Propellant Nike-Deacon (DAN) Meteorological 
Sounding Rocket,’’ National Advisory Committee for Aeronautics, 
Technical Note 3739, July, 1956. 
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Design Data and’ Methods 


It is important that the data contained in technical papers be made readily available to design engi- 
neers. In order to satisfy these needs of industry, this section of the Journal includes a concise 
ee ee sey of data and information drawn chiefly from papers previously published by the Applied 


echanics Division of The American Society of Mechanical 


ngineers. 


Stress-Concentration Factors for T-Heads 


M. HETENYI! 


T-HEADS ARE frequently used in machine design as bolt heads, 
turbine and compressor-blade roots, and in many other forms of 
fastenings. In the following, stress-concentration factors are 
presented for such T-heads under axisymmetrical conditions of 
loading. These factors were derived from photoelastic tests on 
plane, two-dimensional, models of constant thickness. 

The following notations are used: 


d = width of shank 
D = width of head 
(D-d)/2 = width of each shoulder 
hk = depth of shoulders 
r = fillet radius 


The magnitude of the stress concentration occurring at the 
fillets will depend principally on the r/d, D/d, and h/d ratios, 
which define the main geometric configuration of the T-head. It 
was found, however, that the manner of support, that is, the dis- 
tribution of the load along the shoulders of the T-head, has also 
considerable influence on the magnitude of the occurring stress 
peaks. In order to eliminate the effect of this last variable, in 
all the tests the shoulders were supported in such a manner as to 
insure a uniform distribution of pressure along a line of contact, 
beginning at an r distance from the edge of the shank and end- 
ing the same r distance before the end of the shoulders, as indi- 
cated in Figs. 1 to 6. To be able to predict how an uneven dis- 
tribution of loading along the supports might influence these re- 
sults, a separate series of tests was made, results of which are 
shown in Fig. 7. 

A representative pattern of the isochromatic lines obtained in 
one of the T-heads in this series is shown in Fig. 1. It is to be 
noted that the central white area, marked by the fringe order of 
0, is not in a uniform state of stress. This region actually in- 
cludes two singular points, an upper and a lower one, the sepa- 
ration of which becomes evident when the geometric proportions 
of the T-head altered, or even in the case of Fig. 1 if the applied 
load would be increased considerably. The presence of these two 
isotropic points is apparent in the configuration of the isoclinic 
lines, and of the principal stress trajectories derived from these, 
as shown in Fig. 2. It is seen that the upper isotropic point is a 
negative one, where the trajectories spread out, while around the 
lower (positive) isotropic point the two sets of trajectories inter- 
lock. Since at each of these isotropic points the resultant shear- 
ing stress is zero, they provide most suitable regions for the lo- 
cation of holes for fastenings normal to the plane of the specimen, 
in case a grouping of several T-heads is required in the design. 

! Walter P. Murphy, Professor of Engineering Science, The Tech- 
nological Institute, Northwestern University, Evanston, [llinois. 


Manuscript received by ASME Applied Mechanics Division, Oc- 
tober 24, 1958. 
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In the literature we find instances depicting the transmission of 
load in T-heads (bolt heads, threaded fastenings) by means of 
“stress-flow” lines, which start in the shank parallel with the ap- 
plied tension and pass into compression at the shoulder supports 
after a 180-deg turn around the fillets. That these imaginative 
stress-flow lines are by no means equivalent to the principal stress 
trajectories is evident in Fig. 2, showing that the tensile 
stress trajectories in the shank turn around the fillets only 90 deg, 
and end in a position parallel to the supporting surfaces of the 
shoulders. Since these trajectories do not pass through any 
singular points during their course, the sign of their stress cannot 
change and turn from tension into compression. 

A graphical representation of the stress concentration factors is 
given in Figs. 3 to 6, each corresponding to a constant r/d fillet 
ratio. The experimental data in these figures are shown by small 
circles, the rest were derived by graphical interpolation. The 
maximum fillet stress in each case can be obtained by multiplying 
the nominal stress in the shank of the T-head by the correspond- 
ing stress concentration factor k, Omax = K@nom, Where Grom = 
P/td, P being the applied load, d the width of the shank, and ¢ 
its thickness. The same k factors may also be used for calcula- 
tion of the peak stresses in round specimens (such as bolt heads) 


Fig. 1 Photoelastic pattern in a T-head subjected to axial pull and 
uniformly supported along the shoulders 
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Fig. 2. Isoclinic lines (left) and principal stress trajectories (right) 
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Fig. 4 Stress-concentration factors for constant fillet ratio r/d = 0.075 
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Fig. 3. Stress-concentration factors for constant fillet ratio r/d = 0.050 Fig. 5 Stress-concentration factors for constant fillet ratio r/d = 0.100 
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Fig. 6 Stress concentration factors for constant fillet ratio r/d = 0.200 


under an axisymmetrical loading, in using for the nominal stress 
Tuom = Wd*/4, where d is now the diameter of the round shaft 
of the bolt. Since axially symmetrical stress fields are known to 
result in somewhat smaller stress concentrations than correspond- 
ing cases‘of plane stress, the above approximation appears to be 
a dependable one. A further use of these data may be made in 
estimating the peak stress values in cases where the shank of the 
T-head is subjected to a bending moment M, acting in the plane 
of the specimen, if we use for the nominal stress the value Grom = 
6M/td?. The stress maxima derived in this manner will be -in 
any case considerably on the safe side, since stress concentrations 
in bending are always less than those for tensile loading in the 
sume test piece. It should be noted that this approximate cal- 
culation is permissible only in the case of plane, two-dimensional, 
T-heads. In the corresponding three-dimensional problem 
when a round bolt head is subjected to crosswise bending, the 
distribution of the reaction forees on the shoulder perimeter is so 
dependent on the manner of support that any approximation of 
the above kind would become too arbitrary. 


In conclusion, the influence of an uneven distribution of the 


reaction forces on the resulting stress maxima is illustrated by a 
set of results shown in Fig. 7. In these tests concentrated re- 
actions were used, placed at various distances from the fillets. 
The depth of the head was in each case so large (h = 3 to 5d) as 
to render any bending effect in the shoulders negligible. It is 
seen that the closer the concentrated support is placed to the 
fillet, the higher is the resulting stress peak. The & curves in 
Fig. 7 may also be regarded, in a suitable scale, as influence lines 
for the maximum fillet stress and thus provide means for esti- 
mating the effect of an uneven distribution of pressure along the 
supporting surfaces. From the area under each of these k curves 


132 / mMarcH 1959 


DESIGN DATA AND METHODS 


Omax~* Grom 


Y 
315 320 Z 
305 3. 
2495 
i 


05 06 OF 08 ag 


to Vd 


Fig. 7 Effect of the proximity of supports on the stress concentration at 
the fillets 


a constant mean ordinate can be derived, which is found to agree 
closely with the lowest k factor (for h = 3d) in the respective 
Figs. 3 to 5, for the same r/d ratios. As the concentrated sup- 
ports are removed sufficiently away from the fillets, the stress 
concentration factors approach asymptotically the values ob- 
tained for simple stepped tension specimens with the same r/d 
ratios, but with D—> ©. These limiting values, k = 3.20, 2.73 
and 2.45, are indicated in the respective curves of Fig. 7. 

The maximum fillet stress depends not only on the proximity 
of the supports to the fillets, but also on the proximity of the 
end of the shoulders to the points of support. For instance, if 
in any of the loading cases in Fig. 7 the width of the shoulders 
would be terminated just beyond the point of support, this would 
result in a considerable increase in the maximum fillet stress. A 
combination of these two proximity effects can be detected in the 
lowest curve (h = 3d) in every one of the preceding Figs. 3 to 6, 
showing that as the width of the shoulders decreases (as D/d be- 
comes smaller), in spite of the decreasing bending action the 
stress maxima invariably increase. 

By means of crosswise interpolation, the fundamental data in 
Figs. 3 to 6 may also be utilized for predicting stress concentra- 
tion factors for other geometric ratios not directly represented 
here. 
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Briel Notes 


On the recommendation of the Executive Committee of the ASME Applied Mechanics Division, it was 
decided to initiate a section devoted to brief notes on technical matters in mechanics. These notes 


must not be longer than 750 words (about 2'/, double-spaced typewritten pages, including figures) and 
will be subject to the usual review procedure prior to publication. After approval such notes will be 
published as soon as possible, normally in the next issue of the Journal. The notes should be sub- 
mitted to the Technical Editors of the Journal of Applied Mechanics. 


Buoyancy Effects in Forced-Convection 
Flow and Heat Transfer 


E. M. SPARROW’ and J. L. GREGG? 


Introduction 


In MANY low-speed forced-convection flows, the heat transfer 
and the shear stress may be significantly affected by buoyancy 
forces and associated free-convection motions. It is important 
to know when the free-convection effects may be ignored and 
when they must be accounted for. 

The aim of our investigation is to establish a quantitative 
criterion for distinguishing the conditions under which the 
effects of free convection may be neglected in heat transfer and 
shear stress calculations. The situation chosen for study, as 
pictured in Fig. 1, is a vertical plate aligned parallel to a steady 
free stream flow. Both up-flow and down-flow are considered; 
and thfe plate temperature is permitted to be either higher or lower 
than that of the ambient fluid. The boundary layer is taken to 
be laminar. 

The investigation extends over the Prandtl number range from 
0.01 to 10, and the findings are expected to be applicable to the 
entrance region of vertical ducts and tubes as well as to the flat 
plate. Readers interested primarily in results are invited to pass 
over the section on Analysis. 

The only related work appears to be due to Tanaev,* who, in 
a more approximate analysis, studied the effect of buoyancy on 
shear stress for gases. 


Analysis 


We begin by writing the equations expressing conservation of 
mass, momentum, and energy for steady laminar boundary-layer 
flow over a vertical plate 

oV 
(1) 
or oy 


ov, 


or oy oy? 
ol ot 
=i =k (3 
( *) dy* 


' Lewis Research Center, National Aeronautics and Space Adminis- 
tration, Cleveland, Ohio. Assoc. Mem. ASME. 

2? Lewis Research Center, National Aeronautics and Space Admin- 
istration, Cleveland, Ohio. Assoc. Men. ASME. 

3A. A. Tanaev, “Effect of Free Convection on the Coefficient of 
Resistance of a Plate With Laminar Flow Regime in the Boundary 
Layer,” Jour. Tech. Physics (USSR), translated by American In- 
stitute of Physics, vol. 1, 1956, p. 2477. 

Manuscript received by ASME Applied Mechanics Division, 
May 29, 1958. 
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where the plus and minus signs in equation (2) refer, respectively, 
to Figs. 1(a) and (b). Aside from the density gradients needed 
to form the buoyancy term, the variation of fluid properties has 
been neglected. Viscous dissipation has also been deleted. 

First, we note that equation (1) may be satisfied by a stream 
function y, defined in the usual way as 


V, = ow/dy V, = —ow/dr (4) 


The velocities may then be eliminated from equations (2) and 
(3) in favor of W, thus giving rise to a pair of simultaneous partial 
differential equations for W and ¢ as functions of z and y. 

In the absence of the buoyancy force, the solution of these 
equations would correspond to the pure forced-convection situa- 
tion. Inasmuch as our aim here is to find the deviations from 
forced convection due to buoyancy, it is natural to now seek 
solutions in the form of a series whose first term is the pure foreed- 
convection solution. So, we write 


= olfdn) + +...) (5a) 


= = + (Gr, /Re,*)0\(n) 4 (5b) 


where », Gr;z, and Re;, are, respectively, the Blasius similarity 
variable, Grashof number, and Reynolds number. These 
quantities have the following definitions: 


i/ 
= r, = 
(6) 


The functions fo and 4 are associated with the pure forced-con- 


vection problem, while f,, 4, give the deviations due to 


buoyancy effects. 
When the series for Y and @ are substituted in equations (4), 


GRAVITY 


FIELD Nit y 

tw | 
a 


Ups @o 
(a) UPFLOW. (b) DOWNFLOW. 
Fig. 1 Physical model and co-ordinates 


march 1959 / 133 


| 

ia 
of APPLIED MECHANICS 

\ 

= 

| 
4 

5 
| 
a 


BRIEF NOTES 


(3), and (2), and terms are grouped according to powers of Gr,/ 
Re;?, there result the following ordinary differential equations 
for fo, and 


fl! + hh” =0 = = 0, = 2 (7a) 


0,” + (Pri! = 0, 6(0) = 1, (7b) 
Sil + — + 3hifo” + 80. = 0, f(0) = f,(0) = 
fi'(e) =0 (7c) 


A." + Pr(O:'fo — + 3f:0.") = 0, 6(0) = = 0 
(7d) 


The boundary conditions are obtained by requiring that Vz = 
V, = Oandt = t, at y = 0, and that V, ~ U,, andt +1, as 
y 

A solution of equation (7a) was first obtained by Blasius in 
1908, but it was necessary to re-solve this equation to greater 
accuracy for present purposes. Equation (7b), the forced- 
convection energy equation, was first given by Pohlhausen in 
1921. Solutions of equations (7b), (7c), and (7d) have been 
carried out as part of this investigation on an IBM 650 electronic 
computer for Prandtl numbers of 0.01, 1.0, and 10.0. These 
results will be utilized below in heat-transfer and shear-stress 
calculations. 


Heet transfer. The local heat transfer at the plate surface may 
be found by applying Fourier’s law: 


q = 


After introducing the series expansion (5b), the expression for g 
becomes 
k JU, 
ve 


where (0) and 6,(0), abbreviations for are 
found from solutions of equations (7b) and (7d). For a pure 
forced-convection flow, the local heat transfer is given by 


Vie = —(k/2) (Ug — ta (Sa) 


Then; the important expression giving the effect of buoyancy on 
heat transfer is obtained by combining equations (8) and (8a), 
yielding 


9/Qe = 1 + ... (9) 


where the plus and minus signs refer to Figs. 1(a) and (6), re- 
spectively. Values of 0,/(0)/8)'(0) are given in Table 1. 

Equation (9) should be quite correct for small deviations of 
q/qrc from unity. So, it can be used for establishing a criterion 
for distinguishing when buoyancy effects can be ignored in 
computing the local heat transfer. Suppose that it is decided 
that inaccuracies of up to 5 per cent can be tolerated in the 
local heat-transfer computation. Then, from equation (9), 
we find that the pure forced-convection heat-transfer results can 
be used (i.e., buoyancy ignored) provided that 


|Gr,! < 0.05 (10) 


Inspection of Table 1 shows that, while 0'(0)/0,'(0) is a function 
of Prandtl] number, the variation is not too great. Inasmuch 
as our criterion need not be a precise quantity, it seems reasonable 
to simplify matters by choosing an intermediate value, say, 
(0:(0)/0.(0)] = 0.67 as representative of the entire Prandtl 
number range. Then, we can say that if 
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|Gr,| < 0.075 Re,? (10a) 


the local heat transfer can be computed with sufficient accuracy 
from the forced convection solution. 

Often, it may be the over-all heat transfer that is of practical 
interest rather than the local heat transfer. In such an event, 
we may choose to decide that an accuracy of 5 per cent is suffi- 
cient in the computation of the over-all heat transfer. Then, 
the forced-convection heat-transfer result can be used if 


|Gr,| < 0.225 Re,? (11) 


That the over-all heat transfer is less sensitive to buoyancy effects 
than the local heat transfer may be verified by comparing equa- 
tions (11) and (10a). 

Shear stress. The local shear stress at the plate surface may 
be computed from the equation: 


T = p(OV,/dy)y—0 


Introducing the series expansion (5a), and denoting the pure 
forced convection results by fe, we find 


= 1 + ... (12) 


The values of f,"(0)/fo"(0), found from solutions of equations 
(7a) and (7c), are listed in Table 1. 

A criterion can now be found for distinguishing when buoyancy 
effects may be ignored in computing the local shear stress. If an 
accuracy of 5 per cent is considered adequate, then the pure 
forced-convection shear stress result can be used when 


IGr,| < 0.05 (13) 


The value of the f ratio varies with Prandtl number and must be 
taken from Table 1. 

If we are interested instead in the over-all drag and require that 
it be calculated to within 5 per cent, then buoyancy effects can 
be ignored when 


IGr,| < 0.15 (14) 
Table 1 6 and f ratios 
Pr fi"(O)/fo"(0) 
10.0 0.553 2.05 
1.0 0.816 3.45 
0 O1 0.684 5 61 


Thermally Induced Twists in 
Plates of Thin Cross Sections 


L. S. and K. L. BERGMAN’ 


Tue mechanics of thin wings has received a great deal of at- 
tention. Goodier? showed that the torsional stiffness may be 
altered in the presence of axial stresses due either to aerodynamic 
heating or to mechanical loading. Budiansky and Meyers?® 


1 Department of Mechanical Engineering, The Ohio State Univer- 
sity, Columbus, Ohio. The contents of this paper are extracted from 
a report by Bergman submitted to the faculty of the Mechanical En- 
gineering Department of The Ohio State University in fulfillment of 
credit requirements for M. E. 799 conducted by the senior author, in 
the Autumn Quarter of 1957. 

2J. N. Goodier, ‘‘Elastic Torsion in the Presence of Initial Axial 
Stress," JouRNAL oF AppLieD Mecnanics, vol. 17, Trans. ASME, 
vol. 72, 1950, pp. 383-387. 

+B. Budiansky and J. Meyers, ‘‘Influence of Aerodynamic Heating 
on the Effective Torsional Stiffness of Thin Wings,”’ J. Aero. Sci., vol. 
23, 1956, pp. 1081-1093. 

Manuscript received by ASME Applied Mechanics Division, July 
14, 1958. 
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Fig. 1 A thin plate 

investigated and gave illustrative examples on the effective tor- 
sional stiffness of supersonic wings due to aerodynamic heating. 
The same subject was discussed by Hoff.‘ A more involved ver- 
sion of this problem which concerns the question of aeroelastic 
stability of thin wings was studied by Biot.’ One aspect of the 
problem which has not been discussed by the previous writers 
and is considered in this note is the self-induced twist in a thin 
wing which has an initial pretwist. An approximate treatment of 
the problem based on the intuitive approach of the “fiber stress’’ 
concept is as follows: 

Shown in Figs. 1 and 2 is a thin plate with an initial angle of 
twist 0,, and a final angle of twist 0,, both measured in rad per 
unit axial length. Corresponding helix angles are y; and ‘,. 
The plate, initially at a uniform temperature, is subjected to an 
arbitrary temperature distribution, 7(z), above the initial tem- 
perature. The problem is to calculate 6, after 7(z) has been ap- 
plied. Assuming the plate to be infinitely long with unre- 
strained ends, the thermally induced fiber stress is given by 


a cos y,; ETdA 
cos J A 


= —akET 
o a +4 


zx 


ET azeosy,;dA (1) 
A 


I cos 


where @ is the coefficient of thermal expansion, FE the modulus of 
elasticity. The stresses are along the direction of the fibers. 

The first term represents the stress due to recompression; the 
second term, the stress (uniform) as a result of self-equilibrium in 

* N. J. Hoff, “Approximate Analysis of the Reduction in Torsional 
Rigidity and of the Torsional Buckling of Solid Wings Under Ther- 
mal Stresses,’’ Readers Forum, J. Aero. Sci., vol. 23, 1956, pp. 603- 
604. 

5M. A. Biot, “Influence of Thermal Stresses on the Aeroelastic 
Stability of Supersonic Wings,” J. Aero. Sci., vol. 24, 1957, pp. 418- 
420. 
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Fig. 2 Geometry of a fiber in a thin plate 


the axial direction; and the third term, the stress distribution due 
to a resisting bending moment. The stress distribution as in- 
dicated above is in self-equilibrium with respect to axial tension 
and moment about the centroidal axis. If the plate has an initial 
pretwist, then the stress formula given above is not in self-equi- 


librium with respect to torque about the axial direction. The 
torque in this case is approximately given by 
M = fi y, dA (2) 


and is counterbalanced by the shearing stress distributed in a 
plane perpendicular to the axis. 

The shearing stresses are of course accompanied by angular 
deformation which is given by 


M = GJ (6, — 6,) (3) 


where J is the equivalent torsional constant for a pretwisted bar.® 
In equation (2), if one uses y, for sin y,, then 


M = (4) 
Furthermore, from Fig. 2, 
= Ope 
Combining equations (3) and (4), one has 


8, 


(5) 


J, (onda 


*C. T. West, et al., “Stresses in Pretwisted Propeller Blades,” Air 
Force Technical Report no. 55-122, 1955. 
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BRIEF NOTES 
Note on Deflections and 
- Flexural Vibrations of Clamped 
Sectorial Plates 


M. BEN-AMOZ' 


In discussing bending of clamped sectorial plates, the use of 
approximate methods becomes necessary, Several such meth- 
ods*:* have been applied to the problem of a uniformly loaded, 
clamped sector. On the other hand, flexural vibrations of clamped 
sectors have not been previously considered. It is therefore note- 
worthy that in both cases useful results can be obtained through 
application of the theorem of minimum-potential-energy. 

Considering first a uniformly loaded sector clamped along the 
entire boundary (Fig. 1), the expression for total potential energy 
is 


=+a/2 
Il = [D( AW)? — 2 (1) 
—a/2 
1a 1 a? 
Fig. 1 
Plate geometry 


a 


The theorem of minimum-potential-energy states that (1) 
becomes a minimum for the correct deflection W. However, 
instead of a direct variation of (1) the procedure here adopted is to 
assume an approximate expression for the deflection along the 
radial co-ordinate. The assumed deflection is introduced in (1) 
and integration with respect to r performed. The minimum con- 
dition is then applied to the resultant approximate expression. 

A suitable assumption for the deflection is 


W = — p™)?-f(0) (2) 
where 


p=r/a m=t/a 
which satisfies the conditions of a clamped edge at p = 0, 1. 
Note also that, according to (2), the location of the maximum de- 


' Engineer, Large Steam Turbine Engineering, Westinghouse Elec- 
tric Corporation, Philadelphia, Pa. 

*H. R. Hassé, ‘The Bending of a Uniformly Loaded Clamped 
Plate in the Form of a Circular Sector,” Quarterly Journal of Me- 
chanics and Applied Mathematics, vol. 3, 1950, p. 271. 

*H. D. Conway and M. K. Huang, “The Bending of Uniformly 
Loaded Sectorial Plates With Clamped Edges,”’ JouRNAL or APPLIED 
Mecuanics, vol. 19, Trans. ASME, vol. 74, 1952, p. 5 

Manuscript received by ASME Applied Mechanics Division, Feb- 
ruary 27, 1958, 
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flection depends on the sectorial angle a, as it should. Using (2) 


and following the outlined procedure results in 


1 =+a/2 
J0=—a/2 
+ 2m + 2)(2 + 3m + 2m?)f? 
pat (m + 12m + 1)(3m + 


[are — 4(m — 1)ff’ 


2D m*(m + 4) 
(3 
(m + 1)(m + 2)(2m +1 1)(3m + 2) 
The minimum condition is now applied to expression (3); ac- 


cordingly, 6I11* = 0. The variation of (3) is carried out in the 
usual fashion to give 


+a/2 
= 0 -f — 2aof"(O) + bof(6) 
—a/2 


—K- | a a+ DS — af): ay" 


” | 
— Dif” — af) 


(4) 


where 


a = ry (m —1), bo = - = (m + 2)(2 + 3m + 2m?) 


and 


_ (m+ + 1): 2m + 1)(3m + 2 
m?- (m + 4) 


Since 6f is arbitrary, the expression in brackets must vanish. 


Also along @ = +a/2, 6f = df’ = 0. This yields the ordinary 
equation 

— 2ay-f"(0) + bo-f(0) = K- (5) 

20°) 8) = 12D 


and the edge conditions 


Equation (5) is readily integrated to give the solution 
f(0) = + C,-cosh 
bo 1 
+ Cs-sinh A@-sin XO (7) 
where 


A= [* +e and 
2 2 


With the aid of (6), the integration constants are determined. 
Deflections and stresses are found by substituting (7) in (2). 
For the particular case of a semicircular plate, the present solution 
yields for the maximum deflection the value of 0.002026 pat/D at 
6 = 0, p = 0.5 against the exact value of 0.002021 pa‘t/D 
at 0 = 0, p = 0.486 obtained by Woinowsky-Krieger* while the 
maximum bending moment at p = 0 is —0.069pa* against the 
exact value of —0.0731pa?. 

4S. Woinowsky-Krieger, ‘‘Clamped Semicircular Plate Under Uni- 
form Bending Load,” JouRNAL or AppLIED MecHanics, vol. 22 
Trans. ASME, vol. 77, 1955, p. 129. 
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To adapt the foregoing procedure to the problem of free flexural 
vibrations it is necessary to replace in (1) the potential energy of 


h (ow\? 
the applied load by the term — * , 4) - rdrd@ representing 


the kinetic energy of a vibrating element. Also the motion given 
by (2) is assumed proportional to sin pt. It should be noted 
that the motion described by (2) limits the discussion to those 
modes containing nodal radii. If other modes containing nodal 
circles are of interest, a more general expression such as 


W = — p™)? (fin) + pfan(O) +...) sin pt (8) 
n 
should be assumed. Restricting attention to the fundamental 
mode, the following equation is obtained 
— 2ao-f"(8) — (po — bo)-f(0) = 0 (9) 

where 
prath (m + 12m + 1)(3m + 2) 
Po = (m+ + + 3) 
It can be shown that critical frequencies exist only if po > bo. 


For this case the solution of (9) is 


= C\(cosh + cos 16) + CAcosh vO — cos 76) 
+ Cx(sinh sin + Cy(sinh v6 — sin (10) 


where 
v = [(ao? + po — bo)'/* + 
and 
= + po — bo)'/? — 
The frequency equation 
cosh va-cos Fa = 1 + "sinh va-sin da (11) 
is obtained by satisfying the edge conditions (6). Equation 


(11) was solved by trial and error, and the lowest frequency for 
several cases is given in Fig. 2. 
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Fig. 2. Variation of lowest frequency with sectorial angle 
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Thermal Distributions Without Thermal 
Stresses in Nonhomogeneous Media 


H. H. HILTON: 


Tue problem of determining temperature distributions in es- 
sentially homogeneous elastic bodies that do not give rise to 
thermal stresses has been studied by Timoshenko* and Melan 
and Parkus.? It is the purpose of this paper to extend their 
work to any medium, elastic or inelastic, which may be non- 
homogeneous due to the dependence of the material properties on 
the temperature. 

Consider a body of arbitrary shape in a Cartesian co-ordinate 
system z = (z,), (¢ = 1, 2,3). Let a temperature distribution 


T = T(z, t) (1) 


be determined such that the thermal stresses vanish everywhere, 
or 


o,(z,t) = 0 (i,j = 1, 2, 3) (2) 


The stress-strain relationship may be divided into volumetric 
changes and deviatoric changes. In this fashion, the most 
general stress-strain relation may be written in the form: 


€ = 0/K(T) + a(T)-T + (3) 


— O8,;/Otr, Jz, Js, T) (A) 
(no summation) 


€ = the mean strain 
o = the mean stress 
E;; = the strain deviators 
7, = coefficient of volume viscosity 
S;, = stress deviators 
K = bulk modulus 
a = coefficient of linear thermal expansion 
J2, J3 = second and third stress invariants 


Then from Equation (2) 
ez, t) = a T)-T (5) 


E, 2, t) = f,A0, 0, ..... 0, T) (6) 


The right side of Equations (6) must be zero for all temperatures, 
since the effect of a temperature distribution is to change the 
volume, and the shape will only be changed if thermal stresses are 
induced. 

Substitution of Equations (5) and (6) into the compatibility 
equations yields 


a(7')*T = aft) + aft)z, (7) 
If, for instance 
= ao + (8) 
where a and a, are constants, then 


T = T(x, t) = —ay + fae? + + 
(9) 


1 Professor of Aeronautical Engineering, University of Illinois, 
Urbana, Ill; also, Consultant, Systems Development Laboratories, 
Hughes Aircraft Company. 

2S. Timoshenko, “Theory of Elasticity,” first edition, MceGraw- 
Hill Book Company, Inc., New York, N. Y., 1934, p. 204. 

E. Melan and H. Parkus, ‘““Warmespannungen,” Springer-Verlag, 
Berlin, 1953, p. 9. 

Manuscript first received by ASME Applied Mechanics Division, 
March 23, 1956; second draft received May 14, 1958. 


march 1959 / 137 


| 
| — 
‘ 
‘ 
| 


The time functions a, and a, are, of course, normally deter- 
mined from the heat-conduction, convection, or radiation laws 
applicable to the particular problem. 

It should be noted that the temperature distributions which 
do not produce thermal stresses are independent of the stress- 
strain relations and depend only on the functional relationship 
between the temperature and the coefficient of thermal expansion 


The Stability of Thin-Walled Cylinders 
Under Combined Torsion and External 
Lateral or Hydrostatic Pressure 


HERBERT S. SUER' and LEONARD A. HARRIS: 


introduction 


Tue errect of internal pressure on the buckling stress of thin- 
walled circular cylindrical shells loaded in torsion has been con- 
sidered in two previous papers. Crate, Batdorf, and Baab?* de- 
veloped a semiempirical interaction curve for combined pressure 
and torsion based on experimental data from tests of internally, 
hydrostatically pressurized cylinders. Hopkins and Brown’ ex- 
tended Donnell’s original analysis to include a lateral pressure 
term and solved the governing differential equation in a manner 
similar to that used hy Donnell. The results of the analysis were 
then used to determine the effect of internal lateral pressure on 
Their theoretical calculations generally 
et al.,? and 


the critical shear stress. 
agreed well with the experimental results of Crate, 
substantiated the semiempirical interaction curve. 

The purpose of the present note is to present a solution to a re- 
lated problem: The stability of a circular cylindrical shell under 
combined torsion and external lateral or hydrostatic pressure. 
Theoretical buckling coefficients are obtained by solving Don- 
nell’s eighth-order differential equation by Galerkin’s method. 
This is the same procedure previously used by Batdorf* to cal- 
culate the buckling coefficients for other loading conditions, 
which included hydrostatic or lateral pressure alone, and torsion 
alone. An experimental program was conducted to verify the 
theoretical calculations. 


Theory 


Donnell’s linear equation of equilibrium for the buckling of 


cylindrical shells is 
ow 
ow 
oxdy + 4%, 
+Vip=0 (1) 


The sign conven- 


ox? 


Et 


DV*w + ar 


+ iv‘ 


where positive ¢, and a, denote compression. 
tion and nomenclature are that of Batdorf.4 

'Senior Structures Engineer, Missile Division. North American 
Aviation, Inc., Downey, Calif. 

2H. Crate, 8. B. Batdorf, and G. W. Baab, ‘‘The Effect of Internal 
Pressure on the Buckling Stress of Thin-Walled Circular Cylinders 
Under Torsion,’” NACA ARR No. L4E27, May, 1944. 

3H. G. Hopkins and E. H. Brown, ‘‘The Effect of Internal Pressure 
on the Initial Buckling of Thin-Walled Circular Cylinders Under 
Torsion,” British Aeronautical Research Council, R & M No. 2423, 
January, 1950. 

‘8S. B. Batdorf, ‘A Simplified Method of Elastic-Stability Analysis 
for Thin Cylindrical Shells", NACA Report 874, 1947. 

Manuscript received by ASME Applied Mechanics Division, 
13, 1958. 
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For a cylinder under combined hydrostatic pressure and tor- 
sion, 


r r 


Substituting these values for the stresses and simplifying, Equa- 
tion (1) becomes 


Lt ‘Lt drdy 
1? 1 rw ow? 
k —)]=0 
where 


prL? 
2 k = k = 


Equation (3) may be solved by Galerkin’s method as follows. 
A deflection function, suggested by Batdorf,‘ for w which satisfies 


the boundary conditions on w for simply supported ends is as- 
sumed as 


w = sin A, sin — — = + cos B, (4) 


L 


q=1 

The coefficients A, and B, are then determined from the condi- 

tions 
ler 
ny . mmr 
sin —~— sin —— dydr = ( (5a) 
J, Q 2r L 
(5b) 


ny 
“9 cos — sin —— dydz = 0 
0 0 2r L 


where Q is obtained by substituting the assumed deflection func- 
tion w into Equation (3). Integration of Equations (5a) and (5b) 


yields the relationships 
[om + 4 - + | 4. 


+ n%32)? 


8nB qm 
B. ——=0 (6a) 
*m? — q? 
12Z*m‘ m? 
[om + + - + + nip 4, ( + B,, 
(6b) 


8nB 
-~= 0 


where m = 1, 2,3, 4....; n = 4, 6, 8, 10....: m +q = odd 
integers; and 8B = L/2rr. 

Equations (6) have a solution different from zero if the infinite 
determinant of the coefficients vanishes. An accurate approxima- 


tion to this infinite determinant may be expressed as 


M, 
k? = 7 
5 M; 3 M, 
where 
12Z2m* 
2 
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Fig. 1 Interaction curve for cylinders under combined torsion and ex- 
ternal lateral or hydrostatic pressure 


For the case of lateral pressure, the axial compression term is 
eliminated by removing the factor m?/2 in the third term of the 
expression for M,,. Theoretical points calculated from Equation 
(7) by minimization with respect to n8 are shown in Fig. 1 for 
several values of the geometrical parameter Z, and for external 
hydrostatic and lateral pressure. These points are plotted in 
terms of the nondimensional stress ratios R, and R, which are 
defined as: 


critical external pressure under combined loads 


” critical external pressure for pressure loading alone 


R critical torque under combined loads 


critical torque under torsion alone 


It may be observed in Fig. 1 that only small differences exist in 
the theoretical values for different values of Z (from 10? to 10*) 
and for the two cases of lateral and hydrostatic pressure. For de- 


sign purposes a Single representative curve is drawn to give an . 


interaction relationship for all of the cases considered. A maxi- 
mum error of about 5 per cent is introduced by this approxima- 
tion. It is interesting to note that the semiempirical interaction 
curve 
R? +R, =1 (8) 
proposed by Crate, Batdorf, and Baab? is practically coincident 
with the representative interaction curve obtained from the 
present analysis. 
Batdorf‘ has pointed out that for cylinders under external pres- 
sure the foregoing equations will produce erroneous results for 
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Fig. 2 Typical buckle pattern for combined torsion and 
external pressure 


cylinders so long that n = 2. This condition corresponds 
to cylinders with (L/r)* > 5(r/t). Such large values of the 
L/r ratio are not often encountered. 


Experimental Investigation 

A total of 7 combined load tests of model circular cylinders were 
performed with three cylinders. The geometry of the cylinders is 
given in Table 1. The geometrical parameter Z was equal to 
6344. 

A photograph of a test in progress is shown in Fig. 2 and a 
schematic drawing of the test jig with a cylinder in position for 
testing is shown in Fig. 3 of Harris, et al. The test cylinder 
snugly fitted the lower and upper heads of the test jig and was 
clamped to the 3-in-thick heads by metal straps. The straps pre- 
vented slippage and leakage between the heads and the cylinder. 
A net external pressure was applied by partially evacuating the 
cylinder. The vacuum pressure was read by a water manometer. 
The torsion load was measured with an SR-4 load cell and was 
applied to the bottom head by two cables which were activated by 
a hydraulic strut. Before the torque or pressure was applied, a 
compressive force was applied to the cylinder by a calibrated 
axial load strut to balance the dead weight of the lower head of 
the test jig. 

The buckling of the test specimens was determined visually. 
For most specimens, a visual determination of the buckling load 
was relatively simple because the buckles often snapped into 
position. Occasionally, buckles appeared to grow out of rela- 
tively large initial irregularities. The experimental results and 
theoretical predictions are given in Table 1. 

A photograph of a typical buckle pattern is shown in Fig. 2. 
As expected, the angle which the buckles made with the axis of 
the cylinder decreased as the ratio of the external pressure to the 
torque increased. The lap-welded seam did not appear to sig- 
nificantly affect the buckle pattern. 


L. A. Harris, H. 8. Suer, W. T. Skene, and R. J. Benjamin, ‘“The 
Stability of Thin-Walled Cylinders Under Axial Compression In- 
cluding the Effects of Internal Pressure,"’ Journal of the Acronautical 
Sciences, vol. 24, 1957, pp. 587-596. 
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Summary of Results 


The absolute values of the experimental buckling loads for the 
cylinders loaded in torsion alone or in external pressure alone 
agreed closely with the values predicted by linear theory. How- 
ever, because the buckling loads for the pure loadings do not agree 
precisely with theory, the results of the combined load tests have 
been presented in terms of the nondimensional stress ratios PR, 
and R,. In calculating the values of R, and R,, the definitions 
of the stress ratios have been modified by defining the critical 
stress under torsion alone or under external pressure alone as the 
average of these particular tests. The experimental results and 
the representative theoretical curve are compared in Fig. 1. For 
the present tests, it appears that the theoretical interaction curve 
adequately describes the behavior of circular cylinders under 
combined torsion and external pressure, provided the stress 
ratios R, and R, are computed from the empirically determined 
values for torsion alone and for external pressure alone. 

As stated above, the results of the listed tests reported herein 
for a single value of the geometrical parameter Z confirm the 
validity of the theoretical, nondimensional interaction curve. 
However, additional tests should be performed to verify the 
theoretical curve over the practical range of the geometrical 
parameter, 

Based on the present analysis and test data for external pres- 
sure and torsion, and the previous investigations of internal 
pressure and torsion, the interaction equation 


R2+R, =1 


is recommended for design purposes with pressure in either sense. 


Table 1 Experimental results 
18-8 Half-hard stainless steel (E = 27 X 106 psi, r = 8.75", L = 
22.5 in., ¢ = .0087 in.) 


Theoretical Buckling Loads: 
Torque (no external pressure) = 9448 in.-lb 
External hydrostatic pressure (no torsion) = 0.30 psi 


I-xperimental buckling loads Experimental buckling loads 


Spec. Pressure, Torque, Spec Pressure, Torque, 
psi in-lb no.* psi in-lb 
I(a) 0.35 0 3(a) 0.31 3768 
I(b) 0.12 7222 3(b) 0.23 6280 
0.17 6125 3(c) 0.35 0 
2(a) 0.27 3768 4 0 9048 
2(b) 0.21 5024 5 0 9441 
O14 6563 


* Letter in specimen designation indicates order of testing. 


Transient Heat Transfer for Laminar 
Slug Flow in Ducts 


ROBERT SIEGEL' 


Tue PuRPOsE of this note is to discuss some transient heat- 
transfer solutions which may be readily obtained for laminar slug 
flow in ducts. By slug flow it is meant that the velocity dis- 
tribution is taken to be uniform over the duct cross section. 
Although this distribution is not actually found in practice, it is 
believed that the slug-flow problem will still indicate some of the 
features of the transient heat-transfer process. The first example, 
which will be considered in some detail, is for flow between paral- 

‘Lewis Research Center, National Aeronautics and Space Ad- 
ministration, Cleveland, Ohio. Assoc. Mem. ASME. 


Manuscript received by ASME Applied Mechanics Division, Au- 
gust 4, 1958. 
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lel plates. Then solutions for a circular tube and other geome- 
tries will be discussed. 


Analysis 

Parallel-plate channel. Consider a parallel plate channel as 
shown in Fig. 1. For slug flow the fluid moves with a uniform 
velocity U in the z-direction. The velocity is unchanging with 
time and does not vary along the duct length. The system is as- 
sumed to be initially isothermal. Heat is then applied so that the 
channel walls are suddenly given a step function in heat flux or 
alternately a step-function change in temperature. We shall 
first consider the uniform heat-flux case. The time-dependent 
energy equation can be written as 

ot ot ot 


(1) 


where @ is time, ¢ is temperature, and @ is the thermal diffusivity. 
To obtain the equation in this form the fluid is taken to be in- 
compressible, and viscous dissipation and axial heat conduction 
are assumed negligible compared with heat conduction in the y- 
direction. 

For uniform heat flux imposed at the channel walls, equation 
(1) is placed in dimensionless form by defining the new variables, 

t— Ov 4x/a 


qa/k’ a®Pr’ ~ @’ RePr 


The Reynolds number is Re = U4a/v, the Prandtl number is Pr 
= v/a, ty is the constant entering fluid temperature, g the uni- 
form heat flux per unit area at the walls, k the thermal conduc- 
tivity of the fluid, and v the kinematic viscosity. The variable 0 
can be written as 0a/a? which is commonly called the Fourier 
number, while X is recognized as being proportional to the 
reciprocal of the Graetz number. Equation (1) then becomes 


or 
oY? 


a0 * 


The boundary conditions are 
7T(0, X, Y) = 0; 7(8,0, Y) = 0 


oT (2a) 


oT 
0, X, +1) = +1; 0, X,0) = 0 
oY ( oY 


It should be noted that in this dimensionless system, equation (2), 
and its boundary conditions are symmetric in the 0 and X-varia- 
bles, as this will later be shown to have important mathematical 
and physical consequences. 

The solution proceeds as follows: Consider a position x in the 
channel. After heating begins, the fluid which was at the en- 
trance of the channel when the transient began does not reach z 
until a time z/U haselapsed. Thus, in the region where z/U > 0, 
the heat-transfer process has not vet been influenced by the fact 


q 
—— 


Fig. | Co-ordinate system for paraliel plate channel 
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that there is an entrance to the channel and behaves as if the chan- 
nel were of infinite extent. Consequently, in this region the fluid 
at any cross section undergoes the same transient heating process 
as that at any other cross section, and the effect of heat convec- 
tion is zero. Equation (2) (with the convective term equal to 
zero) then becomes 

oT oT 

00 oY? 


(3) 


This is simply the one-dimensional transient heat-conduction 
equation. Hence the solution for 6 < x/U is the same as that for 
suddenly applying a uniform heat flux at the surfaces of a slab of 
infinite extent and thickness 2a, and from Carslaw and Jaeger 
[1]? we have immediately (note that 0 < z/U is equivalent 
in the dimensionless system to 9 < X) 


Yy?—1] 2 


3 nn 


(4) 


Now we turn to the steady-state solution. From equation (2) 


the governing equation for steady state is 
oT 
oy? 


or 
ox 


(5) 


Since, as noted previously, the boundary conditions are the same 
in X as in 9, the solution of equation (5) has exactly the same 
form as equation (4). Hence for steady state we have 


—1)" 
e~ "© cos (6) 


n? 


3Y?-1 2 
6 n=1 
This result matches the initial transient solution, equation (4), 
when X = 0. Thus if we say that equation (6) is valid for 0 > 
X we have, along with equation (4) for 9 < X, a solution of equa- 
tion (2) valid for all time and hence a complete solution of the 
problem. The solution indicates that, for slug flow, steady state 
is reached in a wavelike fashion as fluid travels down the chan- 
nel from the entrance, and that the steady-state temperature 
distribution at a particular cross section depends only on the 
time required for the fluid to flow from the entrance to that sec- 
tion. 

If, instead of imposing uniform heat flux, we suddenly raise 
the wall temperature to a uniform value t,, the transient solution 
(see reference 1, p. 83) is obtained by considering an isothermal 
slab whose surfaces are suddenly raised from f, to ¢,,, 


— bh 2n + 1 
2 l)rY 
2 
iss 4 (—1)* (2n+1) X/4 
2 
one 
2 
Circular tube. As another example, consider a circular tube of 


In this instance the energy equation is 


ot ot 1 Oo ol 
— 
06 ox r Or (8) 


radius ro. 


Using the dimensionless variables (for the uniform heat-flux 
case) 


? Numbers in brackets designate References at end of paper 
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t-—b Ov r 
T = — 
qro/k’ ro*Pr’ re’ x RePr 


UD 
where Re = = and D = 2r, we obtain 
or 


20 


ox R OR oR 


From reference [1], p. 275, we immediately write the solution 
for suddenly applying a uniform heat flux at the tube wall 


(8a) 


2R? 1 J(B,R) 
= 20 + - 3 — » OSX (9a) 
4 
2k? 1 4 JA8,R) 


n=1 
where the §, are the positive roots of J,\(8) = 0. 
For suddenly raising the wall to uniform temperature we 
have in a similar fashion (reference 1, p. 175) 


- ‘ 
~2 >> JA 


OFX (10a) 
=1-2 X @>X (10b) 


where y,, are the roots of Joy) = 0. The Jo and J; are Bessel 
functions of the first kind and of zero and first orders, respec- 
tively. 


Discussion 


To help indicate the nature of the transient process, there are 
plotted on Fig. 2 the wall and center-line temperatures for a 
parallel-plate channel with suddenly applied uniform wall heat 
flux. These curves are evaluated from equations (4) and (6) by 
letting ¥ = land Y = 0. It is seen that at a given X the tem- 
peratures change in a pure conduction manner until time 0 = X 
and then the values are stabilized at the steady-state condition. 
The abrupt arrival at steady state is due to the slug-flow assump- 
tion. 

Transient heat transfer in the thermal entrance region of a 
parallel-plate channel and a circular tube for a parabolic laminar 
velocity distribution has been considered in [2] and [3] using an 


x) 


Fig. 2 Transient variations in wall and centerline temperatures for 
laminar slug flow in a parallel-plate channel after sudden application 
of a step-function uniform wall heat 
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integral method. These results indicate steady-state times, for 
the thermal entrance region, which are larger than those predicted 
by the slug-flow solution. Also, the steady-state times as given in 
{2} and [3] are longer for the uniform heat-flux boundary condi- 
tion than for the uniform wall-temperature case, whereas, for 
slug flow, these times are the same, namely z/U. Thus, while 
the slug-flow solution gives some insight into the transient process, 
it can only be expected to provide an order of magnitude estimate 
of numerical values. It is worth while noting that, for an actual 
flow, the distance along the channel divided by the maximum fluid 
velocity should give a lower bound on the time required to 
achieve steady state at that axial position. 

Results have been presented here for only two geometries and 
two types of thermal boundary conditions. Other results can be 
obtained by using available transient conduction solutions for 
geometries such as infinitely long square prisms, rectangles, 
triangles, etc. Also, other boundary conditions may be investi- 
gated, such as one wall of a parallel plate channel being insulated 
while the other is suddenly raised to uniform temperature or heat 
flux. Once results have been obtained for a step change in wall 
conditions, the linearity of the energy equation permits the use 
of superposition integrals to obtain information for arbitrary time 
variations of heating at the boundaries. This has been discussed, 
for example, in [2] and [3]. 
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Upper and Lower Bounds for the 
Stiffness of Transversely Bent 
Circular Plates’ 


ERIC REISSNER? 


WE consIpER a circular elastic plate with variable thickness 
h(r) and radius a. The edge r = a of the plate is acted upon by 
stress couples M,(a) = M. To be obtained is, in what follows, 
information on the corresponding value of the angular edge dis- 
placement B(a) = B. Assuming validity of linear theory, we 
have a relation of the form 


B=CM (1) 


where C is an appropriate flexibility or influence coefficient. 
For an isotropic plate of uniform thickness hk = ho the flexibility 
coefficient C has a value Cy given by 


a 
(= 
(1 + v) Do 
where v is the value of Poisson’s ratio of the plate material and 
Dy = Eo ho®/12(1 — v*) is the bending stiffness factor of the plate. 
Corresponding values for plates of variable thickness may be ob- 
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tained by solving a second-order differential equation with varia- 
ble coefficients. Our present object is not to attempt such solu- 
tions but rather to obtain simultaneous upper and lower bounds 
for the values of C. The method of establishing these bounds con- 
sists in an appropriate simultaneous use of the two minimum prin- 
ciples for stresses and for displacements in the theory of elasticity. 
Results of a similar nature, for the torsional rigidity of cylindrical 
shafts, are quite well known. 

Our present results are deduced from somewhat more general 
formulations for thin shells of revolution.* Specialization of the 
basic inequality to the case of a flat plate of radius a, acted upon 
by edge bending moments M, leads to the following system of 
inequalities 


— Tl, < - BM < I, (3) 


1 
2 
In this 


a 


1 
II, = —B(a) M D [x,? + Ke? +2 vk, Ke] rdr (4) 


+ Me? — 2v M, A 
1,2 + Me vM, Me 


(1 — »*)D 


2a 


The curvature changes x depend on the angular displacement 


B(r), 
k, = (6) 


and 8 must satisfy the displacement boundary condition 8(0) = 
0. 

The stress couples M, and Mg must satisfy the equilibrium 
condition 


drM, 
dr 


—-Me=0 (7) 


and the stress boundary condition M, (a) = M. 

Explicit inequalities for C may be obtained from (3) by choos- 
ing 8 and M, suitably. To see this we transform (3) by writing 
in it B = CM and by writing in (4) and (5) 


B(r) = Mf(r), M, = Mo(r) (8) 


where f(0) = O and g(a) = 1. This leads to the relations 


1 
a 0 r r 


a 

2 + (rg)’? — 2v (rg)’ 

aJo (1 — 


which hold for all functions f and g satisfying f(0) = 0, g(a) = 1 
and possessing continuous derivatives. 

In order to proceed further it is necessary to choose the fune- 
tions fandg. One way to do this is to set 


ng ng 
r\* 


and to determine a preassigned number of coefficients f, and g» 80 
as to optimize the inequalities (9). 
We shall limit ourselves here to the choice 


g=1 (11) 


3 E. Reissner, ‘‘Rotationally Symmetric Problems in the Theory of 
Thin Elastic Shells,’’ Proceedings of the third U. S. National Congress 
of Applied Mechanics, ASME, 1958, pp. 51-69. 
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Introduction of (11) into (9) leads to the inequalities 


a 
21+v)Drdr < CK - 


To optimize the left-hand side of (12) we set 


2fi — 


a’ 


+ v) Drdr 


f= (13) 


Introduction of (13) into (12) and setting r/a = p results in the 


following system of explicit bounds 
1 
<f 2p dp _ 
o (1+y)D 


When D = D, both upper and lower bounds in (14) agree with 
each other and with the exact formula (2). This is as it should 
be, considering the fact that for a plate of constant thickness the 
functions f and g in (11) are exact solutions of the appropriate dif- 
ferential equations. 

The foregoing results are readily generalized so as to apply to 
polar-orthotropic ring plates. 


1 
(14) 


1 
2(1 + v) Dpdp 


Cross-Section Distortion and the 
Timoshenko Beam Equation 


ALLAN D. S. BARR! 


Ir 1s generally understood that the Timoshenko equation for 
beam vibration, while allowing for the effects of rotatory inertia 
and transverse shear, retains the assumption that plane sections 
of the beam remain plane. In this note the distortion of cross 
sections which accompanies transverse vibration is included in the 
derivation of the beam equation; that is, plane sections are not 
required to remain plane. It is found that an equation of pre- 
cisely the same form as the Timoshenko equation is obtained, 
the only change being that the shear coefficient has to be given 
a slightly different meaning. The Timoshenko equation is thus 
established on a more satisfactory basis and is shown to be more 
general than is usually thought. 

The analysis corrects and extends the original work of Arnold? 
on cross-section distortion. 

The axial displacement u and the transverse displacement w 
are assumed to be 


u = —2z V(2,t) + e2z,2,1); w = w(z, t) (1) 


The physical meaning to be attached to these symbols can be 
seen from Fig. 1 which shows part of a distorted cross section of 
the beam, OX representing the neutral axis of the unstrained 
beam (shown inclined for convenience). 

Due to bending, the cross section is rotated by the bending 
slope ¥ from position OA to position OB. Shearing action then 
distorts an element of the cross section such that a face originally 
parallel to OC is now inclined at an angle 8» (the shear slope) 
which is assumed the same for all elements of a particular cross 
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2 R. N. Arnold, communication on “Effect of Shear in Transverse 
Impact on Beams," Proceedings of The Institution of Mechanical 
Engineers, vol. 165, 1951, pp. 184-185. 
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section. Further, the face of an element originally parallel to 
OB is now set at an angle a, to that line, a, being some function 
of z such that the total angle of shear y, at any depth z is given by 


= Qa, + Bo (2) 


and the following relations can be seen: 


= a, dz (3) 


Using (1), stress components can be evaluated and inserted in 
the equations of equilibrium which are then integrated over the 
beam cross section leading to the pair of equations, 


ory ow 
—EI—+E — bz dz — G: = | 
ef be ca( v) | 
de oy 
+ 
el ol? 0 (4) 


ew doy o*e o*w 
GA = — G b dz = pA — 


The integrals in (4) are to be taken over the depth of the beam 
E and G are Young's modulus and the rigidity modulus, respee- 
tively, p the mass density, / the second moment of area of the 
cross section, A its area, and b = b(z) the width of the section. 

We now define the two quantities 


1 1 Of 
6, = “ [ 2 dz; 2 = fo d 5 
Jz 1p, z . (5) 


Then using (3) we can eliminate W from (4) leading to 
EI A 
ort ot? p + G (; + 


2 toy 
0 (6) 


ow 


G oe 


which is the same as the Timoshenko equation but with the shear 


\A 
\ 


B \, 


Distorted cross section 
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coefficient replaced by the “distortion coefficient” (1 + 62/1 + 6;) 
which can be evaluated for a given cross section and shear dis- 


tribution. 
Restricting attention now to a symmetrical section of depth d, 


it can be shown, writing //A = k?, that 


+d/2 
by, dz 
(i+ k2 — 
1 +4, +4/2 z 
bz dz 
-a/2 
The value of the distortion coefficient is thus independent of Bo, 
that is, it does not depend on what proportion of the shear strain 
at any point is devoted to the shear slope. This is in contra- 
distinction to the shear coefficient as ordinarily used which is 


dependent on fo. 
In (7) the shear strain y, can be represented by the Fourier 


series, 


(7) 


m=1,3,5,... d 


giving 


(; +*) wk? — a;/3 + 4/5 —... ) 9) 
1+6, d? \a, — a;/3* + a;/5* —.... 


In particular for a rectangular section with parabolic distribution 


of ¥,, 
1+6/ 


which can be shown to be equal to 5/6. 

In a similar way for a circular section using the simple static 
shear distribution, the value of the distortion coefficient from (7) 
is 9/10. These values are the same as those obtained for the shear 
coefficient. by energy considerations, but this seems to be because 
of the particular distribution for y, and b(z) for these sections and 
in general the value given by equation (7) will not equal the shear 
coefficient. For example, in the first thickness-shear mode for a 
rectangular section the shear strain ‘, is a cosine curve and (9) 
gives directly the value m*/12 while the strain energy method 
evaluates the shear coefficient as 8/m*. (The value 7?/12 was 
suggested for the shear coefficient by Mindlin and Deresiewicz* 
using more exact theory.) 

It is not suggested that equation (7) necessarily gives improved 
values for the coefficient on those obtained by other methods; 
in most cases the value will probably be very near that obtained 
by the strain energy method. The important feature is that 
whatever value is used for the coefficient, the Timoshenko equa- 
tion still essentially allows for the fact that the cross sections 
distort out of their planes during the vibration. 


Analysis of Paraboloidal Shells 


ROBERT SCHMIDT! 


A SERIES SOLUTION of Meissner’s equations for closed parabo- 
loidal shells of revolution subjected to axisymmetrical load is 


3 R. D. Mindlin and H. Deresiewicz, ‘“Timoshenko’s Shear Coeffi- 
cient for Flexural Vibrations of Beams,”’ Proceedings of the Second 
U. 8. National Congress of Applied Mechanics, ASME, 1955, pp. 
175-178. 
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obtained for the case of uniform thickness. The edge forces 
and moments are presented for a particular shell with clamped 
edge. 
Series Solution 

A parabola can be described in Cartesian co-ordinates by the 


equation 
y? = 2pz, (1) 


wherein p is a parameter. The middle surface of the shell under 
consideration is produced by revolution of the parabola (1) 
about the z-axis. The radii of curvature of the middle surface 
in the meridional plane and in the normal plane perpendicular to 
meridian are 


r=p/cos'g and R = p/cos ¢, (2a, b) 


respectively, where ¢ is the angle formed by the axis of revolution 
and the normal to the middle surface. 

The homogeneous Meissner’s equations for axisymmetrically 
loaded shells of uniform thickness? appear then in the following 
form: 


au dl 
=, + (cot ¢ - 2tan ¢) —— — sec? ¢ (esc? ¢ — v) L 


d dg 
= EhpV/cos® ¢, 
d*V dV 
— + (cot g — 2tan ¢) - — sec? g(esc? g + v) J 
dg? dg 
= — pU/Decos' ¢ (3a, b) 
where U = RQ 
Q = shearing force, per unit length, in the direction of the 
normal 


E = modulus of elasticity 
h = thickness 
V = rotation of a meridian 
v = Poisson’s ratio 
D = Eh?/12(1 — v?) 
With the variables 
t=cos¢g-—l1 
I = (U/2p) - sin 2¢ 
J = (V/2p) - sin 2¢ 
Equations (3) become 


( + 7t + 208 + 30¢4 + + 112? + 2%) — [26 + 


+ (20 — pw)t? + (20 — 3u)t? + (10 — 3y)t 
+2—-— = — kJ, (4a) 


(7 + + 208 + + 253 + 1142 + 22) — (246 + 10¢ 


+ (20 — A)t? + (20 — 3A) + (10 — 3A) 
+ = jl, (4b) 
where p = 1 — v,AX = 1+ = Ehp,j = p/D. 


The solution of Equations (4) is assumed in the form of the 
series 


I= At, J= B,t”. (5a, b) 
n=0 n=0 


Substitution of these series in Equations (4) yields the following 
recurrence formulas: 


2S. Timoshenko, ‘“‘Theory of Plates and Shells,"” McGraw-Hill 
Book Co., Inc., New York, N. Y., 1940, p. 456. 
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2(n + + [11n(n — 1) — 24+ «IA, + [25(n — 1)(n — 2) 
— 10 + 3uJA,a + [30(n — 2) (n — 3) — 20 + ByJAne + 
(20(n — 3)(n — 4) — 20 + wjAn-s+ [7(m — 4)(m — 5) — 10) An 

+ [(n — 5)(n — 6) — 2JAn-s = —kB,, (6a) 


2(n + 1)nBasi + [l1n(n — 1) — 24+ AJB, + [25(n — 1)(n — 2) 
— 10 + 3AJB,4 + [30(n — 2)(n — 3) — 20 + 3AJB,. + 
[20(n — 3)(n — 4) — 20 + AJBn-s + [7(n — 4)(n — 5) — 10] 

t+ [(n — 5)(n — 6) — =7A,, (6b) 


where n = 0, 1, 2,3, ...,A-. = B., = 0. 


From the first recurrence relationship (for n = 0) it follows that 
Ao = By = 0, and thus there are only two independent constants, 
A, and B,, in the series. Hence the solution is valid for a closed 
shell only. 


Numerical Results 


The values of the forces and moments at the clamped edge of 
a shell subjected to uniform outward pressure g are presented in 
this example. It is assumed that 


p = 5in., hk = 0.1 in., 0.3, 


and t = —0.05 at the edge, i.e., g¢ = 18°10’. 

By the method of superposition the series solution of Equations 
(4) and the membrane solution are combined in such a way as to 
satisfy the boundary conditions 


V=0 and 7 =0, 


where 7 is the radial displacement. The relationships necessary 
for this work and the description of the method of superposition 
can be found in the cited reference.* 

The values of the forces and moments at the edge of the shell 
are: 


Ng = 1.7932, lb/in., meridional tension 
Ne 


= 0.5380¢, lb/in., circumferential tension 
M, = 0.071432g, lb., meridional moment 
Ms = 0.021429q, lb, circumferential moment 
= 0.2755, lb/in., shearing force 


Thirteen terms in series (5) are necessary to obtain indicated 
accuracy. 


Natural Frequencies of Two 
Nonlinear Systems Compared With 
the Penduium 


EBER W. GAYLORD 


THE dependence of natural frequency on amplitude is com- 
puted for two nonlinear systems and compared with that of the 
pendulum. The dbject of the study is to show that the small 
amplitude that one must assume in order to neglect the nonlinear 
terms in the equations of motion for these systems, is much less 
than the value that would be assumed to get corresponding 
accuracy with the pendulum. 

The systems are the cylindrical profile rocker on a horizontal 
plane (Fig. 1), and a thin uniform bar rocking on a cylindrical 
surface (Fig. 2). Both are familiar problems in the case of small 
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oscillations, and are found in textbooks. As in the pendulum, 
gravity is restoring force in both systems. The equation of 
motion for the rocker rocking on a plane is 


j ( 2MR(R — a) 


) 


MR(R — Mg (R —a)\. 
( — 14 Mat sinOd=0 (1) 
The natural frequency for infinitesimal oscillations is 
— a) 
\ 1+ Ma? 
MR(R — a) 
Setting = Qtand B = 7+ 
The equation becomes 
{1 + sin (a) 
{1 + 2B(1 — cos @)| 
©) 
+ + 
| \ 
M= Mass oF Rocker 
I = MomeNnT oF 
INERTIA ABouT 
@ Mas ENTER 


a 


Fig. 1 Cylindrical profile rocker on a horizontal plane 


\A=Mass or Bar 


Q 
pow 
] 


Fig. 2 Thin unif bar rocking on a cylindrical surface 
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system a qualitative estimate of how the frequency changes with 
amplitude may be determined by comparing f(0,6) with 1. In 
equations (2) and (4), increasing @ tends to make f less than 1 
to give a decreasing frequency with amplitude. Although 
6 the velocity tends to increase f, its effect is not so important. 
This can be shown by noting that the maximum magnitude of 
6 is approximately equal to 8. 


Response of a Slab to Impact. 
Transition From Surface Wave to 
Flexural Behavior’ 


AMPLITUDE oF OSCILLATIO 


0.5 I 0.7 08 0.9 1.0 
Ratio oF FREQUENCY To FREQUENCY For 
INFINITE SIMAL 


Fig. 3 Curves of amplitude versus natural frequency 
For the special case of a homogeneous semicircle 8 = 0.65176652. 


The equation of motion for the thin uniform bar rocking on a 
evlindrical surface is 


l2a? i2a* . a 
w)+( + I297, cos) = 


For infinitesimal oscillations the natural frequency is 


[12 al 
2g — 
l 


a’ 
Setting = Qt and 12 


The equation becomes 


— (4) 
(1 + 

The natural periods of vibrations as a function of amplitude 
were found using the Runge and Kutta method and a digital 
computer. Results are shown in Fig. 3, which shows how the 
ratio of the natural frequency w, to the natural frequency for 
infinitesimal oscillations, 2, depends on the amplitude of oscilla- 
tion 6 for three different bars rocking on a cylindrical surface, 4 
homogeneous semicircular rocker rocking on a plane, and the 
pendulum. 

The curves all show the natural frequency decreasing with 
increasing amplitude. The extent by which natural frequency 
changes with amplitude, could be anticipated by examining 
equations (2) and (4) which could be written as @ = —f(0,6)0. 
For a linear system f is the natural frequency, and in the dimen- 
sionless system of units used would be unity. In a nonlinear 
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J. N. GOODIER: and E. A. RIPPERGER:® 

IN RECENT experiments on surface waves‘ it was necessary to 
determine the minimum size of a steel block which would respond 
to a given impact as a semi-infinite solid. At the other extreme— 
the thin slab—-the question is how thin the slab must be to re- 
spond in a simple flexural manner. This note reports an experi- 
mental and dimensional study of this problem for impact of steel 
balls on steel slabs. 

A ball of radius a strikes with velocity V a slab of thickness h, 
and a surface strain € is recorded, as a function of time ¢, at a dis- 
tance r from the impact. Dimensional reasoning requires that 
€) be expressible in the form 


=f ak (1) 
p 2a (E/p)'* a 


where E, v, pare Young’s modulus, Poisson's ratio, and density of 
the common material. If €) — ¢ records are taken on slabs of 
varying thickness h, with E, v, p, V, a, and r held fixed, the curves 
of €& versus (E/p)' (t/2a) form a one-parameter family, the 
parameter being h/a. As h/a increases, the behavior of the semi- 
infinite solid will be approached asymptotically. The records 
should merge as h/a increases. 

The same set of curves is obtainable keeping A fixed, but varying 
a. But now r must be varied to keep r/a fixed. This more con- 
venient course was followed. The records are shown in Fig. 1. 
The strain seale is arbitrary and, in view of the differing sensitivi- 
ties of the barium titanate transducers, the curves have been 
scaled to have the same peak ordinate—-except for h/2a = 6. 
The merging of form is apparent for h/2a = 16, 24, 64, 96. For 
h/2a = 12 there is departure in the later part of the curve, where 
it would be expected if reflections from the lower face of the slab 
occur. For h/2a = 6 there is gross departure. The over-all indi- 
cation is that semi-infinite solid response occurred when h/2a > 
16. Some of the measurements were made on a slab 12 in. sq, 1.5 
in. thick, others in a solid cylinder 6 in. diam, 8 in. deep. 

When the behavior is that of the semi-infinite solid, distur- 
bances at the underface of the slab should be negligible. Records 
were taken at points directly under those of Fig. 1, and one such, 
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wave records from impact of a ball on a slab. Merg- 
for }/2a > 16 shows approach to semi-infinite solid. 


Fig. 2 Records from upper and lower faces of slab showing transition 
from semi-infinite solid (thick slab) to flexural (thin slab) behavior 


Fig. 3 Resolution of single impact f 
into symmetrical and antisymmetri- j | 
cal parts 

(a) 


for h/2a = 24, appears in Fig. 2(a) as the lower curve, together 
with the record from the upper face (upper curve). 

As the value of h/a is reduced (corresponding to reduction of 
slab thickness) perceptible motion develops at the underface, as 
may be seen in Fig. 2(b) and (c) for h/2a = 16 and 12. A very 
thin slab would be expected to show a flexural motion. The trend 
to this appears in Fig. 2(d) for h/2a = 6, and is fairly complete in 
Fig. 2e for h/2a = 3, where the underface record is similar to the 
upperface record with sign reversed. 

In terms of a given slab these results mean that the response is 
flexural when the duration of the impact is sufficiently long. When 
the duration is sufficiently short, the response is surface motion 
on the struck face only, as in Fig. 2(a). For the semi-infinite 
solid the duration is proportional to a. 

The single impact on the upper face may be resolved into the 
symmetrical double impact of Fig. 3(a) together with the antisym- 
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metrical double impact of Fig. 3(b), and an antisymmetrical or 
flexural pattern must develop from the latter. A symmetrical 
pulse must spread out in Fig. 3(a). The record in Fig. 2(e) sug- 
gests that this has separated out or else was small. If, as is 
likely, it preceded the flexural pulse, it was too small to trigger the 
oscilloscope sweep. When the pulse is short, and the response is 
of the surface type, Fig. 2(a), the magnitudes of the two types, 
symmetrical and antisymmetrical, are the same. They cancel on 
the underface. 


Thermal Stresses in Long 
Cylindrical Shells 


C. H. TSAO" 


Goodier's results*: for the longitudinal thermal stresses in long 
cylindrical shells are improved by the addition of a few terms. For 
the special case of thin cylindrical shells with uniform but unequal 
inside and outside temperatures, this improved solution checks 
exactly with Timoshenko's solution.‘ 

On page 53 of Goodier,? at the seventh line of the paragraph 
to the left of Fig. 4, the statement is made that: “Since we are 
dealing with a cylinder and not a ring, we use the plate modulus 
E/(1 — o*) instead of Young’s modulus E, and write D for Eh*/ 
12(1 — o*).’’ This implies that a restraining bending moment 
along the axial direction M,, equal to o times the circumferential 
bending moment Mg, is applied simultaneously with Me. Hence, 
in the summary of axial stress in section 8, page 54, two more 


items should be added: 


(v) Astress corresponding to the distribution of an axial bend- 
ing moment equal to o times the circumferential bending 
moment Mg calculated from section 7. 

(vi) The axial stress due to the application at the two ends of 
the shell a bending moment equal and opposite to the 
moment M, at the ends given in (v). This cancels, on 
the ends only, the stress (v). 


The complete expression for the axial stress given by formula 
(5) on page 54 should include these three additional terms: 


120Meo o(x — ly — 9) 
= as + om x fas sin @ ds — fu cos ds 


There is a misprint in the last two terms of formula (5). /’,, 
and /’,, should be interchanged with each other. 

With the inclusion of the foregoing additional terms the ex- 
treme axial stress of a cylinder with uniform but unequal inside 
and outside temperatures given on page 55 now becomes 

Ea(Te — Ti) 

21 — 2) 
value checks exactly with the solution of the same problem given 
in Timoshenko.‘ For the same reason, the expression for the 


instead of '/,Ea(Te — Ti). This improved 
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axial stress given by formula (9) on page 56 should include this 
additional term: 


Eaot 
— @) 


The extreme axial stresses for the numerical example given at 
the top of page 57 should then be 33,600 psi compression and 
16,200 psi tension instead of 27,000 psi compression and 9000 psi 
tension. The axial stresses for the locally heated cylinder given at 


[(Ao — + (Ai — A’,) cos @ + (B, — sin 


3X 

the bottom of page 57 should ms -l+ of <— of ) 
2 h 

with extreme values Ea7’ {1 + —— } compression and 
4a(l — 

3EaTho 

nsion. 


All the conclusions and formulas on the longitudinal thermal 
stresses given in Cases 24 and 25 of Goodier*® are taken from 
Goodier? and should be revised accordingly. 


Dynamic Characteristics of Undamped 
Vibration Systems in Terms 
of Subsystem Characteristics 


M. E. GURTIN' 


GIVEN the vibration characteristies of a group of subsystems, 
it is often important to determine the response of a system com- 
posed of a combination of the subsystems. This paper demon- 
strates a method of combination utilizing the mobilities of the 
subsystems. 


Mobilities in Terms of Normal Modes 
If a system is represented by discrete masses interconnected 
by springs, its steady-state undamped response to a force system 
which varies sinusoidally with time is given by the expression? 
j=n 


w &,;' &,; 
(w,? — w?) 


with the following normalizing conditions: 


a;,‘Ma,;; = 1 (2) 
where 
“th 
a@,; = modal matrix, the 7" column being the normalized mode 
“th 


shape for the j natural frequency. 
&,,‘ = the bar denotes a column matrix or vector, in this case 
the j mode shape. The ¢ denotes the transpose. 
OW = mass matrix 
= undamped natural frequency of the 
7 = unit diagonal matrix 
F, = force vector, a column matrix whose i“ term is the force 
amplitude associated with the i degree of freedom. 
driving frequency of the external force system. 
velocity vector, a column matrix whose i“ term is the 
velocity amplitude of the i” degree of freedom. 


mode 


ll 
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From Equation (1) the mobilities M,, [velocity (V;) at i due to 
a unit driving force (F,) at k] for the system become 


‘ Wa; 
My = = +4 (3) 
j= 


Combining Two Systems (Fig. 1) 
For a given system the velocities can be expressed in terms of 
the external forces by the expression 


V; = (M (4) 


Since the two systems are to be connected, the velocities of 
the systems will be equal and the forces equal and opposite at 
the connection points. Then for system 1: 


and for system 2: 
( ) (Men) F, ) 


where 


{.\/.] = mobility matrix for connection points (velocity at one 
connection point due to a unit force at another or 
the same connection point). 

mobility matrix for driving points (velocity at one 
driving point due to a unit force at another or the 
same driving point). 

[./.,| = cross-mobility matrix between the driving points and 
the connection points (velocity at a driving point 
due to a unit force at a connection point or vice versa) 

For the free vibration ease Fr, = Fr. = 0, and (5) and (6) become 


[M,] 


= F. (7) 
= (M.)F, (8) 

or 
+ = 0 9 


This problem possesses nontrivial solutions if and only if the 
determinant of the coefficient matrix vanishes: 


| (M..] + [M,)| = 0 (10) 


This expression allows the determination of the undamped 
natural frequencies of the combined system. 

The next step is to determine the mode shapes. Using Equa- 
tion (9), a force vector F. is calculated for each eigenvalue. For 
this calculation a normalizing condition is needed and the most 
convenient condition may be used (i.e. arbitrarily let one force 


Fr, ,Vry 
“Fe Ve 
Fe 
SUBSCRIPTS : 
Fro ro C = CONNECTION POINT 
r = DRIVING POINT 
Fig. 1 
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in each force vector equal one). Knowing the force vectors, the 
velocity vector for each eigenvalue w; can be calculated. Equa- 
tions (5) and (6) with Fr, = Fr. = (0) become 


0 — (M = wj 0 F, 
0 0 (M erg leo = F, w= 
(11) 


For simplicity the following definition is made: 


] 
[Ves] =] (Vass) (12) 


rij 


If the mass at each station and at the connection points is 
known, the new mass matrix for the combined system will be 


M--=| 0 mM, (13) 


where 


J, = mass matrix of connection points 

I; = mass matrix of system 1 excluding connection points 

J. = mass matrix of system 2 excluding connection points 
The velocities are now normalized such that 


Then the velocity amplitudes of the combined system become 


V; = (15) 
(w? — w;? 


and the new mobilities become 
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=n 
My = (16) 
(w,;? — w*)w;? 
Another method which may be employed is to connect the two 


systems together one point at a time. If the two systems are 
connected together at only one point, 


M., = —Me, (17) 


This equation can be solved analytically or graphically. With 
the use of mobility paper,? Mc, and —Mc, can be plotted and 
the points at which the two curves cross become the new natural 
frequencies for the systems connected at only one point. F, 
is now arbitrarily set equal to one and (11) becomes 


Ve M., 
@ = wj Men 


Equation (14) is then used to normalize the mode shapes and 
(16) is used to calculate the new mobilities for the one-point 
connection. The two systems are then connected at another 
point and the same procedure followed to determine the new 
mobilities. This procedure is followed until the two systems are 
fully connected. One advantage of this second method is that 
it also calculates the frequencies and mode shapes for the par- 
tially connected system which should be of interest. 
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Stress Distributions Around Hydrostati- 
cally Loaded Circular Holes 
in the Neighborhood Corners’ 


P. D. FLYNN.? The writer has followed the work of the senior 
author and his associates on the stress distributions produced in 
plates by a hydrostatically loaded circular hole [1, 2, and the 
present paper]® and was especially interested in the techniques 
which have been used throughout this work. During the past two 
years, the writer has tested several plane models with hydro- 
statically loaded holes by using somewhat different methods. 
The purpose of this discussion is to describe briefly these tech- 
niques and to compare them with those used by the authors. 

The uniform-pressure loading device, Fig. 1, consists of two 
lucite covers separated by a steel spacer. Outer places of steel 
hold the assembly together and permit the attachment of copper 
tubes. Rubber tubing is placed in the groove formed by the 
lucite covers and steel spacer. The ends of the rubber tubing 
are drawn into the copper tubes, one of which is closed off, the 
other serving as the inlet for gas pressure. The piping is arranged 
to minimize the discontinuity or gap in the rubber tubing, and 
the gap in Fig. 1 is considerably smaller than the one in the 
authors’ loading jig. 

The outer steel plates with the copper tubes were made so that 
they would not obscure the boundary of the model. The diameter 
of the lucite covers is '/; in. larger than the diameter of the hole 
in the model. Since lucite is transparent and optically insensi- 
tive, the lucite covers provide good boundary visibility of the 
model and confine the rubber tubing as the model deforms under 
load. The authors used steel cover plates in their loading jig 
and made the hole diameter in the model ‘a few thousandths of 
an inch smaller than the diameter of the jig plates, in such a way 
that the final diameter of the hole after loading was very close to 
the diameter of the jig.’ In this arrangement, if the hole is 
smaller than the jig plates, the boundary is obscured; if the hole 
is larger, the rubber tubing tends to come out of the groove. The 
use of lucite covers overcomes both of these difficulties. 

The loading device in Fig. 1 was used in a two-dimensional 
study of flanges. Fig. 2 shows the experimental setup with the 
uniform-pressure loading device and model mounted in the strain- 
ing frame. The model of Castolite [3] was made in two parts, 
symmetrical about a horizontal center line, and simulated the 
upper and lower halves of a turbine shell with its flanges. The 
two halves of the model were held together by means of dead- 
weight loads applied to the flanges through the fixtures shown 
in Fig. 2. The pressurizing system consisted of a nitrogen tank, 
regulator, bleeder valve, and pressure gage. The lens-type polari- 
scope has an 8-in-diam field and can be set up readily for use with 
either a photometer or a camera. 

Fig. 3 is a stress pattern (isochromatics) of one quadrant of the 
model under external load and internal pressure. The black re- 
gion inside of the model is produced by the opaque rubber tubing 


' By A. J. Durelli and A. 8. Kobayashi, published in the June, 
1958, issue of the JouRNAL or AppLiep Mecuanics, vol. 25, TRANs. 
ASME, vol. 80, pp. 178-183. 

? Engineer—Photoelasticity, General Engineering Laboratory, Gen- 
eral Electric Company, Schenectady, N. Y. Assoc. Mem. ASME. 

3 Numbers in brackets designate References at end of discussion, 
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and the center of the jig. The black line concentric with the inner 
boundary of the model is obtained from the edges of the lucite 
covers. It is seen that the lucite covers provide good boundary 
visibility and do not affect the stress pattern in the model, 

The vertical stress component, @,, at the flange was of chief 
interest in these tests because of its influence on the possible 
leakage of the joint. Stresses were separated at the joint by 
using the shear-difference method [4]. A photometer and a 
compensator were used to measure the isoclinic parameter, 6, 
and the fringe order, n, point by point on the model along auxil- 
iary lines as in [5]. The small disturbances at the joint in Fig. 3 
were inside of the auxiliary lines, and hence the integration for the 
horizontal stress component, o,, was not affected by the imperfec- 
tions at the joint. The value of a, at the inner boundary gives 
the effective pressure acting on the model. In the calculation of 
o,, the fringe-order distribution at the joint was corrected to 
eliminate the small disturbances on this line. Stresses also were 
separated on the vertical center line. The effective pressure de- 
termined here was the same as found from integration at the 
flange. A check on the static equilibrium of the quadrant showed 
that 2F, = 0, [F, = 0, 2M = 0 were all satisfied within 1 or 2 
per cent. A more complete description of this work will be given 
in a separate paper. 

The foregoing summary of the work on flanges brings out sev- 
eral other differences between the authors’ and the writer's 
methods. The authors determined the effective pressure from a 
calibration curve [6] derived from previous tests on a cireular disk 
loaded in a special fixture, whereas the writer obtained the effee- 


Fig. 1 Loading jig used to apply uniform pressure to interior boundary 
of model 


Fig. 2 Experimental setup for two-dimensional study of flanges 
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tive pressure from the model itself. The authors make additional 
tests with brittle coatings (isostatics) to determine the direction 
of the principal stresses, whereas the writer prefers to measure 0 
directly from the isoclinics. It should perhaps also be noted that 
the stress distributions reported by the authors are based en- 
tirely on the isochromaties; i.e., the stresses are not separated in 
the interior; static equilibrium checks are calculated on the basis 
of an assumed stress distribution; and no use is made of the 
isostatics. 

In the Introduction to the paper, the authors cited the analyti- 
cal work of Sekiya [7]. The results of Sekiya [7] and Durelli and 
Barriage |1} for square plates with hydrostatically loaded central 
circular holes are compared in Fig. 4 herewith. From such a com- 
parison, the authors concluded that Sekiya’s approximate solu- 
tion is not accurate. For D/a = 0.50, Sekiya showed that his 
values of og P versus 6 for N = 2 (where N may be considered 
as the order of the approximation) were essentially the same as 
Kawaguchi's results [8]. For D/a = 0.25, Sekiya’s results for 


Fig. 3 Typical stress pattern of one quadrant of the flange mode! under 
external lood and internal pressure 


SEKIYA, = 0.50 


DURELLI & BARRIAGE, 
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N=2 it 507 
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Fig. 4 Curves showing a comparison between the results of Sekiya [7] 
and Durelli and Barriage [1) 
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N = 1 (not shown in Fig. 4) were nearly equal to those for N = 2, 
Thus as D/a — 0, Sekiya’s approximate solution converges more 
rapidly, the variation of og/P with @ diminishes, and o@/P ap- 
proaches the infinite plate solution (o9/P = 1) from above. 
The stresses obtained by Durelli and Barriage are considerably 
less than the values calculated by Sekiya, and as D/a — 0, o@/P 
decreases to a minimum value of approximately 0.5 at D/a = 
0.30 and then increases and approaches the infinite plate solution 
from below (see [1], Figs. 7, 8). On the basis of this comparison 
and from simple physical considerations, the writer concluded 
that the results of Durelli and Barriage are in error. If we can 
assume that the work of Durelli and Barriage is free from numeri- 
cal mistakes, then this would seem to indicate a weakness in the 
experimental equipment and techniques used by the senior author 
and his associates. It is hoped that the authors will re examine 
these results. 
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Authors’ Closure 


The authors wish to thank Dr. Flynn for his many fine com- 
ments. His comparison between Sekiya’s theoretical results‘ 
and the results obtained by one of the authors in another paper® 
has led to a further investigation of the problem of the square 
plate with the central hole. It is planned to publish the results 
of this investigation in a new paper. 

Some of the results obtained in the previous paper were in 
error as indicated by Dr. Flynn. In fact, the new results show 
very good agreement with Sekiya’s theoretical result as shown 
here in Fig. 5. Therefore the statement made by the authors in 
regard to Sekiva’s theoretical work was not correct. 

Oral discussions were also made on the apparent divergence of 
the coefficients in Kawaguchi's approximate solution to the prob- 
lem of the square plate. Personal correspondence between Prof. 

‘T. Sekiya, ‘‘An Approximate Solution in the Problems of Elastic 
Plates With an Arbitrary External Form and a Circular Hole,” Proc. 
of the Fifth Japan National Congress for Applied Mechanics, 1955, 
pp. 95-98. 
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Fig. 5 Hydrostatically loaded central circular hole in a square plate. 
(Comparison of results obtained theoretically by Sekiya and results ob- 
tained from a new series of photoelastic tests. ) 
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Kawaguchi and one of the authors has clarified the following 
points: (a) Kawaguchi’s series is a convergent series; (b) the 
apparent divergence of the last term in Kawaguchi’s approximate 
solution was due to the fact that all terms larger than the seventh 
order were neglected and the actual sixth term plus the remainder 
was set equal to an approximate sixth term. 

Reference was made on a different type of loading jig for apply- 
ing hydrostatic pressure to a circular hole. Dr. Flynn’s idea of 
using lucite covers to provide boundary visibility is indeed good 
and may improve the author’s loading jig. However, the over- 
lapping of the lucite cover by as much as '/: in. may impose a 
restriction on the free movement of the model due to friction be- 
tween the model and lucite cover surfaces. Such friction could 
affect the accuracy of the experiment. 

The authors do not believe that the method of determining the 
effective pressure at the hole boundary by integrating a; along a 
reference line using the shear difference method, as described by 
Dr. Flynn, is easy or accurate. The authors prefer to use the 
calibration jig described or a calibration jig which utilizes 
Lamé’s formula for a thick-walled cylinder under internal pressure. 

Under the light of the new tests, the extrapolation of the curves 
representing photoelastic results, Fig. 8 of the paper, should not 
go below ordinate 1 and should approach this value from above. 

The authors would like to assure Dr. Flynn that repeated checks 
on the authors’ experimental techniques were made from time to 
time not only by the authors but also by other investigators’ and 
that the results published in this paper or in another paper by one 
of the authors* are free of the error which was pointed out. 


7D. D. Ordahl and M. L. Williams, ‘Preliminary Photoelastic 
Design Data for Stresses in Rocket Grains,” Jet Propulsion, vol. 27, 
June, 1957, pp. 657-662. 

‘A. J. Durelli and W. F. Riley, “Stress Distribution in Strips With 
Hydrostatically Loaded Central Circular Holes,’ Proceedings of the 
Second Mid-Western Conference on Solid Mechanics, Sept., 1955, pp. 
81-93. 


152 / marcH 1959 


A New Method to “‘Lock-in’”’ Elastic 
Effects for Experimental Stress Analysis’ 


M. M. LEVEN.? The authors are to be congratulated on devis- 
ing an ingenious method for ‘“‘locking-in”’ elastic strains in a photo- 
elastic material without the application of heat. 

However, some of the inherent difficulties in making practical 
application of such a method should, perhaps, be pointed out. 
The highly exothermic nature of epoxy-resin polymerization when 
using amine curing agents is well known. It is not unusual for the 
temperature at the center of a 2-in-diam cylindrical casting to 
rise as much as 100 deg C above ambient shortly after the start 
of gellation. Under these conditions, with a three-dimensional 
model of any appreciable size, there would exist an inhomogeneity 
in physical and optical properties at the time of initial loading. 
This would seriously affect the resulting stress pattern. Where 
there is no built-in calibration in the model, a separate calibration 
model must be employed, with no guarantee that the properties 
of the test model and calibration piece would correspond at the 
time of loading. 

The difficulties of mixing and pouring viscous materials in any 
appreciable quantities without obtaining air bubbles have already 
been pointed out by D’Agostino, et al.2 The impossibility of 
performing any machining operations after casting would be 
a serious detriment to practical tests rather than an advantage. 

A possible explanation of the phenomena which the authors 
have discovered may be obtained by considering the critical 
temperature of the resin. In the semicured state the resin has a 
critical temperature (or second-order transition point) in the 
vicinity of room temperature. Then, as the load is applied and 
additional polymerization occurs, the critical temperature of the 
resin rises to some value probably higher than 100 C. As a 
result, elastic strains are fixed into the model not in the usual 
manner of lowering the temperature from the critical value but 
by raising the critical temperature of the model material. 

The proposed method of “locking-in”’ elastic stresses has great 
appeal and simplicity for the case of gravitational forces and would 
be a very valid tool for such cases if the polymerization process 
could be controlled to give uniform curing rates throughout 
complicated models and calibration pieces. 


Authors’ Closure 

The authors wish to thank Mr. Leven for his constructive 
comments. The explanation of the “freezing”? phenomena based 
on an initial critical temperature in the vicinity of room tempera- 
ture seems probable. This theory could be checked by heating 
a model with a locked-in fringe pattern to its new critical tem- 
perature and noting if the distortions are relieved. 

Mr. Leven’s cautioning comments on the exothermic nature 
of the epoxy resin are well founded. Most of the studies con- 
ducted thus far using this method were either two-dimensional 
or nearly two-dimensional and hence the temperature of the 
plastic could be controlled easily by slowing the rate of poly- 
merization. The addition of an appreciable amount of plasti- 
cizer to the resin mix as well as a water-cooled mold aided in 
controlling the exothermic reaction. 

A vacuum system is not necessary to avoid appreciable bubble 
formations. Recent work with liquid rubbers which are more 


1 By J. W. Dally, A. J. Durelli, and W. F. Riley, published in the 
June, 1958, issue of the JouRNAL or AppLIED MecHanics, vol. 25, 
Trans. ASME, vol. 80, pp. 189-195. 

2? Westinghouse Research Laboratories, Pittsburgh, Pa. 

3J. D’ Agostino, D. C. Drucker, C. K. Liu, and C. Mylonas, 
“An Analysis of Plastic Behavior of Metals With Bonded Birefringent 
Plastic,”’ Proc. SESA, vol. 12, 1954, pp. 115-122. 
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difficult to handle has shown that a good vacuum system prac- 
tically eliminates the presence of bubbles. 

The material can be machined in its semicured state by using a 
high-speed routing tool. However, this machining process may 
be applied only to relatively simple models. For more com- 
plicated geometries it is necessary to cast to final shape. 


The Calculation of Optimum Concentrated 
Damping for Continuous Systems’ 


F. M. LEWIS.?. The author has made an interesting contribu- 
tion to the general theory of the optimum damping in vibrating 
systems, and the results apply to any system, distributed, con- 
centrated, or mixed. 

The formula (3c) which he derives for the optimum C is of 
delightful simplicity, but its application to actual cases may be 
of considerable difficulty. 

I will note that this formula can be derived in an elementary 
manner by taking 

d 


— |Mu|? = 0 
dw | 


and then substituting bp = 

The paper covers only one aspect of the problem. In the 
mechanical applications we are generally interested in minimizing 
displacements, or relative displacements, rather than velocities, 
and the damping may be either external or on the relative motion 
of two points. 

The commonest torsional application involves minimizing the 
relative motion of two points with the relative motion of two other 
points damped, and exciting forces applied at a set of other points. 

The writer has a prejudice against the ‘mobility method” in 
favor of a ‘‘compliance” which is the ratio of displacement force. 
Using this one does not so readily become lost in a forest of 
imaginaries. 

To minimize a displacement, write: 


= aF, + 
= + AnF2 
= anF, + anF2 


with fF, = —jCwx,. Thea are all real. 
Solving for R? = x, ?/|F, * and equating dR?/dw to zero at the 
fixed point there is obtained 


d/dwRy 


d ‘ds 


where Ao is the value of R for C = Oand Ry, for C = @. 
Problems of internal damping can be handled in the same man- 

ner, and the author must have made use of such a solution in his 

check of the damped dynamic absorber, although the procedure is 


not given in the paper. 


’ 

Author's Closure 

The author would like to thank Professor Lewis for his com- 
ments which extend the application of the suggested method. 
! By R. Plunkett, published in the June, 1958, issue of the JouRNAL 
or ApPLiep Mecuanics, vol. 25, Trans. ASME, vol. 80, p. 219. 

2 Professor of Marine Engineering, Massachusetts Institute of 
Technology, Cambridge, Mass. Mem. ASME. 
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DISCUSSION 


Following up his suggestion by differentiating |M,|*, equation 
[3] of the paper, it turns out that optimum damping is given by 


M,' \'" 
laz|C = Mn’ for both by = —b; and by = +z. 

The paper should have stated more explicitly that My is a 
generalized mobility; »; may be the time derivative of any 
displacement dependent quantity: displacement, angle, strain, 
or stress, whether absolute or relative. Likewise F; may be 
any forcelike quantity; force, torque, unbalance, or fluid pres- 
sure, also absolute or relative. This means that we may treat 
the torsional problem cited by Professor Lewis by the methods 
demonstrated, 

I am also pleased that Professor Lewis has pointed out that 
the same results apply to displacement and acceleration as were 
derived for velocity. The problem of mobility versus compliance 
is the subject of study by ASA committee S2-W38, which I 
trust will come up with a universally acceptable set of nomencla- 
ture. 


Ring Damping of Free Surface Oscillations 
in a Circular Tank’ 
GARRETT BIRKHOFF.’ [It seems to the writer that in this 


interesting paper one unstated assumption is made; namely, (d) 
that the absorption of energy by a baffie from the dominant mode 
of sloshing is equal to the work required to move a baffle against 
a static fluid with the same relative motion. 


Author’s Closure 

It appears to the author that the assumption suggested by 
Professor Birkhoff would be implicit only if the drag coefficient 
Cp were determined by moving a baffle against a static fluid, 
whereas the drag coefficient actually used—-namely, that deter- 
mined by Keulegan and Carpenter was determined for a fixed 
baffle in a sinusoidally oscillating current. The author is further 
inclined to the opinion that, although not necessary for the appli- 
cation in question, the suggested assumption would be reasonable 
for the absorbtion of energy (but not, of course, for the inertial 


drag coefficient). 


Creep Deflections and Stresses of 
Beam-Columns' 


L. W. HU.? The author is to be commended for having con- 
sidered the total creep deformation in his excellent analysis of 
creep of beam-columns. 

In recent investigations, many analyses of the creep of struc- 
tural and machine members have been made by taking into con- 
sideration only the secondary creep (or linear creep). Although 
this approach does render considerable mathematical simplicity, 


1 By J. W. Miles, published in the June, 1958, issue of the Journna. 
or AppLiep Mecuanics, vol. 25, Trans. ASME, vol. 80, pp. 274-276. 

? Department of Mathematics, Harvard University, Cambridge, 
Mass. 

1 By T. H. Lin, published in the March, 1958, issue of the Jour- 
NAL OF APPLIED Mecuanics, vol. 25, Trans. ASME, vol. 80, pp. 
75-78. 

2 Department of Engineering Mechanics, The Pennsylvania State 
University, University Park, Pa. 
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the validity of such an approach is highly questionable. It may be 
argued that in many cases the deformation due to primary creep 
constitutes only a comparatively small part of the total deforma- 
tion in the subsequent seccnd stage of creep. From experimental 
evidence, it can be said that such an argument is not valid except 
for some materials undergoing creep over many thousands of 
hours or at extremely high stress levels. These two conditions do 
not occur in engineering design often. In general, the deforma- 
tion resulting from the primary stage of cieep is of the same order 
of magnitude or may even be greater than the deformation which 
can be attributed to the secondary creep. For example, see the 
classic work on “The Creep of Metals’’ by Tapsell.? Further- 
more, it is well known that the stress redistribution must take 
place in a stressed body during creep. Consequently, the creep 
deformation and the buckling behavior of elements such as beam- 
columns will depend upon the whole history of the redistributed 
state of stress. If only the secondary creep is considered, the 
stress state becomes independent of time in many engineering 

3H. J. Tapsell, **The Creep of Metals,’’ Oxford University Press, 
1931. 
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Fourier Analysis 


An Introduction to Fourier Analysis and Generalized Functions. 
By M. J. Lighthill. Cambridge University Press, London, 1958. 
Cloth, 8*/s < 5'/2 in., viii and 79 pp., illus. $3.50. 


REVIEWED BY GORDON F. NEWELL’ 


A pepication “To Paul Dirac who saw that it must be true, 
Laurent Schwartz who proved it, and George Temple who showed 
how simple it could be made’’ describes in a concise way both 
the subject matter and the style of this book. The reference 
to Dirac arises mainly for the much used but often criticized 6- 
function, to Schwartz for his highly abstract ‘Théorie des dis- 
tributions’ (volumes 1 and 2, 1950-1951, Paris, Hermann et 
Cie) and to Temple for his simplified version (Proc. Roy. Soc., 
A228, 1955, pp. 175-190) of the theory of distributions, here 
renamed generalized functions. 

The book evolved from an undergraduate course at the Uni- 
versity of Manchester which preceded or replaced the more 
conventional treatment of Fourier series and related topics. 
Undergraduate mathematics students in America would under- 
stand enough of the book to make it worth while reading, but it 
seems doubtful that even British undergraduates, at least in 
most cases, are mature enough to understand and appreciate 
many of the details, for the presentation is very crisp and often 
quite subtle. One would, however, be quite justified in making 
this required reading for all graduate students in the mathema- 
tical sciences. 

The first of the book’s five chapters constitutes the introduction 
which gives a brief history and indicates some ot the objectives 
and uses of generalized functions. Chapter 2 contains most of 
the mathematical formalism, whereas chapter 3 describes prop- 
erties and Fourier transforms of some of the common functions. 
Chapter 4 contains a brilliant analysis of some simple methods 
for obtaining asymptotic formulas, and chapter 5 discusses how 


! Associate Professor of Applied Mathematics, Brown University, 
Providence, R. I. 
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problems, such as bending of beams and expansion of cylindrical 
tubes. Hence the stress distribution so determined cannot be 
correct. For problems such as beam-columns, such error may 
prove to be serious. 

The analysis given by the author may appear to be complicated 
but this is well justified by the correctness of his approach. 
Especially since computing devices are plentiful at the present 
time, the numerical method should not be looked upon with 
frowns. 


Author's Closure 


The author wishes to thank Dr. L. W. Hu for his contribution 
to the paper in pointing out the importance of primary creep in 
buckling problems. Creep rate depends on the stress level which, 
in turn, depends on the curvature of the strut. The curvature of 
the strut depends on the previous creep. The primary creep 
(first stage) will affect the rate of secondary creep. Hence the 
neglect of primary creep may be serious in column or beam- 
column problems. 


Book Reviews 


the Fourier series is absorbed into the theory of generalized 
functions. 

This book contains something for everyone. For the pure 
mathematician the mathematics in rigorous yet elegantly simple; 
for the applied mathematician the book makes the theory of 
distributions readily accessible and contains many useful for- 
mulas, vet for anyone who likes to be entertained, there are many 
things as cleverly written as the dedication. It would come as no 
surprise if the book required a second printing by the time this 
review appears. The only sad feature of the book is that it 
ends too soon. 


Stress Concentration 


Kerbsp gslehre. By H. Neuber. Second Edition. Springer- 
Verlag, Berlin, Gottingen, Heidelberg, 1958. Cloth, 6 * 9 in., 240 
pp., 162 figs., 10 tables. DM 36. 

REVIEWED BY A. KYRALA? 


Tue first (1937) edition of this work on the elastic theory of 
notch stresses rapidly became a world standard. The method of 
attack depended unon expressing the stresses and strains in terms 
of three harmonic functions. The author independently de- 
veloped this “three-function method”’ for general orthogonal co- 
ordinate systems. With characteristic perseverance and an un- 
common ability for carrying out long analytical calculations pre- 
cisely, he was able to obtain most of the elastic-notch-stress con- 
centrations desired by designers. 

With the appearance of that work, a new level of design pre- 
cision was achieved. The material was presented in form suitable 
for immediate application. All of these features have been re- 
tained in the present edition, insuring that it will be a sine qua non 
of the practicing stress analyst. 


? Mathematician-Physicist, Lessells and Associates, Inc., Boston, 
Mass. 
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Oi particular interest in the new edition are the author's ap- 
proaches to the problems of notch stresses involving plastic de- 
formation. There are two quite distinct ways in which he does 
this. In case the region plasticized is very small, but finite, he 
obtains the new stresses from the old (elastic) stresses by averag- 
ing over the finite size of the nonelastic region. This size is then 
brought into the description of the stress concentration as a 
: structural parameter and a modified notch root radius is computed 
therewith. For the case where extensive regions of the material 
do not exhibit a linear equation of state, the author proposes to 
use a nonlinear deformation law of the form 


T 


which is somewhat similar in effect to Prager’s hyperbolic tangent 
equation of state. The parameters o* and 7+* then characterize 
the way in which the material is assumed to yield. 

This second edition also includes a new presentation of notch 
problems in bending of plates and a more precise treatment of the 
flat-edged notch considering the fact that the notch apex is not 
absolutely sharp. 

The printing is excellent and there is an extensive collection of 

“ diagrams for design use in a pocket on the back cover. This is 
certainly a book which belongs in the library of every stress ana- 
lyst and every mechanical-design department. 


Ee 


Gas Dynamics 


Fundamentals of Gas Dynamics. Edited by Howard W. Emmons. 
Princeton University Press, Princeton, N. J., 1958. Cloth 6 X 91/2 
in., xiii and 749 pp., illus. $20. 


REVIEWED BY J. KESTIN® 


In nis review of vol. 7 of the present series (Math. Rev., vol. 
18, 1957, p. 884), M. J. Lighthill stated: ‘“ “The Princeton series’ 
continues on its majestic way, compendious, unexciting, indis- 
pensable.”’ 

The present volume, No. 3 in the series, continues to be both 
compendious and indispensable, but is eminently exciting, at 
least to this reviewer. The list of contributors is striking. The 
volume has been edited by H. W. Emmons. It opens with a 
chapter on “The Equations of Gas Dynamics” by H. 8. Tsien, 
and continues with a section on “One-Dimensional Treatment of 
Steady Gas Dynamics” by L. Cro..o. This is followed by “One- 
Dimensional Treatment of Nonsteady Gas Dynamics’’ by A. R. 
Kantrowitz: “The Basic Theory of Gasdynamics Discontinui- 
ties’ by W. D. Hayes; “Shock Wave Interactions’ by H. Pola- 
check; ‘Condensation Phenomena in High Speed Flow”’ by H. G. 
Stever; ‘Gas Dynamics of Combustion and Detonation”’ written 
jointly by Th. von Karman, H. W. Emmons, R. 8. Tankin, and 
G.I. Taylor: and “Flow of Rarefied Gases’’ by 8. A. Schaaf and 
P. Chambre. 

Volume 3 reproduces the already well-known verbosity and lack 
of cohesion of its predecessors and is perhaps unduly repetitious. 
In spite of its size, it falls short of its avowed goal of bringing the 
development of the subject within sight of its application by en- 
gneers. It is, nevertheless, indispensable to any serious student 
of the subject, whether in his formative stage—at the University — 
or in his more mature years—in research work and teaching. 

It would be tedious to count up the number of times when a 
particular topic, such as the shocks equations, is developed de 
novo in this single volume, let alone in the series. A thoughtful 
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reader, mindful of the fact that the series is the product of the 
“cumulative work of over one hundred (very busy and prolific) 
scientists and engineers,” will realize that he should not expect 
an organic and unified presentation of this vast and truly fluid 
field of knowledge. The editors wisely refrained from interfering 
with this unavoidable feature of the series. Had they done other- 
wise, the series would never have been born. It is pertinent to 
realize, as a comment on the complexity of modern science, that 
even such a vast undertaking suffers ofien from a lack of com- 
pleteness. The reader, particularly the practicing engineer, will 
not be able to avoid the need for consulting many of the im- 
portant references scattered throughout the chapters. 

The volume begins with an excellent general section in which 
the fundamental equations of gas dynamics are discussed in an 
illuminating way and in which the main branches of the science 
are carefully circumscribed. It is followed by a truly brilliant 
chapter on one-dimensional flow by L. Crocco. This section alone 
will justify the high cost of acquiring the volume. In spite of the 
existence of numerous expositions of this subject, in sections of 
larger books or in separate volumes, nobody can afford to pass it 
by. It suffers somewhat from a notation which is not as clear as 
it might be and from the author’s avoidance of the Mach number 
in favor of the ratio of the velocity of flow to its maximum value in 
adiabatic flow. Needless to add, this section contains much that 
one might expect to have found in vol. 1 (Thermodynamics and 
Physics of Matter). The reviewer also deplores the now com- 
monly used term of a “polytropic gas’’ which is misleading be- 
cause it suggests a connection with a polytropic process, The re- 
viewer is fully convinced that this section will establish itself as a 
model for many years to come. 

The section on one-dimensional, nonsteady gas dynamics is 
fine as far as it goes, but it certainly does not go far enough. In 
order to be of use to engineers, it would have to carry the ex- 
position much further into applications, to include a broader 
treatment of graphical methods and a more thorough and 
detailed description of the various boundary conditions and in- 
teractions. 

In the succeeding section on gasdynamics discontinuities, the 
reviewer greatly appreciates Section D5 which contains a well- 
balanced discussion on the controversial question of the con- 
tinuum versus the kinetic approach in which the author has 
managed to divest the topic of much of its mysticism. 

It is clearly impossible, in the space of this single review, to do 
justice to all the contributors in the volume, and the reviewer 
wishes to apologize to those whose contributions come toward 
itsend. He is, however, sure that this important volume of the 
series will achieve the wide distribution it deserves. A sketchy 
and inadequate Index and the absence of lists of symbols may 
prove to be serious obstacles, but the excellent typography and 
binding may, let us hope, tip the scales. 


Mechanics of Solids 


The Scientific Papers of Sir Geoffrey Ingram Taylor. Volume 1, 
Mechanics of Solids. Edited by G. K. Batchelor. Cambridge 
University Press, London, England, 1958. Cloth, 10'/s & 7'/; 
in., x and 593 pp., illus. $14.50. 


REVIEWED BY D. C. DRUCKER‘ 


Tue amazing achievements of Sir Geoffrey Taylor are to be 
presented to the scientific world in a series of four volumes col- 
lected and grouped by G. K. Batchelor. The first volume of al- 
most 600 pages contains 41 papers devoted to mechanics of solids. 
A number of papers written for Government departments or 
advisory committees are made generally available for the first 
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time. The originality and scope of the collection would appear 
to be the product of a full and active lifetime of research. The 
reader must keep reminding himself that there are three volumes 
still to come in the area of mechanics of fluids. 

Starting in 1917 with the soap-film analogy for bending and for 
torsion, the reader is carried along for 40 years by papers which 
range from dislocation theory and crystal plasticity through to 
theoretical mechanics, elasticity, plasticity, and properties of 
materials. The extremely important and often neglected area 
combining solid mechanics with physics of solids has taken the 
greatest share of Sir Geoffrey’s time in solid mechanics. It is to 
be hoped that this fine collection of stimulating papers will spur 
others on to work in this most fertile field. 


Supersonic Aerodynamics 


Handbook of Supersonic Aerodynamics. NAVORD Report 1488, 
Volume 3, Section 6. The Johns Hopkins University Applied 
Physics Laboratory. U. 8. Government Printing Office, Washing- 
ton, D. C., 1957. Cardboard, 10”? X 8 in., iv and 88 pp., illus. 
$1.50. 


REVIEWED BY JOSEPH H. CLARKE’ 


Tuts volume is the most recent section to appear of the Hand- 
book under compilation at The Johns Hopkins Applied Physics 
Laboratory. Intended as an introduction to Section 7 on three- 
dimensional airfoils, it deals with two-dimensional airfoils in 
supersonic (but not hypersonic) flow. Information in graphical 
form is presented which exhibits the influence of Mach number, 
angle of attack, and section characteristics on lift, drag, and cen- 
ter of pressure. Probably of greatest interest to readers of this 
JOURNAL is the extended numerical evaluation of the accuracies 
of linearized theory, Busemann’s second-order theory, the re- 
lated third-order theory, and the shock-expansion method. 
Apparently not regarded by the editors as an important design 
method, the method of characteristics is not considered. 


Nonlinear Systems 


Analysis and Control of Nonlinear Systems. By Y. H. Ku. Ronald 
Press, New York, N. Y., 1958. Cloth, 9'/, X 6'/, in., vii and 360 
pp., illus. $10. 


REVIEWED BY EDWARD T. KORNHAUSER® 


Tue increasingly intense investigation and considerable 
progress made in the past decade in the analysis of nonlinear 
systems and the design of nonlinear feedback controls have 
made a book summarizing this field a much-needed addition 
to the literature. Although the present volume does not entirely 
satisfy that need, it represents a very valuable contribution 
to those desiring a course textbook or an introduction to the 
field. Although scarcely more than 300 pages in length, it is 
probably the most comprehensive treatment available, and 
furthermore it contains a chronological bibliography extending 
up through 1957 containing over 700 entries. 

This book was developed, as much of the format indicates, 
from notes for a graduate course in nonlinear circuit theory, 
and consequently its greatest applicability is as a textbook in 
such a course. To that end it contains ten problems at the 
end of each chapter. However, it should not be assumed that 
the work is of value only to electrical engineers, as it includes a 
full chapter on electromechanical analogies and many examples 
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taken from mechanical and fluid dynamical systems. The 
mathematical formulation of the physical problems is usually 
assumed a priori, however, so that the book contains primarily a 
discussion of the techniques of solution. 

The work begins with a review of the mathematical representa- 
tion of linear as well as nonlinear electrical and mechanical 
systems and the analogies between them. This is followed by 
several chapters on analytical and geometrical methods for 
dealing with simple nonlinear systems with or without damping or 
forcing functions. Much emphasis is rightfully placed on the 
phase-plane analysis, and in later chapters this is extended to 
systems of n degrees of freedom. The final two chapters rep- 
resent the ultimate goal of the book, the analysis of nonlinear 
servomechanisms, and the design of nonlinear feedback systems. 
This latter material constitutes a helpful and modern introduction 
to an important field in which much work remains to be done. 

For the most part, the book is a straightforward exposition, 
with numerous examples, of the mathematical techniques 
available for dealing with the problems arising from nonlinear 
systems. Although this reviewer would prefer to see more 
extensive discussion of the physical systems themselves, it 
must be admitted that this would have increased the bulk of 
the book a great deal. At the beginning, and again in the last 
chapter, the author becomes a bit extravagant about his subject, 
describing feedback control as ‘“‘nature’s secret weapon” and 
repeating several times that ‘“‘nature is nonlinear.”’ One should 
point out, however, that the tremendous progress in the physical 
sciences is in large part due to the fact that most natural phe- 
nomena are at least amenable to a linear approximation. Never- 
theless, any author is entitled to his enthusiasm for his subject, 
and Professor Ku deserves thanks for producing a useful and 
much-needed book. 


Vibration 


Vibration and Impact. By Ralph Burton. 
lishing Company, Inc., Reading, Mass., 1958. 
in., x and 310 pp., illus. $8.50. 


Addison-Wesley Pub- 
Cloth, 


REVIEWED BY IRWIN VIGNESS’ 


As EQUIPMENT control becomes increasingly automatic and as 
materials are subjected to stresses and temperatures that ap- 
proach the limits that are tolerable, the problems of reliability 
become increasingly important. One phase of the reliability prob- 
lem is concerned with vibration and impact. It is of impor- 
tance that the engineer responsible for the design and control of 
equipments be informed as to the nature and solutions of these 
problems, as the specialist is usually consulted only after major 
designs have been completed and troubles have been encountered. 

This text presents a logical development of the fundamentals of 
principal importance to the mechanical engineer relating to vi- 
bration and impact. Considerable effort has been expended in 
order that the results be derived in as elementary a manner as 
possible and with a simplicity and clarity that are digestible by 
undergraduate engineers. The application of these principles 
by these engineers to items that may be their eventual responsi- 
bility will eliminate many seemingly minor faults in the early de- 
sign stage which, if left uncorrected, become major problems or 
cause for failure. 

The range of material included in this book is broader than is 
usual for texts of this type. In addition to the material routine 
for this subject, consideration has been given to electrical analogs 
of mechanical systems, analysis of control and servo systems, 
measurements and analysis of noise and nonperiodic vibrations, 
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and fatigue. In most cases the subjects have been treated with 
sufficient detail to illustrate clearly the principle involved. Per- 
haps one exception is the application of probability concepts to 
nonperiodic vibrations where considerable amplification is re- 
quired. The selection of subjects indicate that the author is 
aware of the present problems and trends in the field of vibration 
and impact. Interesting and apt examples and illustrations are 
provided so that important factors can be understood with a 
minimum of mental effort. A suggested reading list and a goodly 
supply of problems are included with each chapter. Answers are 
supplied for a selected number of problems. 

The book is reasonably free of errors, but a few trivial slips 
exist that are mostly obvious. For example, equation (8-1) 
omits a differential sign, and the second equation on page 208 has 
a wrong subscript. The author uses terminology that is gener- 
ally standard, but the reviewer dislikes using numerical super- 
scripts, because of their confusion with exponents, as is done dur- 
ing the analysis of a multidegree-of-freedom system. However, 
the text is well written and illustrated and will provide excellent 
material for an undergraduate or introductory graduate course 
concerning vibration and impact. 


Vibration Control 


Vibration Control. By John N. Macduff and John R. Curreri 
McGraw-Hill Book Company, Inc., New York, N. Y., 1958. 
Cloth, 91/4 & 6%/¢ in., vii and 465 pp., illus. $9. 


REVIEWED BY CHARLES E. CREDE® 


Tus textbook deals with certain fundamentals of vibration 
control encountered in engineering practice. It is intended 
primarily for students at the senior or first-year graduate level. 
This reviewer feels that it would not be suitable for a first course 
in vibration theory because many important elementary concepts 
are either omitted or combined with the discussion of more 
advanced topics. 

Much of the book is devoted to a group of discrete topics: 
(1) Lateral! vibration of shafts and beams, considered primarily 
in terms of the Rayleigh approximation and numerical methods 
rather than classical flexure theory. (2) Vibration isolation, 
including characteristics of systems and design of isolators. (3) 
Response of systems to step and pulse excitations, using the 
Laplace transform and including many examples. (4) Theory 
and procedures for balancing rotating members. (5) Torsional 
vibrations employing numerical methods and dealing with 
branched crankshafts, internal-combustion engines, 
and dampers. 

The book also includes a less comprehensive discussion of 
nonlinear systems and the phase-plane method of solution, as 
well as brief treatments of noise control and feedback systems. 
Appendixes consist of an extensive bibliography, a procedure 
for numerical harmonic analysis, and more than 250 problems. 

The organization of the book could have received greater 
attention. For example, lateral vibration of shafts is discussed 
in separate chapters by methods generally similar though dif- 
fering in detail. The discussion of analog computers appended 
to a chapter on mechanical transients could perhaps better be 
included elsewhere. An often-deprecated concept of mechanical 
impedance, based upon the force-displacement relation, is 
introduced without evident purpose. These faults are relatively 
minor, however, and the book is a useful addition to the technical 
literature for teaching purposes where it is desired to emphasize 
the topics treated prominently. 
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Integral Equations 


Equations and Their Applications to Certain Problems in Me- 
chanics, Mathematical Physics and Technology. By 8. G. Mikhlin 
(translated from the Russian by A. H. Armstrong). Pergamon 
Press, Inc., New York, N. Y., 1957. 5'/2 X 8'/¢ in., 338 pp. 
$12.50. 


REVIEWED BY A. KYRALA® 


Tuts text provides a very lucid introduction to a topic of ever- 
increasing importance in engineering applications. The author 
repeatedly demonstrates his exceptional capacity for effecting a 
happy compromise between mathematical rigor and engineering 
applicability. An important feature of the book is the clarity 
with which theorems are stated even when (due to space limita- 
tion) they are not proved. 

Part I deals with methods of solution and is divided into three 
chapters on Fredholm theory, Hilbert-Schmidt theory, and sin- 
gular integral equations. In these the intimate connections be- 
tween approximation methods and existence questions is em- 
phasized and principles are illustrated by selected numerical 
problems. Successive approximations, the methods of Ritz and 
of Kellogg for eigenvalue determination, the Cauchy and Hilbert 
kernels, and the formulation of the restricted Riemann- 
Hilbert problem are among the topics ineluded. 

Part II deals with applications and is divided into six chapters: 
the Dirichlet and Neumann problems; the biharmonie equation; 
the Schwarz reflection principle; application of integrals analo- 
gous to potentials; applications of symmetric integral equations; 
and applications of the Riemann-Hilbert problem. 

Of particular interest to the readers of this JouRNAL should be 
the problems of flow past two elliptic cylinders, confocal elliptic 
ring under known forces, infinite plane with two highly eccentric 
elliptical holes under known forces, air flow past a cylinder close 
to ground, circular plate with eecentrie circular hole under uni- 
form externa! pressure, infinite plane with an infinite row of simi- 
lar holes under similar loading, torsional vibrations of a shaft, 
buckling of a strut, pressure of a rigid stamp on an elastic half- 
space, and two elastic half planes in contact. 

With exception of a few obvious misprints (such as “Hook's” 
Law!) the printing is excellent and the achievement of the trans- 
lator in producing a smoothly running text in English is com- 
mendable. The book reflects the general European emphasis on 
high-quality expository style and is well suited, as a text for in- 
troductory courses in integral equations. It can also be recom- 
mended for individual study by research engineers. 


Engineering Materials 


Engineering Materials Handbook. HWidited by (Charles L. Mantell. 
McGraw-Hill Book Company, Inc., New York, Toronto, London, 
1958. Cloth, 9'/4 & 6'/4 in., xxxii and 1919 pp., illus 21.50. 


REVIEWED BY D. C. DRUCKEK'’ 


As sTaAvTep in the preface, the volume is intended to supply the 
practicing engineer, the designer, the student, the architect, and 
the purchasing agent with a reference work on engineering ma- 
terials. It is the work of more than 150 specialist contrilutors 
writing for the nonspecialist and all Master's degree candidates 
at Newark College of Engineering. An enormous amount of 
practical information is made available on metals, other morganic 
materials, and organic materials over wide ranges of environ- 
mental conditions. 
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Gas Turbine Materials 


Gas Turbine Maierials. By G. Lucas and J. F. Pollock. The Mac- 
millan Company, New York, N. Y., 1958. Cloth, 8%/e in. & 5 /s 
in., xi and 163 pp., illus. $5.75. 


REVIEWED BY C. RICHARD SODERBERG'' 


In THE preface the authors express the hope that the book will 
“fill to some extent the gap between the metallurgical textbooks 
and those works concerned with the technology of design and per- 
formance of gas turbines.’”’? Because of the large segment of 
technology involved, it is inevitable that the book can touch only 
upon the most essential of the special problems encountered. In 
spite of this difficulty, the authors have managed to present 
enough essential information to make the book a valuable addi- 
tion to the literature on gas turbines. 

Chapter 1 presents an outline of the course of development of 
high-temperature materials. It reviews some of the interesting 
early developments and follows with the major influence of the 
gas turbine upon the field in the different countries involved. 
The developments in the United States in relation to the super- 
charger and the early aircraft-gas-turbine developments in 
England are given proper emphasis. 

Chapter 2 endeavors to give a background of the operating re- 
quirements of the gas turbine. Perhaps the most valuable aspect 
is the review of the problems presented by the fuel. Even if this 
is regrettably brief, it manages to show where the real gas-turbine 
problems of the future are to be found. Chapter 3 follows with a 
review of the influence of stress and temperature upon the proper- 
ties of metals. Included in this is the problem of oxidation and 
corrosion. 

Chapter 4 gives a résumé of practices in materials applications 
which have emerged in recent years. This is the situation that is 
most likely to be in need of constant revision in the future, and 
somewhat greater emphasis on the likelihood of change might 
have been appropriate. Chapter 5 presents a review of special 
high-temperature materials, such as combinations of carbides 
and metals and their manufacturing methods. The concluding 
chapter is devoted to manufacturing problems in general for gas 
turbines. An appendix gives a list of material compositions now 
in use in England and the United States. 

The book is in an intermediate position between professional 
publication and company literature. It presents competently 
the background of practice but, because of the limitations in ob- 
jective, it rarely touches upon the underlying issues of solid-state 
physics. It is an excellent means of presenting the scope of the 
problem to students who are prepared to go on to the deeper 
issues. 


Operational Mathematics 


Cperational Mctherratics. Second Edition. By Ruel V. Churchill. 
MeGraw-Hill Book Company, Inc., New York, Toronto, London, 
1958. Cloth, 9'/¢ * 6'/qin., ix and 337 pp. illlus. $7. 


REVIEWED BY P. GERMAIN"? 


Tus book is an extended version of the very well-known 
“Modern Operational Mathematics in Engineering.’’ A quite 
interesting aim has been achieved: 1t provides a rigorous mathe- 
matical treatment which can be followed by students whose 
mathematical background has reached the level of advanced 
calculus, and at the same time it contains many useful and sug- 
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gestive applications to problens in electrics! and mechanical 
engineering. 

Let us first review briefly the table of contents. Chaps. 1 and 2 
are devoted to the definition of the Laplace transformation and 
its main properties relative to derivatives, integrals, translation, 
convolution. In the two following chapters are given a few 
elementary applications to problems leading to simple ordinary 
differential equations and partial differential equations. Every 
example is directly connected with a physical problem: Vibration 
of a mass on a spring, electric circuits, problems on string and 
beams related to the wave equation, temperature distributions 
in solids related to the heat equation. With chap. 5 begins a 
more advanced study. Functions of a complex variable are 
introduced briefly in order to be able to attack the inversion 
integral in chap. 6, where precise statements are given on the 
validity of the inversion formula and of the representation of the 
original function by series. Extensive applications to some 
problems in heat conduction and in mechanical vibrations are 
presented in chaps. 7 and8. Chap. 9 deals with Sturm-Liouville 
systems including materials on Green’s function and generalized 
Fourier series and eigenvalue problems. The last chapter is 
devoted to the Fourier transforms, finite and infinite. 

One must emphasize the ability of the author in giving to the 
reader the habit to choose the most convenient transform to 
be used in every application. A procedure is described for 
selecting the proper operation to solve a given boundary-value 
problem. The student will learn how, why, and when integral 
transforms can be used. Professor Ruel V. Churchill, who has a 
long and fruitful experience in teaching, has written a new book 
which may be strongly recommended as a very useful textbook 
for any course in Laplace transform and operational calculus 
for students in engineering and applied mathematics. 


Nonlinear Control Systems 


Nonlinear Control Systems. By Robert Lien Cosgriff. 
Book Company, Inc., New York, Toronto, London, 1958. 
6'/4 X 9'/,in., viii and 328 pp., illus. $9. 


McGraw-Hill 
Cloth, 


REVIEWED BY JOHN R. WARD'® 


ALTHOUGH a few of the many texts on control systems have 
touched upon the nonlinear aspects of design, this is the first 
book written specifically on control-system nonlinearity. It has 
been written with rather more practical than theoretical bias, at 
a level suitable for undergraduate or graduate instruction. How- 
ever, it should be equally valuable to practicing engineers who 
require a brief introduction to this aspect of the control field. 
Free use has been made of illustrative worked examples, and each 
chapter is concluded with a set of problems and a short list of 
references. 

The first three chapters—between one quarter and one third 
of the book—summarize linear control theory. This the re- 
viewer feels to be unwarranted in view of the many excellent 
texts covering the necessary background material. The same 
comment applies to the early part of the chapter on statistical 
methods, although the section introducing operational trans- 
forms—which are used only in this one chapter—is commendably 
concise. 

The other chapters treat linearized small signal theory; linear 
techniques applicable to nonlinear systems; phase-plane analysis 
and limit cycles; describing function and frequency response 
methods; linear equations with periodically varying coefficients; 
and finally, a brief introduction to digital systems as control 
elements. Always the emphasis is on those nonlinearities en- 
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countered in servomechanism design and not on those of classical 
nonlinear mechanics. 

One statement made by the author calls for comment. Dis- 
cussing one of the reasons for considering systems with random in- 
puts, he says that: “if the input to a servo system is not random 
but of known form, it ‘s not necessary to have the servo; the 
desired output can be generated by means of a cam that forces 
the output to take exactly the form required.” 

This overlooks one of the primary reasons for using servo- 
mechanisms, and the fundamental difference between open-loop 
and feedback devices in general. 

This book fills an outstanding gap in the literature relating to 
control systems by providing a good introduction to the effects of 
servomechanism nonlinearity—effects which may often be limit- 
ing factors in control design. 


Compressible Fluid Flow 


Mathematical Theory of Compressible Fluid Flow. By Richard von 
Mises, completed by Hilda Geiringer and G. 8. 8. Ludford. Aca- 
demic Press, Inc., New York, N. Y., 1958. Cloth, 6'/, in., 
xiii and 514 pp., illus. $15. 


REVIEWED BY P. GERMAIN'‘ 


THanks TO Hilda Geiringer and G. 8. S. Ludford, we have 
the pleasure of welcoming the publication of the last work of the 
late R. von Mises: A comprehensive treatise on the mathematical 
theory of compressible fluid flow. It has surely required quite 
a good deal of effort on the part of the last two co-authors to 
take the papers of von Mises, to put them in final form for 
publication, and to compose the chapters which had been left 
unwritten at the time of von Mises’ death. They have admirably 
succeeded in their task; there is a unity of spirit in the whole 
book so that, on reading it, one never gets the impression that 
it is the result of the contributions of three different people. 

Let us have a look at the different chapters. Chap. I is the 
Introduction. It starts with the basic equations: Newton’s 
equation, continuity, specifying equation which provides the 
complementary information. The energy equation is formulated 
and then some basic concepts are discussed, including viscosity, 
heat conduction, and sound velocity. The latter is introduced 
through a very interesting study of the wave equation (one, 
three, and two space variables). Finally, the definitions and 
the properties of subsonic and supersonic flow, of Mach lines, 
with emphasis on their physical significance, constitute the topics 
which close the Introduction. Chap. II is called General 
Theorems. It deals with ideal flows only. The vortex theory 
due to Helmholtz and Kelvin and irrotational flow are discussed 
in the first two articles. Basic formulas for steady flow, with 
special attention devoted to the hodograph representation, are 
developed in the next article. In the last two parts there is 
given a comprehensive study of the theory of characteristics. 
It includes first an interesting formulation of the general case; 
special attention is then devoted to the case of two independent 
variables. In particular, the reader finds a treatment of the 
linear case with reference to Riemann’s solution. 

The succeeding chapters are devoted to the most significant 
applications of the equations and theorems given in the first 
two chapters. Chap. III is concerned with the One-Dimensional 
Flow Theory. After a first article on steady flow with viscosity 
and heat conduction which should prove very useful for a better 
understanding of shock phenomena in inviscid flows, the authors 
discuss the classical theory of one-dimensional, unsteady flow 
of an ideal fluid and devote four articles to it. These deal with 
simple waves, combinations of simple waves, shocks, interaction 
of shocks, flow behind a shock, Chaps. IV and V give a similar 
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development for plane steady potential flow (basic concepts 
of the hodograph method, simple waves, limit lines and branch 
lines, shock reflection, and so on). The development of the 
Chaplygin method and of the modern (and difficult) extensions 
of this method due to Lighthill, Cherry, and Bergmann receive 
special attention. After a discussion of nonisentropic flow 
following a curved shock, the last article concerns itself with 
transonic flow and includes an account of the most recent work 
on the existence or nonexistence of a continuous transonic flow; 
in fact, this was one of the last topics of interest to Professor 
R. vor Mises. The text is followed not only by a list of selected 
reference books, an author index and a subject index, but also 
by more than forty pages of notes and addenda, partly biblio- 
graphical and historical in nature and partly in the nature of 
appendixes. They will be found very useful by the reader who 
wants to have a personal insight into the original! literature. 

It is of course impossible to put into five hundred pages the 
complete knowledge of the mathematical theory of compressible 
fluid flows. The authors must make a choice. In the present 
case, for instance, very little material can be found on axi- 
symmetrical flows and on approximate methods; although shocks 
are introduced with relation to special viscous flows with very 
small viscosity, nothing is said about boundary-layer theory. 
But this is not a criticism. On the other hand, hodograph 
methods receive a good deal of attention and this part of the book 
is quite good. The last remark is concerned with physical 
concepts and interpretations. As the reviewer sees it, it would 
have been perhaps better to give them a little more attention. 
It is, namely, not at all inconsistent to include in a book written 
on a high mathematical level considerations which never Jose 
sight of the physical aspects of the problem. To give a few 
examples: Some people will find perhaps that the thermodynami- 
eal concepts which are one of the main props of a theory of 
compressible fluid flow do not receive the attention they deserve; 
when discussing boundary-value problems for a hyperbolic 
differential equation, the concept of “orientation” of 
teristics is not introduced. Of course that is not a mathematical 
necessity, but as a consequence, in the study of simple waves 
turning a convex corner, two solutions may arise (Fig. 113), 
one with a backward expansion wave—which is the correct one 
and one with a forward compression wave 
physical reality. This may be a little disturbing to the student 
who is being introduced to this theory for the first time 

These remarks do not prevent the reviewer from giving his 
very favorable appreciation to this book; many sections contain 
material which was available only in the original literature and 
which is presented here in a very elegant way. This volume will 
surely be found very useful by many graduate students and 
people working in the field of compressible-flow theory. That 
was the authors’ intention; they must be congratulated for 
their success. 
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Elementary Statistical Physics. By (. Kittel. 
Inc., New York, N. Y., 1958. Cloth, 9'/; * 6'/s in 
pp., illus. $8. 


John Wiley & Sons, 
ix and 228 


REVIEWED BY JOHN 


In spiTe of the relatively large number of books on statistical 
mechanics which have appeared recently (a re-edition of Fowler, 
Dole, ter Haar, Hill, Guernsey, Munster, Landau and Liftchitz, 
Rushbrooke, A. H. Wilson, among others), Kittel’s book is a 
worth-while addition. Whereas most of the foregoing has 
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been oriented primarily toward the interests of physical chemists 
and has been restricted to discussions of equilibrium phenomena 
almost exclusively, this volume serves as an introduction to 
statistical methods for physicists and includes the treatment of 
a variety of equilibrium and irreversible phenomena. The 
topics range from the standard ones—ensembles, Liouville 
theorem, statistical thermodynamics, the ideal gas, chemical 
equilibrium, and elementary quantum statistics—to much rarer 
ones—Wiener-Khintchine theorem, Nyquist theorem, Brownian 
motion, elementary theory of transport process, Onsager recip- 
rocal relations, and Kramers-Kronig dispersion — relation. 
The last item is included on the sound basis that, statistical 
mechanics or not, a physicist must learn it sometime. The 
book consists of but 200 odd pages so that the allotment of space 
to the many topics is necessarily meager and the treatment 
correspondingly introductory and sparse. The value of this 
arrangement, however, especially to an engineer, is to offer 
a wide range of applications of statistical mechanics. Each 
chapter is preceded by one or two most pertinent references 
and at times this is hardly sufficient. The reviewer noted that 
in one or two instances difficult issues yet unresolved are pre- 
sented in an unwarranted black and white simplicity, and no 
doubt this saves the student some confusion in a first introduction. 
For instance, the ergodic theory is relegated to the status of 
interest to a small minority. These are quite minor details 
and do not detract from this weleome book which, although a 
textbook, will no doubt be helpful to many readers as a reference 
to the kind of physical situations amenable to statistical treat- 
ment. 
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The Gyroscope—Theory and Applications. By James B. Scarborough. 
Interscience Publishers, Inc., New York, London, 1958. Cloth, 
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Ir 1s indeed fortunate that a mathematician and author of the 
stature of Prof. Searborough should direct his attention to a 
subject of such timely interest as the gyroscope. The significance 
of this device, in inertial navigation for guided missiles and other 
applications of current interest, is well known. 

The book is divided into two parts—theory and application. 
The author aims to give a systematic and reasonably complete 
treatment of the mathematical and mechanical aspects of the 
gyroscope and its more important applications. Emphasis is 
on fundamental principles rather than constructional details. 

The author feels (and the reviewer completely agrees) that the 
mathematical theory and applications are best treated with the 
aid of vectors. However, a knowledge of vector analysis is 
not assumed on the part of the reader. With his long-time ex- 
perience as a teacher of mathematics, the author is able to pre- 
sent the needed amount of vector analysis and to apply it to the 
topics in mechanics basic to the understanding of the gyroscope, 
in a clear and concise manner. This will be welcomed by those 
readers whose memories are faulty or whose earlier studies in 
dynamics have been of a more elementary type. 

Chap. I, consisting of 15 pages, covers addition, subtrac- 
tion, products, and differentiation of vectors. 

Chap. II, consisting of 16 pages, deals with certain fundamental 
principles of mechanics. Vector methods are used to develop 
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convenient relationships, including Euler’s dynamical equations 
for the motion of a rigid body about a fixed point. 

Chap. III develops the theory of the gyroscope from the funda- 
mental dynamical equations previously developed. Topics 
discussed include steady precession, direction of precession, free 
precession, unsteady precession, general motion of the gyro- 
scope, gyroscopic resistance, direction of reaction moment, and 
motion and stability. 

Discussion of the theory is continued through chap. IV which 
is devoted to the motion of a gyroscope under the action of 
gravity and the dynamics of the top. Throughout, the discussion 
of the theory is notable for its clarity, and the advantages of the 
vector method are obvious. The remainder of the text is con- 
cerned with applications. 

Chap. V covers gyroscopic action in vehicles and rotating 
bodies, including such examples as car wheels rounding a curve, 
rotating machinery installed in ships, rolling hoops and disks, 
gyroscopic grinding mills, projectiles fired from rifled guns, etc. 

Chap. VI deals with the gyroscope as a direction indicator 
and steering device. It includes detailed accounts of the gyro- 
scopic compass, gyroscopic steering, and descriptions of some 
recent types of gyroscopes. 

Chaps. VII, VIII, and IX analyze the gyroscope as a stabilizer, 
with discussion of the gyroscopic spherical pendulum, the ship 
stabilizer, and the monorail car. 

Chap. X, titled Astronomical Applications, regards the earth 
as a gyroscope, with an interesting treatment of the precession 
and nutation of the earth’s axis. 

The Appendix treats the Schuler tuning of gyroscopic compasses 
and pendulums. 

A single page of bibliography covers the period of 1897 to 1950. 

This text is a valuable addition to the shelf of the student of 
dynamics as well as to the practitioner in the field. 
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‘ruts 18 the second, revised edition of the well-known graduate 
text on mathematical techniques for engineers and physicists 
which was first published in 1946. The revisions consist of 
rewriting certain sections and the addition of new material which 
has increased the size of the book by approximately one hundred 
pages. The main additions are the following: The chapter 
on determinants and matrixes has been expanded and now in- 
cludes sections on the characteristic roots of a matrix and the 
Cayley-Hamilton theorem, the inversion of large matrixes, 
Sylvester’s theorem, and the use of matrixes in solving linear 
differential equations and algebraic equations. An introduction 
to tensor analysis has been added to the chapter entitled Vector 
Analysis. Absolute tensors are defined with respect to func- 
tional transformations from one set of curvilinear co-ordinates 
to another; covariant derivatives are introduced; and ap- 
plication is made to the dynamics of a particle. The chapter on 
nonlinear oscillatory systems has been improved by adding 
applications of the method of Kryloff and Bogoliuboff to solve 
quasi-linear, and examples of the use of the phase plane for 
nonlinear, second-order differential equations. 
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FOURTH U.S. NATIONAL CONGRESS OF 


ANN UNGEM ENT The Fourth U. S. National Congress of Applied Mechanics will 


be held on the Berkeley campus of the University of California 
during June 18-21, 1962. The cooperating societies and other 


interested organizations are urged not to schedule conflicting 


meetings on these dates. 


Research workers in the theoretical and applied mechanics of 
solids and fluids are invited to submit papers for consideration by 
the Editorial Committee. Further announcements concerning the 
preparation of papers and deadlines for submission will be made 


as the Congress draws nearer. 


The members of the organizing committee on the Berkeley - 
campus are: 
Professor W. GoLpsm1TH, Secretary 
Professor E. V. LArtone, Treasurer 
Professor R. M. RosENBERG, Chairman of the Editorial 


Committee 
Professor W. W. Soroka, General Chairman 


Inquiries regarding the Congress should be addressed to Pro- 
fessor W. Goldsmith, Secretary, Division of Mechanics and Design, 
University of California, Berkeley 4, California. 
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